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Abstract—TIrreversible non-linear copolymerizations with arbitrarily great numbers of monomers are
described specifying the stoichiometric coefficients of the reactions involving end-groups. Rate equations
for the vectorial generating function or discrete transform of the distribution of end-groups and repeating
units and its derivatives with respect to logarithms of Laplace parameters can thus be written. Similar rate
equations can be written for the discrete transforms of the distributions of descendants of each linking
group with respect to their numbers of end-groups. This allows the prediction of gel properties, such as the
concentration of elastically active network chains and mass fraction of pendant material. Mass balance
equations using these rate laws are non-linear partial differential equations solvable by the method of
characteristics. Numerical methods are developed for computing molecular weight distributions and
average melecular weights before and after gelation, as well as the weight fraction ol sol and gel properties
related to its elasticity behaviour. The curing of a tetraepoxide with a primary diamine is taken as a case
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study and results are compared with predictions by the theory of branching processes.

INTRODUCTION

This work stems from the kinetic approach for model-
ling irreversible non-linear polycondensations, de-
veloped by Kuchanov and co-workers (Pis’men and
Kuchanov, 1971; Kuchanov and Pis’men, 1972a, b
Kuchanov and Povolotskaya, 1982). These earlier
works have laid the foundations of a rigorous method
for the prediction of average molecular weights, both
before and after gelation. However, prediction of gel
structure, such as computing the concentrations of
elastically active network chains, has remained hither-
to an unsolved problem. Moreover, numerical
methods for solving the mass balance equations of the
kinetic approach have not been implemented, and this
has precluded its application to all but the simplest
chemical systems.

In this paper, a unified treatment of essentially all
irreversible non-linear polymerizations, including
polycondensations and polyadditions, is carried out.
This is possible because a common set of rules to
describe the molecular growth can be established. In
order to describe the formation of these polymers, it is
necessary to identify the repeating units, which are not
changed by chemical reaction, and the end-groups
attached to them, which can lead to molecular growth
by intermolecular reaction and linking of the units to
which ‘they are attached, or become inactivated by
a termination or transfer reaction, which may be
intramolecular and form a loop.

There is often a large number of those structural
constituents which must be distinguished, even with
as little as two or three symmetrical monomers at the
start of the reaction. This happens because of the
following:

(a) Substitution effects, such as the difference in
reactivities of the hydroxyls of pentaerythritol after
reaction with a carboxylic acid (Gordon and Leonis,
19753, by,
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(b) Intramolecular reactions between end-groups,
which have a rate depending on the size of the out
coming loop, leading inevitably to the consideration
of a large number of molecular fragments for their
kinetic modelling, even with only the loop with the
lowest possible size being allowed to form (Moschiar
et al., 1988).

Each time a new kinetic scheme is under study,
huge systems of algebraic and differential equations
must be written and solved.This is a time-consuming
and error-prone task. For instance, a model of phe-
nol-formaldehyde polycondensation (Vaquez et al,
1984) requires 19 kinds of end-groups to be defined;
the above-cited model of polyurethane formation
with consideration of the smallest rings (Moschiar
et al., 1988) uses 25 molecular fragments. Still more
complex models are likely to be needed.

For that reason, it is desirable that a single com-
puter program could be able to carry out the predic-
tion of polymer properties for any such polymeriza-
tion scheme, needing only a minimum of user-
supplied chemical information, and specially without
the need of analytically solving mass balance equa-
tions of polymer species. So, the present treatment
allows an arbitrary number of monomers and reactive
groups, both in polycondensations and polyadditions,
with a distribution of molecular weights in monomer
classes. The problem of numerical evaluation of mo-
lecular weight averages and molecular weight distri-
butions both before and after gelation is completely
solved in this contribution, as well as the distribution
of the number of cross-links in the gel, allowing there-
fore an estimation of the concentration of elastically
active network chains and other gel properties rel-
evant for the prediction of its elastic properties. Pre-
vious uses of the kinetic approach were limited to the
prediction of gel-points and average molecular
weights in the pre-gel state.
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A GENERAL KINETIC MODEL OF IRREVERSIBLE
NON-LINEAR COPOLYMERIZATIONS

Chemical species, their concentrations and molecular
weights

Non-alternating copolymerizations, or homopoly-
merizations of monomers with functionality greater
than two, give rise to molecules with a large number
of position isomers, except, of course, when the degree
of polymerization is very low. For irreversible polym-
erization reactions, there is no need of distinguishing
polymer species according to the way their repeating
units are linked, if only properties such as average
molecular weights and concentration of active net-
work chains in gel are to be computed.

Let N be the number of monomer classes. Each
monomer class contains a chemically invariant moi-
ety (the repeating unit), named U™ for the mth mono-
mer, and a certain number f;" of reactive groups (most
often end-groups, sometimes individual molecules),
named A;. The number of chemically distinguishable
reacting groups among all monomers will be named
G. Superscripts will be used in this paper whenever
they refer to monomer classes, and subscripts will be
introduced when they refer to reactive groups.

For instance, in a polycondensation of adipoyl
chloride CICO(CH,),COCI and azelayl chloride
CICO(CH.)s COCI with amines and/or alcohols, the
acid chloride end-groups have virtually identical reac-
tivities (provided intramolecular reactions are
negligible), so that the two monomers should be con-
sidered as forming a class of difunctional monomers
with two COCI end-groups. If there is caproyl chlo-
ride CH3(CH.),COCI as a co-monomer, it is neces-
sary to introduce a new class of monofunctional
monomers carrying a single COCl end-group.

Monomer classes are often pre-polymers. For in-
stance, in the formation of a polyurethane, part of the
polyol component is usually a polyether or a polyester
terminated by two, three or some other number of
hydroxyl groups, which have a certain molecular
weight distribution. Each repeating unit U™ has a cer-
tain molecular weight distribution, defined by a dis-
crete distribution Q™ representing the mole fraction of
each subspecies U™ of the monomer class U™ with
a molecular weight M™/, The variable j is any index
enumerating the repeating units and going from

. 0 to co.

Since there is no need to distinguish among posi-
tion isomers, it is enough to describe each polymer
molecule through the numbers of end-groups and
repeating units it contains. So, a molecule with a vec-
tor of numbers of end-groups a =[a; ... ag] and
a vector of numbers of repeating units n=
[n' ... n¥] shall be named P(a, n). Its mole concen-
tration will be written as P(a, n), in order to simplify
as much as possible the equations that follow. This
discrete distribution of vectors a and n is appropriate-
ly named a vector-number—molecular-number distribu-
tion (VNMND). It will nearly always be found from
its vectorial discrete transforn:
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In polyadditions of vinyl compounds, the monomers
would be counted as polymer molecules, since there is
no creation of repeating units according to this ap-
proach. However, they must be also considered as
containing special reactive groups.

Each family of molecules P(a, n) is likely not to
have a unique molecular weight, because of the dis-
persion of molecular weights of some of the moncmer
classes. Let P; be a molecule with molecular weight
M(P;),j being a variable used for enumerating the set
of all possible molecules. The molecular weight is
often not simply the sum of the molecular weights of
the monomers that formed P;, because end-groups are
likely to give rise to by-products when they react with
other end-groups or other molecules in the reaction
medium. So, let M; be the decrease of molecular
weight of a polymer molecule when one of its end-
groups A; reacts. This molecular weight loss can al-
ways be supposed to be independent of the nature of
this latter reaction. This is rather evident for end-
groups like COC], which loses a Cl atom when reac-
ting with any group carrying an active hydrogen
(-OH, -NH; and so on), so that it can safely be
assumed that Mcoa = Mq = 35.5. In some special
cases, like —~CH,OH in phenol-formaldehyde
resins, which may form either methylene ~CH,~ with
loss of formaldehyde or oxydimethylene bridges
—CH,OCH,- with loss of water when they react, the
whole molecular weight of the -CH.OH group must
be considered lost when it reacts, so that
Mecu,on = 33, and ~CH,-, -CH,OCH,- must be
considered  end-groups  with  Mey,ocH, = 44,
Mep, = 14, in spite of them being unable to react
further (unless their formation becomes reversible).

Mole fraction Q™ of subspecies U™ is also the
probability of choosing a subspecies U™ when ran-
domly picking up a unit U™, because of the chosen
normalization, Since the build-up of polymer species
is independent of the nature of the subspecies, if
a polymer molecule has n™ repeating units U™, the
probability of having n™%, n™', . . ., numbers of sub-
species U™, U™, ..., is given by the multinomial
distribution with n™ = n™® + n™ + - and a set of
probabilities Q™°, Q™ ... . It is shown in Appen-
dix A that the discrete transform of the number mo-
lecular weight distribution (NMWD) is related to the
discrete transform of VNMND through

-]
Pli= 3, weIp,
j=0

= PLuth . uMe Q). ., 08w (D)

Expressions for the NMWD of repeating units in the
important cases often encountered in practice of
Schulz-Flory and Poisson distributions are given in
Table 1. Also, the expressions that result for the dis-
crete transform of the NMWD and the leading aver-



General kinetic analysis of non-linear irreversible copolymerizations 493
Table 1. Molecular weight distributions and average molecular weights of classes of repeating units
following Schulz-Flory and Poisson's distributions
Schulz-Flory distribution
B L~ Pt
D =—=—"—
(1) 1= pu™
(1= p)M, = p(Mp — Mg) + Mg
(1=p)PM, M, = {MR — Mg)pt + (MR + IMpMg — 2M£]p+ M:
(1= pP M MM, = (Mg — Mglp? + (dM3 — 6Ma M3 + 3MZ2)p? + [(Mz + Mg)® — 4M21p + Mg
Poisson’s distribution
Dw) = pMeexp [T (" = 1)]
M, = JIMg+ Me
M M, =JM; + (Mg + Mg)?
MMM, = IM3 + 3IME(IM g + Mg) + (Mg + My)?
Table 2. Relations between leading moments of MWD and of VNMND
N 2 G
e, = Y, MIim+ Y M4
m=1 =1
8 N s N & G G N )
yy= % Y MIMIA™+2 Y Y M 2 E Mydy+ Y MI(ME— M)A
m=ln=1 m=]i=1 i=1 j= m=1
N (o] . . N G G _
Ay, = Z Z ): IzATRA™ 4 3 ): Y Y MMM +3 Y Y Y MrMMAT
m= n.slpua m=1n=1i=1 m=1i=1j=1
G - N p G
+¥ }: ): MMM 2 + 3 Z Mr(Mm — M,'.")( Y M A+ ¥ jxffai“)
i=] j=1 k=1 m= =1 i=1
N
Z — IMIMP? + 2(MP A
age molecular weights are given for repeating units Ui = 1= A6, 1Y), (8)

with Schulz-Flory and Poisson's distributions of their
sub-classes, assuming also that their possible molecu-
lar weights are evenly distributed according to

Mi=jMg+ Mg (j=0,0)

Integer-order moments of NMWD, 1, , allow aver-
age molecular weights, such as number-, weight- and
z-average molecular weights to be obtained as

M, = A, /Au, (3)
M, = Aat, /2, 4
M. = Any/ A, (3}

and these can be obtained by differentiating eq. (2)
with respect to log u and setting ¢ = 1. The resulting
expressions are given in Table 2. Evaluation of the
moments of NMWD requires the set of the moments
of the VNMND, which are derivatives of Pon o = 1,
Ei="1N

- map. .

dda. . .add

The weight fraction of solw; is therefore given by

N G
wo=Ay, = Y Mri™+ Yy M. 9)
m=1 i=1
When dealing with polyadditions, the contributions
of the smallest molecules should be subtracted from
the moments, as there is always an appreciable
amount of monomers along with high molecular
weight polymer.

Molecular growth in polycondensation processes
occurs through linking of repeating units by the reac-
tion of the end-groups that are attached to them.
Intramolecular loops are produced by reaction of two
end-groups separated by a finite number of repeating
units. Propagation and termination by combination
play an analogous rule in polyadditions.

When an end-group A; attached to some repeating

P

mnp. .
A= A (g, 1) = dlog o;dlog o;élog gy . .
A; and A4 are, respectively, the concentrations of end-
groups A; and repeating units UJ belonging to finite
molecules (the sol), and so the following equalities
hold:

Ajs= ‘1j=AJ(IGslN) (7)

(16,1%).  (6)

. dlog{"dlog {"dlog{?. ..

unit X reacts with another end-group A; attached to
some repeating unit Y in another molecule creating
a link L; between the two repeating units, the vector
of numbers of end-groups attached to X changes by
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vij = [Vij1s- - -, vijg] and likewise the vector of num-
bers of end-groups attached to Y changes by v;
[Vji1y- - -+ vig) This is the key concept allowing the
analysis of arbitrarily complex polymerizations.

The curing of a tetraepoxide with a diamine will be
used as a case study throughout this paper. There are
N = 2 repeating units: the one carrying the two pri-
mary amine groups (U') and the other repeating unit
carrying the 4 epoxide groups (U?). Each primary
amine group (A;) disappears by reaction with one
epoxy group (A;), being transformed into a secondary
amine group (Aj;) attached to the same U repeating
unit and making a secondary hydroxyl group (A4)
appear in the other repeating unit (U?):

Kz
XA] + YA; ¥ A]XL[;YA.;.

Therefore, vis; = — 1,v353 = — Lvisa =1, va4 =L
The other components of vy, and v,; are nil, except
the ones for the linking groups Ly, but it is seldom
needed to keep a record of the linking groups.

It is useful to define overall stoichiometric coeffi-
cients e;;, which form a symmetrical matrix:

Wi = Wy = V; 2 Vji

(10)

An apparent bimolecular rate constant of the reaction
between end-groups A; and Aj, named k;;, will be
defined as the rate of formation of L;; divided by the
concentrations of A; and A;. This set of rate constants
is obviously symmetrical. k;; depends most often on
the concentration of end groups and catalysts. For
instance, in the case of the reaction between amines
and epoxy groups, there is an autocatalysis by the
hydroxyl groups (Dusek, 1986) and so

kys=kay = ks + kizAs. (11)
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The complete kinetic scheme of this example is
presented in Table 3.

It is possible that parallel reactions exist between
the same pair of end-groups A; and A;. A notorious
example is the termination reaction between two rad-
icals, which can go through a combination or a dis-
mutation process. In such a case, two (or even more)
apparent rate constants kj; and k{j, each one with its
set of stoichiometric coefficients v,’j;, and v,'f.,‘, wouid
have to be introduced.

Reactions of end-groups not leading to inter-
molecular links, such as intramolecular cyclization,
can be modelled using a similar mathematical formal-
ism. The numbers of end-groups of the repeating unit
to which they are attached change by a vector
v =[vil,...,vic], at a rate of reaction given by
k¥ A;. The apparent kinetic constants k* may also be
a function of the concentrations of other end-groups,
such as in the example dealing with radical polymeriza-
tion discussed next.

All pairs of end-groups able to react intra-
molecularly must be considered pseudo end-groups.
The correct definition of end-groups and determina-
tion of stoichiometric coefficients is a complex task
when intramolecular cyclization reactions need be
considered. These reactions were neglected in the
treatment of curing an epoxy resin as dealt with in this
work.

Radical copolymerization of N polyvinyl com-
pounds X" (=CH;) or U"(A,)e (1= 1, N), with
penultimate effects in propagation, has a great practi-
cal importance and is a good example of system with
reactions involving end-groups without forming links,
such as termination by dismutation and transfer reac-
tions. Its mechanism and corresponding set of

Table 3. Kinetic scheme of the reaction between a tetraepoxide and a diamine

Group name Description Formula Index
A Primary amine -NH; 1
E Epoxide _CP{_/CHZ 2
S Secondary amine ~NH- 3
H Hydroxyethylamine -N-CH.,—-CH-OH 4
| |
HE Hydroxyethylenether -N-CH,-CH-0O-CH,-CH-OH 5
| | |
Reaction i 7 ky; Vij Vi
A+E-S+H 1 2 kp = =
oy L5 ]
S+E—H 3 2 s 2 o
[F] 3]
I
E+H-HE 2 4 ke L =
T3 Ty
E+HE— HE 2 5 ke u e
az L]

Parameters used in simulation: kg/kp = 0.2 and kg/kp = 0.055.
Molecular weights of monomers: M! = 248 and M? = 422; for all end-groups M; = 0.
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stoichiometric coefficients is summarized in Appen-
dix B. Not all reactions in radical polymerization can
be analysed with this approach, because of the as-
sumption of reaction irreversibility. For instance, de-
propagation and p-scission of radicals cannot be
taken into account. From this point of view,
Villermaux and Blavier’s tendency model ( Villermaux
and Blavier, 1984) remains more general than our
proposed model, although it suffers from the draw-
back of not being able to cope with strongly non-
liv, -ar polymerizations.

One should not overlook the possibility of a break-
down of the validity of the principle of the equal
reactivity beyond gel point. Some experimental evi-
dence (Argyropoulos et al, 1987b) points to diffu-
sional limitations having a different effect on small
and large polymer molecules, these latter being en-
trapped in gel. No quantitative model for these effects
was put forward up to now, which is not surprising, in
view of the difficulty of gathering the necessary experi-
mental data. However, the overall picture of post-gel
polymerization according to classical theory (Flory,
1941a-c, 1942, 1947; Stockmayer, 1943, 1944} is fairly
accurate, with the exception of the above-mentioned
effect (Argyropoulos and Bolker, 1986; Argyropoulos
et al., 19874, c). It seems justified to develop a math-
ematical treatment of non-linear polymerizations us-
ing the principle of the equal reactivity, keeping in
mind its main value as a first approximation of their
behaviour after gelation.

Rate equations

Using the principle of the equal reactivity and the
above definitions of rate constants and stoichiometric
coefficients, the rate equation for the end-groups can
be written as follows:

Z T AljvleA A + Z L*\'*

i=1 j=1

(12)

So, according to the previous definitions, each pair of
end-groups A; and A;in molecules P(a, m) and P(b, n)
reacts with rate a;b;k;;P(a, m)P(b, n) forming a link
between repeating units and thus yields a molecule
P(a + b + w;, m 4 n):
bk
P(a, m) + P(b, n) —— P(a + b + w;;, m + n).

A reaction of its end-groups A; not forming inter-

molecular links converts molecule P(a,n) into a
molecule P(a + v, n)

ak”
P(av I'l) = P(ﬂ. # vl*l n)

The rate of formation of polymer species P(a, n) is
therefore

1 G by = wip bg— wge n'
Reum=35 Y 2 ky| L -
“i=1])=1 by=0 be=0 m*=0
n
¥ Z biP(bi,...,ba,nll,...,'HN]
m¥=0
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x(aj-— bj'-' mf}j)P(al — b[ e UJ,'“.,. oy Qg
— bg — wyjg,nt —mt, ..., 0¥ —m")
— a.Pay,...,ag,nt, ,n")AJ]
G n' n"
+ Y k¥ [{a; — vir)
=1  m'=0 m"=0
% Play — ..« i Ba — Vet ooy n™)
—aPlay,...,a6, 0 ...,0"%)] (13)
The rate of formation of species P(a,,...,ag,
n',...,n%) depends only on the concentrations of

species with lower numbers of end-groups and of
repeating units. After insertion of eq. (13) in a mass
balance equation of polymer species, a closed system
of equations results, from which any set of
Plai,. . ..a6, 0. .. ")y with  0<a; < g pax,
0™ S myax, 1 < 1< G, 1<m< N can be com-
puted. However, because of the multiple embedded
sums, the evaluation of te right-hand sides of eq. (13)
requires O(a; max - - - 96, Max Miax - - - Max)® opera-
tions. This is likely to be a huge number, unless the
concentrations of the first oligomers are the only one
to be evaluated.

Fortunately, the approach suggested by Costa and
Villermaux (1988) or Mills (1986a-c), based on the
evaluation and numerical inversion of discrete trans-
forms also works for this kind of problems and will be
used next. Its first step consists in obtaining the dis-
crete transform of rate law [eq. (13)]:

G éF {1 oP
k; B _—
Re(e, F, ,Y‘ = Blog cr,( @ij dlog o ’)
’\* T
* Z‘ alog O'g(\ D w4
@y(o) = H ot = iy (15)
k=1
G -
o) =[] a" (16)
k=1

EVALUATION OF MWD AND AVERAGE MOLECULAR
WEIGHTS IN IDEAL REACTORS

Integration of mass balance equation of polymer species
Prediction of polymer properties will now be car-
ried out for ideal reactors. A non-steady state perfectly
mixed continuous stirred tank reactor (CSTR) is
a convenient starting point, since batch/plug flow and
semi-batch reactors can be considered as special cases.
The overall mass balance should be first considered.
Reaction of one mole of end-groups A; and one mole
of A; is supposed to change volume by W and the
reacnon of end-group A; without forming a linking
group is supposed to change the volume by Wy . i
A relative change of reactor volume by chemical reac-
tion Ry is found by adding all these contributions. If
mixing volume is neglected, inlet and outlet volume
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flow rates and reaction volume are related by

dlogVv' 18 &
G
Qr(t) — 0()
+[§1 W 4+ -
-_ t
=Ry + )V =, (17)

This balance also holds in a batch reactor (where
Or = 0 = 0) and in a semi-batch reactor (where only
0 = 0). It is natural to consider that V' is constant in
a CSTR and let eq. (17) be used for relating inlet and
outlet flow rates. In a semi-batch reactor, it is used for
computing reaction volume ¥ (t).

Therefore, a generic molecular species, such as
some end-group Ay, verifies the following mass bal-
ance equation with space time 7 defined as the ratio of
reaction volume by inlet flow rate:

% i Ayp(t) — Ay
at A (t)

Ali=0 = Ao

— Ry Ay (18)

(19)

Discrete transforms of number molecular number dis-
tributions or moments of these also verify this generic
mass balance. So, the NMND of polymer species can
be found by integrating the non-linear first-order
partial differential equation

R aF 1. 8P
a lZ”Z ”aloga( w”élogaj

* Z —( = 1)
+ %— - Ry P (20)
T
Pliao = Pola, ). (21)

Because of the way the time variable ¢ appears in
eq. (20),

P = &P aF
et #% e g ] Pv b SLILIE O |
F(t’ N . dloga, dlog a{;)

=F(I,51,--..55,F,A1,...,AG) (22}
@ special adaptation of the method of characteristics
(Courant and Hilbert, 1962) is worth doing, as will be

shown next. Partial differentiation with respect to

logoy,...,logas leads to a system now including
G new partial differential equations for the
Al, s ey AGZ
oA S 8F @A doF 5F
ezt ... Sk Be=18)
B BA; élog o 6log o) é‘P
(23)

(notice the use of the identities 8A;/8log o, =
3*P/olog o;010g o, = dA,/0log o). These new partial
differential equations are semi-linear, and along the
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characteristic curves defined by

dlog oy, oF
—_———_— 7
de 7. @4
Ay, ..., Ag verify
dA; aF aF
e, L M 80 25
& loga P =
Also, along the characteristics:
df & 4P dlog & o dloga
=32, =Y A ‘
dr 5 dlogo; i=1
G
=& (26)

Carrying out the substitution in egs (24)-(26) of the
required partial derivatives of the right-hand side of
eq. (20), 8F/dlog o, F/dA; and 6F/&P, the following
system of 2G + 1 ordinary differential equations
along the characteristics o(¢) starting at o = aq ({ is
constant along the characteristics) is obtained:

dP
—— e Z z kuﬂJ,JAA
de 2.5 =
Prty— P ~
el P )T —RyP (27)
dloge, & by
E7 = E fil Ay — O A + ki (1 — % (28)
i=1
A 1 G G G
h:— Z Z Juﬂ)u;‘ﬂju/\j/\.j‘f z k‘-*v;f'?,-*/\;
d 2,55 i=1
Ar(t) — A
+i(-)tJ— Ry A, (29)
Pli=o = Poloq,{) (30)
Okli=0 = Tko (31)
Aili=o = Moo, () = clogn' 0( 0s ). (32)

In order that a certain characteristic passes through
a previously specified value of ¢ at a time ¢, a system of
G algebraic equations must be solved to find the
starting vector g, at time ¢ = O:

log gy (log g, ) — log o, = 0. (33)

The Newton-Raphson method can be used to solve
this system of algebraic equations, with some care in
the choice of the starting values of oy. The Jacobian of
system (33),

dlog g,
Blog T1o0

W=

(34)

can be found after introducing the auxiliary sensitivi-
ties
. dlog Ay
S; =
E?log Tio

(35)

and solving eqs (28)—(29) and eqs (31)-(32) simulta-
neously with the additional 2G* ordinary differential
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equations:
ds;
_d?k_f = — Z kk,w“ (S; + A Z mkn_}s}l)
i=1
G

dsk G G 1
—': E Z A (DU;‘UJUA (S[ i A Z GJ[_,;,S;,;)
df =1 j=1 2 h=1

G
+ ¥ kFviv! (5»i + A Z Vr?&u)

i=1 i=1

Auel) — Sf
RurlI=5 g st Ep)
AT 1 ifk=1I s
BUE=0T 10 otherwise (38)
: 2* P,
Sf!::u =Ayo = - {70, {). (39)

dlog ayqdlog o1

Most often, the marginal distribution with respect to
the number of repeating units P(14, {) is sought and
so ¢ = 15. If also { = 1%, the starting point o, should
be a vector of numbers as close to zero as necessary, so
that ¢ = 15 is approached only by values of o; < 1.
Now, a possible solution of eqs (27)—-(32) for e = 15
and { = 1" leads to A; = 4; and ¢, = 1;. If Newton—
Raphson's method converges towards this solution, it
means that the gelation time has not yet been at-
tained, because all reactive groups belong to finite
molecules, If o = 1; can be attained with some or all
o0 < 1, it will resultin A; < A, for some i and gelation
has occurred.

In order to estimate any marginal distribution ac-
cording to the number of repeating units U™ by nu-
merical inversion of P, nyuax values of this discrete
transform must be evaluated along a circle in complex
plane with |{™| = constant < 1, with all other values
of {" or g; equal to 1. The starting value of vector
o, for the computation of each of these points should
be the one found in the previous computation. The
first of all should be a vector of small positive real
numbers for the evaluation along the real positive
axis.

Evaluation of average molecular weights and weight
fraction of gel

In order to compute the moments of the VYNMND,
rate eq‘l'_létions for the derivatives of P are obtained by
differentiation of eq. (14) with respect to log o, and/or
]Dg Cm-
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Inserting these expressions in mass balance equations,
such as the one in a CSTR, a system of non-linear
first-order partial differential equations results, Its
characteristics are the same as the ones used for com-
puting P, eqs (27)-(32). Along with them, the derivat-
ives of P verify
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T

A simpler and computationaily more efficient method
should be used before gelation. Rate equations for the
moments Az '~ are obtained replacing o= 1g,
{ =1" in eqs (40)—(48). As there is no gel, all end-
groups belong to finite molecules, and so the follow-

ing equalities hold:
A=A = A1, 17)
U',_ = J‘E.k = Ak(lc, IN)

(57
(58)

and the moments verify a set of ordinary differential
equations given in Table 4.

GEL STRUCTURE AND ELASTIC PROPERTIES

Several pioneers of polymer science, such as Kuhn,
Guth, James, Mark, Flory, Gee and Treloar, have
contributed to the theory of rubber elasticity [see
Flory (1953) and Treloar (1975)]. However, many
essential problems remain incompletely understood in
spite of 50 years of research. Even the simpler problem
of the prediction or correlation of the small-strain
equilibrium shear modulus, G, has no clear-cut solu-
tion. Two extreme models are available for describing
the network, the affine and the phantom models. In
addition, it was once believed that an appreciable
contribution to G, came from the so called “trapped
entanglements” (Langley, 1968). In the early eighties,
it was generally accepted that the following relation
held for G,:

G. = (ve — h)RT + Gy, T.. (59)

In this equation, v, and p, are, respectively, the mole
concentrations of elastically active chains (EANC)
and junctions (EANJ) (they will be rigorously defined
below). The empirical parameter h, between 0 and 1,
allows for intermediate behaviour between affine
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Table 4. Mass balance equations for the moments of VNMND in a CSTR before gelation
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(h =0) and phantom networks (h = 1) (Dossin and
Graessley, 1979). The term Gp.T. was introduced in
order to take into account entanglements between
chains, It is the product of a modulus Gy,, in principle
depending only on the chemical nature of polymer,
and of a factor T, representing the fraction of the
maximum concentration of topological interactions.

Although at one time it seemed that eq. (59) had
a sound experimental basis [see e.g. Pearson and
Graessley (1980), Valles and Macosko (1979), Gottlieb
et al. (1981) and also Dusek (1986)], Flory and co-
workers have criticized the concept of trapped en-
tanglements between chains contributing to network
elasticity (Flory and Erman, 1984) and have refined
the elasticity theory based on different assumptions
(Flory, 1977; Erman and Flory, 1978). Recent experi-
mental and theoretical studies (Lee and Eichinger,
1990) do not support the need of Langley’s contribu-
tion. Nevertheless, we will discuss briefly how T, can
be predicted, after dealing with the much more impor-
tant problem of predicting the EANJ and EANC
concentrations.

Theory of branching processes (TBP) has been used
for computing concentrations of EANC and EANIJ
soon after its introduction (Dobson and Gordon,
1964). The mathematically equivalent “recursive ap-
proach” by Macosko and Miller (Miller and
Macosko, 1976, 1980) has later been used with more
complex chemical systems. This could not render TBP
obsolete, and application of TBP to prediction of

polymer structure has lately been extended and
perfected (Dusek, 1985).

However, TBP describes exactly only systems at
chemical equilibrium. Some irreversible batch poly-
condensations (specially when strict equal reactivity
of end-groups holds) lead to the same polymer struc-
ture as if a chemical equilibrium prevailed, but this
assumption usually breaks down in the presence of
substitution effects. No kinetically based treatment
was available to cope with this situation. In fact, it was
even believed that such a treatment could not be
found (Dusek, 1985).

In this paper, the problem of mathematically pre-
dicting the concentration of network structures rel-
evant to the prediction of elastic properties is solved
for a general irreversible non-linear polymerization,
provided that repeating units combine to form tree-
like molecules. As before, the key information is the
set of stoichiometric coefficients of the reactions be-
tween reactive groups, which are used for establishing
the needed mass balance equations.

INTERNAL JUNCTIONS IN REPEATING UNITS,
DISTRIBUTIONS OF JUNCTIONS AND EXTINCTION
PROBABILITIES

Elastic properties of gel are determined by its elastic-
ally active junctions (EANI) which are defined
(Scanlan, 1960; Case, 1960; Flory, 1982) as molecular
fragments linked to three or more independent net-
work chains (chains going to infinity). Elastically ac-
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tive chains (EANC) are all independent chains con-
necting EANJ.

Repeating units can sometimes be considered to
contain a single junction, such as pentaerithrytol units
C(CH,OH), reacting with an isocyanate. Most often,
they have multiple internal junctions connected by
relatively long flexible chains. This is illustrated by
polyamines used for curing epoxide resins with more
than one primary amine group linked by relatively
long flexible chains, which must be counted as
EANGs if the two amine end-groups react with three
or more epoxide groups.

So, let JM be the number of distinguishable junc-
tion classes G™ in repeating unit M (M =1, N;
J = JM), The number of junctions GM! in repeating
unit M will be named p*’. Each junction is initially
attached to ;" A; end-groups and to g*“¥ other
junctions GM¥ (see Fig. 5). A chain linking junctions
G and GM*¥ is named LM¥, Because of the assump-
tion that all junctions in each class are indistinguish-
able, there will be at most JM(J* + 1)/2 kinds of
distinguishable links between junctions in each
repeating unit.

As chemical reactions progress, in addition to the
fixed number of links to other junctions a variable
number of linking groups are added to each junction,
sometimes new end-groups too, which are formed by
reaction of previously existent end-groups. Let
G™(a, 1) be a junction G™ attached to a end-groups
and | linking groups, respectively, and let G*”(a, 1) be
its mole concentration, according to our usual con-
vention, G*¥(x, {) be its vectorial discrete transform,

@x

o @ @ f“
G"”(%C)= ZZ 2 ’-'1 e G 11
a,=0 ug=01.,ﬂu ta,,uu
“‘,GG I\
-QGGG‘”(QL,”-.ﬂa-fu----.fca)-
(60)

The elastic properties of the gel are related to the
distributions of junctions. Each junction GM is said to
have a rank x =0, 1, 2, and so on, according to the
number x of network chains which start from it. So,
the key quantities for the characterization of gel will
be the distributions of numbers of network chains
T™(a, x) or their generating functions T4(x, £).

In what follows, a tree-like structure of the repeat-
ing units and of the polymer will be assumed. The
extension of this approach to structures containing
Joops should be possible, but we could as yet find no
simple procedure for systematically excluding
dangling loops.

For each linking group L or LM the fractions of
chains which stem from it, in both directions, and do
not go to infinity, are the extinction probabilities
v; and vj; (most of the times they are different when
i #j), or ™% and vM*, So, the following relation is
the base of the present kinetic treatment:

Jll
T“”(OC., §)= H [DMJ'K o é(l -

K=1
x GM I, v + E(lge — V).

U;\!H\')]g"”‘

(61)
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CONCENTRATIONS OF EANJ, EANC, WEIGHT FRACTION
OF PENDANT MATERIAL AND TRAPPING FACTOR
An elastically active network junction (EANI) is
defined as a junction linked to three or more network
chains. Their overall concentration, u,, is therefore
N JY o

~ETE %,

M=1J=1x=3a,=0

z TM‘I(R, x)
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N
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The concentration of elastically active network chains
(EANC) v, is one-half the concentration of network
chains carried by all elastically active junctions:

Z xTH (g, x)
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= F(1,;;, 0}]

The weight fraction of pendant material in gel, wp, is
the weight fraction of material linked to the gel by no
more than two active network chains. The sum of
wp with weight fraction of sol w, is then

(63)
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In writing eq. (64), the molecular weight of each re-
peating unit was assumed to be shared by its junc-
tions. MM/ is the number-average molecular weight
allocated to junction G™'. No molecular weight was
allocated to links between junctions,

The original definition of Langley’s trapping factor
T. must be generalized, so as to encompass any net-
work. T, is proportional to the product of probabili-
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ties of contacts between repeating units linked to the
network by two or more network chains. We will
define a non-normalized T,* as the square of weight
fractions ol material linked to the gel to two or more
network chains (volume fractions could also be intro-
duced). Consequently, T is T,* divided by its max-
imum possible value, Thax, Which can often be taken
as the value for exact stoichiometric balance.
Therefore, we write
g

VTF = TTax=1- Z L Z Z

M=1J=1 g=0 aﬁ—ﬂ
X (MM 4a M, 4+ -+ agMg)
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Taking into account eq. (61), the selected gel proper-
ties are related to the GM’ and their derivatives by
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RATE EQUATIONS FOR PREDICTING GEL PROPERTIES

The concentrations of linking groups Lj need to be
predicted. Regardless of whether they belong to the
gel or not, their rate of formation is simply

RLU= kjinAj. (75)

The extinction probabilities can be computed, with-
out the need of invoking TBP, by following the con-
centrations of dangling chains Xj(a) which start at an
Ly, go towards the repeating unit previously carrying
the end-group A; and lead finally to a end-groups of
different kinds. Each extinction probability vy is sim-
ply the fraction of those fragments which are finite,
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regardless of the numbers of their end-groups:

o

z X,'j(al,. 48

= ¥ s )Ly (76)
a =0 ag =0
Introducing the vectorial discrete transform
@™ o
Zfo)=Y ... T of...08 Xyfay,...,a0) (T7)
2, =0 ag=10
eq. (76) becomes
vy = Xi(1g)/Lij. (78)

A rate equation for Xy (a) can easily be written, realiz-
ing that an existent Xy (a) grows by reaction of its
end-groups with P(a, n) or by non-intermolecular re-
action of a larger fragment, is destroyed by reaction of
its a end-groups and is created whenever an end-
group Ay reacts intermolecularly with an end-group
A belonging to a polymer molecule P(a, n):

3 G G a-fki' 515
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3 -
, % Ll
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Coming now to the links between junctions, their rate
of formation is obviously nil and so their concentra-
tion is easily determined by knowing the concentra-
tions of repeating units:

LMIJ’ MI ’\”JuM

I (80)

Similarly, it is necessary to introduce the concentra-
tions of dangling chains X*'’(a) which start at a GM
junction and go towards a junction G™, leading to
a end-groups of different kinds. Extinction probability
pM! is the fraction of those fragments which are finite,
regardless of the numbers of their end-groups:

=
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The rate law for X*!/(a) is identical to eq. (79), except
for the absence of the term coming from the creation

of new links:
_ G G X MKL 3P
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Inserting rate laws (79) or {82) in the relevant mass
balance equations of the reactor, partial differential
equations are obtained. They must be solved simul-
taneously with the mass balance equation for the
discrete transform of VNMND, P(c,{), for { =1¥
[eqgs (27)—(32)]. In the case of the CSTR, those equa-
tions are first-order and semi-linear:

Xy & K Xy & aP od
o 55 Vologa;\ Vdlogs, Y

—1), (82)
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Adding the G? equations (83) to eq.(20) does not
change the characteristics o(t), which are computed
using eqs (27)-(35) as before. Along the character-

istics, X,; and X ¥XL are determined by integrating
dXy Xur(t) — Xu
dt %

dFMEL XMKL( t) —
de T

=k Ap i Ay + — Ry Xy (83)

X.’\IKL I
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Before the gel point, X,y(1g) = Ly, since o(f) = I
along the characteristic that ends at 15, and (82)
degenerates into the rate law for Ly, equation (75).

It remains now to establish rate laws for the G*/
and their derivatives F,:f.“f” "*in order to compute the
right-hand sides of eqs (66)-(69). This is also easily
done, since

GM(a, 1) + Ay
LN T SR TR S
and therefore
s aGMI
Rg (&, ()= E Z Y Slon e A LG Vile) — 1]
i=1j=1
aGMI
+ ): [\'*(a) -1} (87)

6!0

Differentiation of eq. (87) leads to the rate laws of the
I—hﬂijkl. Som
...

G al—-.ﬂ”
Rrinr_ Z Z A"J J[al : (g‘j g

i=1j=

+ 4y ﬁiﬂ'ijkrim}

i

)G:k* ar,;‘“( * 4 ariri | s
ki 4 &Ioga i vi (88)

G G
Rpumi = Z 2 ]‘U dlog « Aj{‘si_.'vfj =4}

i=1j=1
Mikl

G r
* =%
+ ‘=zl i 2log (Vi
G arMr
l:_ﬁ"uijvij =)
o
+ C«j“-uf\'m]-—fr” + Vig T Vijkvi_,'lrl‘\”)]

G A MT
+ % k:‘["r"’ @ -1

=]

— 1) + k7T 4, (89)

Rn\lu

> ¥k

i=1 j=1

+ TRy + v l-m):|



General kinetic analysis of non-linear irreversible copolymerizations

G G A Mk
Ry = ki.A. SO, l.._‘.._l
e i=zl J'=zl i [510g e ([= ivii )
+ &V Vijm Iﬁf”m}
ary™ =k =%k Mk
+ z l:a]ogoc v — D+ v v I
+ kg AT (T + Vi T (o1
ar;\f}klmn
Rprstnim = k: A — iV
r (ZIJZ] yEet] dlog (CJ 3 — 1)
rM!klmn "
F* -1
* Z ga, ! )
+ kAT 4 b AT, (03)

Inserting these rate laws in the mass balance in
a CSTR, a system of first-order semi-linear partial
differential equations is obtained. Its characteristics
verify

dlog o

(]
_Z (1 = L) + KL= 7F) (93)

94)

In order to pass through a previously specified value
of & at a time ¢ for a certain matrix {, a system of
G algebraic equations must be solved to find the
starting vector cp:

Oxle=0 = tko-

log ay(log otg, £) — log oy, = 0. (85)

Just as before, Newton-Raphson’s method can be
used to solve this system of algebraic equations,
choosing small enough starting values for a,. The
Jacobian of system (95),
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can be found by solving eq. (93) simultaneously with
the additional G* ordinary differential equations:

dz g ¢
d:' = z logi A GV z Vi Z gt
—_ kk l,l 2 VkJZLJ (97)
j=1
Zadeo = 1 k=1 -
HI=0 70 0 otherwise. e

After computmg the starting vector 2, the remaining
differential equations for computing GM? and its de-
rivatives along the characteristics can be simulta-
neously integrated until the final value of o
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=1 j=1 =1
]-MI 1) — ]—-MI
kF ()T Ryré‘” (100)

(96)
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dr Mk My MK
d[ = kkn—rmr;?”Ag + 5 ( ) — Rer”d
(101)
dI"w G
== 2 z klfAqu
i=1j=1
x ("ijlrkj + Vijri( s ijkl'utrs}‘”)
+ T KETHRT + T
=t
M m
t
Thr( ) o erm (102)
dI"Mm G G
= 7, Y, kAl Ty T
i=1 j=1
& MIKl
+ ¥ kFervRT
IZI.
+ ki AT + v T2)
I“,?,”” £) — [
+ F(t) _va-:‘nm (103)
T
drh”klmn
dr = kk!AlvHermn + kmnAn ‘Tmnrl‘:“kl
MIkimn MIkimn
r - —I — RVI"MJ'klmn. (104)

THE ALTERNATING POLYCONDENSATION OF TWO
POINT-LIKE MONOMERS

Since this kinetic treatment is entirely new, we illus-
trate it with the analysis of the irreversible alternating
polycondensation of two point-like monomers
UNA})y, and U%(A;)y, in a batch reactor, for which an
analytical solution can be found.

There are no reactions consuming end-groups with-
out forming links (v = 0 for all i,j). The discrete
transform of the matrix of the stoichiometric coeffi-
cients of reactions forming links is

- 0 1/g
vl= [1/62 0 :|

Mass balance equations for end-groups, linking
groups, polymer molecules and dangling chains in
a batch reactor without volume changes can be writ-
ten as

(1035)

dd, dA; dL,,
Gt R i = k.4, 4 106
dt d: dr iz (106)
(P _ L o oF
12 3 0,05 0loga, dlogoa
&P op
— A — A 107
' Blog o2 “dlog g, (o7
aX1‘] 6X_1a

oF
iy —— = —— B A
dt dlogo, \o,0,dlogas

ax 1 ap
+ - 12 —Al
dlogo; \ o103 dlogo,
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A, oP
— 108
g, dlog o, (165)
1 0Xs Xy (1 6P
<12 = — Ay
at dlogo, \o 0, dlog o,

4 X, (1 &P p
510g62 U]Ugalogal :

A, 0P
g, dloga,’

(109)

If the polycondensation starts from monomers only,
the initial conditions are:

Al=o=fiU! (110)
Azli=0 =f2U1 (1“)
Pleo = Ull'el + U 26E (112)
X11h=u=x21|x=o=0- (113)
The equations of characteristics become:
dl 2
e s o R, (114)
dr 0102
_,dl 3 A
R il L (115)
dt G0,
dA, _dA; dP _ kiaAjA;
At dt dr G102 18
- df]g AlAg
k -:l S —
ST Ca (L17)
dX AaA
k-1—2—1= 24%]
12— T (118)
Gili=0 =010 (119)
Oali=0 = 020 (120)
Ayle= o—flUlf:lUm (121)
Azli=o —fz Jzo (122)
Pliea= Ulc'a{a +U%0dy.  (123)

Conversions of end-groups p; and p, are convenient
variables for writing the solution of eqs (114)-(123) in
a way which is independent from changes of volume
and of apparent rate constant k;, with end-group
concentrations, and thus with time. The following
relations are independent of volume changes:

& A =fiUY1-py) (124)
Az =f,U1 — p,) (125)
Lys = L3 “fx UlPl =f2UZPz- (126)

Both conversions are related through the initial
stoichiometric ratio r:

P flUl
i Nl e 127
P2 r LUZ P1- (127)
Solution of eqgs (114)—(127) leads to:
A i
e e g (128)
g4, diedio
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2 A"O 2 fi—1
W 129
0'3/11 0'1[)1410 C e ( )
— = A;QA'ag
- - O
P 1r 1] 0_100_1‘}‘410‘420( 10 1)
=U'{'alh+ U20dy
- U el ! (130)
. A _
Kia=—22(As0— A3) = p2Asecfs™" (131
GagAap
c _ Mo _ fi-1 5
X = (Ayjo— A)=piAooie . (132)
G104y

The starting point of a characteristic passihg through
prescribed values of ¢,,5,,{' and {? defined by
610 and 6219, must be obtained by solving the two
coupled algebraic equations

A-:Q
gp=n{l-pnl+p A
Gag Az
=0o1{1 —p1)+ 2 U:b - (133)
A
G20 = 02(1 — p2) + p2 f;
gioAie
= a,(1 —Pz)*'szlﬂ'lo (134)

A double root g,9=010=1, when ¢, =0;=
{' = {? = |, defines the gel point, which occurs when

1
(h-hE~-1

The physically meaningful roots of eqs (123) and (124)
when o, =g, = (' ={*=1 are the lowest real posi-
tive roots not greater than 1. When at least one of the
final values of variables ¢,, 05, {* or {2 is not 1, the
roots must be found by a continuation procedure.

Extinction probabilities can be computed as
follows:

Pip2 = (135)

Bisies X-(L 1) Asg
- Ly Ga0A10 o =0y=1
= a'éf:)_ : Ia, =g;m1 (136)
P X101, 1) Ao
= Ly Grodiole, —e =1
LR — (137)

The concentrations of EANJ, EANC and other gel
properties related to elastic praperties are obtained by
computing the distributions G* and G of numbers of
end-groups and linking groups around each repeating
unit, leading to mass balances

‘,‘Q-G——1= L a8z
29 dlogay  *\a
aGl C"l
A |—=—=1
+510ga2 8 (az ) {138)

_,0G*  8G? {1a
kia = d)| — -
Y273 dloga, ’(r.cl 1)
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G2 7
& A, (ﬂ » 1) (139)
dlog oy o3
G'li=o=U'aip (140)
G2iog = Ulat. (141)

The characteristics of eqs (138) and (139) are the same,
being determined by the system of ordinary differen-
tial equations

dlog o, 12
kjn=A,|——1

dt / . '(al
1('521 _ 1)

]

which are easily solved, leading to

(142)

(143)

o= {12+ {1 — piden — C12) (144)
20 = {21 + (1 — pa)ez — {21) (145)
G'@y=U'[piliz + (1 = p)y I (146)
GHe, £) = UP[palay ++ (1 — pa)az]n (147)

These solutions were not unexpected. They mean that
repeating units U! are surrounded by A, end-groups
or L;; linking groups, their numbers following a bi-
nomial distribution, their total number being f,. An
analogous result is valid for the units U?:

G'=U'p{ "1
Gr=U2pf™"

—p)" (148)
Lo~ Ba™, (149)

The transforms of concentrations of repeating units
linked to prescribed numbers of end-groups and
x network chains can be computed according to
eq. (61) from the knowledge of G!, G? and the extinc-
tion probabilities:

T, &)= U'{p1[v12 + &(1 — vy3)]

+(i— Pl)%}f' (150)
T3, &)= U*{palvay + E(1 = v3y)]

+ (1= pa)as } 2 (151)

Inversion of these transforms leads to the distribu-
tions according to the numbers of end-groups and
network chains, which are multinomial distributions.

The concentrations of EANJ and EANC are easily
computed using eqs (64) and (63) after obtaining the
moments TM% - by differentiating egs (146) and
(147),.0r, preferably, by using directly definitions (62)
and {63):

o= B~ B —p, Bl —8g) {ﬁi'—l
—4pi il = (L —v12)? e~
+ U[L — 2 — p2fall —vzy) 9!
—3p3falfs — (1 = 03029877
ve=3U'[p fill — 0,201 — ¢ ™Y
—pifilfi = D —02)% 0] 7]
+ 31U [pafa(l = v2)(1 — $2°7")

(i52)
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—~ il fe— D0 — v 0 (159)

¢, and ¢, are the fractions of initial end-groups not
leading to network chains:

(154)
(153)

¢r=1—p +pvg2
¢y =1~ pa+ pavay.
Prediction of the weight fraction of pendant material
wp requires the simultaneous knowledge of the weight
fraction of sol, w,. This can be done using eq. (9) and
evaluating, by integration along the characteristics,
the moments with respect to numbers of repeating
units A! and A% and with respect to numbers of end-
groups A; and 4a:
wo= ML+ M A, + M2A2 4+ MaA,
= MLUIO'I' loy=a= 1+ M A1U{E_l
+ MIU? 0’10|a1fm~ [ MzAzﬁ
=U'vy [M}d + M, fi(1 = p1)]

+ U205 [M2 s + Maf(1 — p2)].

10,—0‘,-—[

|a.-a,—l

(156)

Use of eq. (64) yields the following expression, allow-
ing wp to be computed:

UM + pifill — v32)d ™"
+ipififi— 1) 1—up o G

+ M, fill - Pl)[ﬂbll— + pi(l — v12)

x(fi— Dol +ipih - 1)

x(fy = (1 — 228 1)

+ UNZ[6F + pafall — v2)$2 7"

L3Pl fe = DL — v )28 77

+ Mafoll — pa)[d2' ™ + pa(l — 1))

x(fo= D3 +1p3(fa— 1)

x(fa =D — 2151}

Wy o+ Wp =

(157)

Langley's trapping factor is computed similarly, start-
ing from eq. (65) and taking into account that
Thax = 1, which occurs at full conversion of both
end-groups, possible only at stoichiometric balance
r=1:

JTo= 1= U + p il = vi2)ed ']
+ My fi(l—p)Lof ™+ pall — v12)
x(fi — Do 771}
— UH{M$F + pafall = 0200957 1)
+ M, f2(1 — P?.)[‘ﬁ{:#] + pa(l — vay)
x(fs = Dep# "} (158)

These results are identical to earlier predictions using
TBP, as it will be shown next. They were quite useful
to check the results of the computer program later
used for analysing the curing of epoxy resins.
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COMPARISON WITH PREDICTIONS OF THEORY OF
BRANCHING PROCESSES

Theory of branching processes (TBP), as intro-
duced by Good and Gordon in polymer science
(Good, 1962; Gordon, 1962; Gordon and Scantlebury,
1964), defines two probability generating functions for
each repeating unit UM, named Fg'({) and F{'(¢). The
former is the vectorial discrete transform of the nor-
malized distribution of numbers of repeating units
U'...UNlinked to a repeating unit UM in the root of
a tree. If the repeating unit UM is not at the root of
a tree, then F1'({) is taken as the vectorial transform
of the normalized distribution of the numbers of re-
peating units U'. . . UM linked to that unit, indepen-
dently of its position in the tree (this independence is
not guaranteed outside the chemical equilibrium, and
may invalidate TBP in that case). These two distribu-
tions are related through

ZN aFg’
LS | ECB

aFM
-1 @Y

P = (159)

For instance, in the polycondensation of U!(A,);, and
UYAz),,

Fé =(l—-p + pliz)f'
Fl=(l=p +p3i-!

(160)
(161)
(162)
(163)

According to TBP, the discrete transform W*() of
the distribution with respect to numbers of repeating
units of trees with a repeating unit UM in their root is
given by

Fo=(1—py+pal")t
Fi=(=ps+palt)i~1

W) = LM FR(v) (164)

in which vector v verifies the system of algebraic
equations

v=CFi(n) (i=1,N). (165)

These results can be compared with the kinetic ap-
proach taking into account the relation between
Fand WH:

_ é B
M) = Wﬂm /UM = AM(14, 0)/UM. (166)

In the example of the alternating polycondensation of
two monomers,

v= = py+pyo)i! (167)
va =31 = pa + pavy) ! (168)
W= 1= py +pu)h (169)

W2={31—=p;+ pu)t (170)

The mathematical equivalence with results of kinetic
approach is readily proved, since

(171)
(172)

Trolyy =m=1=1~py+pts

Oa0ls, =ay=1=1—pa+ paty.
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Prediction of concentrations of EANJ and EANC or
other gel properties through TBP is based on the
calculation of extinction probabilities u of each re-
peating unit (not of each linking group). They are
defined as the probabilities of a root starting by a cer-
tain repeating unit U™ being finite, and so they verify
the algebraic equations

uM = FM(u). (173)

So, in the case of the alternating polycondensation of
two monormers,

ud = (1= py + pud)i! (174)

(175)

It-is immediately seen that u'! and u? are equal to the
non-zero components of the matrix of extinction
probabilities previously computed by the kinetic
method through eqs (136) and (137), taking into ac-
count the equivalence relations (171) and (172):

u?=(l—py+ paut)r=1.

ut =y

(176}
(177)

A relation similar to eq. (61) can generally be written
for each repeating unit:

TM(1g, &)= UMFN [u+ ¥ —w)].  (178)

Note that in classical TBP there is no systematic way
of taking into account the pendant end-groups in each
repeating unit, so as to add their mass when molecular
weights or weight fractions are needed. However, in
the alternating polycondensation discussed here, one
would write eqs (146} and (147) for G and G? using
a probabilistic reasoning, and then eqs (156)—(158) for
predicting weight fraction of sol, weight fraction of
pendant material and Langley’s factor would follow.
Thus, there is an exact mathematical equivalence be-
tween the kinetic approach and the probabilistic de-
scription based on TBP, in the case of this alternating
polycondensation.

It is also possible to use TBP for predicting gel
structure with monomers which may have more than
one elastically active junction. In that case, it is neces-
sary to introduce the vectorial discrete transforms of
the normalized distributions of numbers of repeating
units U!. .. UM directly linked to each junction G™,
which we will name F&‘”(C )-

The probability that a tree with a junction GMJ at
its root does not lead to infinity is FA™(u). So, the
generalization of eq. (178) is

2
U= = vy3.

MIK

_f-"'
TMI(1g, &) = UMp™ [T [Fo™ ()1 — &) + &7
(=1

K

x Fo''Tu + E(1Y — u)]. (179)

If needed, it is possible to predict the dependence of
the numbers of end-groups by a probabilistic reason-
ing and to write expressions for the T*/(g, £).

NUMERICAL CASE STUDIES

The practical performance of the mathematical
treatment just described was checked by simulating
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the cure of a tetraepoxide with a primary diamine,
a system of practical importance in the field of com-
posite materials. The same simplified kinetic scheme
used by Tsou and Peppas (1988) was chosen, so that
the results could be compared with an earlier treat-
ment by TBP.

We took the ratios of kinetic constants of epoxy
reaction with secondary and primary amines
ks/kp = 0.2 (a value of 0.5 would correspond to equal
reactivity of each hydrogen) and of etherification to
addition to primary amines kg/kp = 0.055, giving
a certain character of polyaddition (See Table 3). Mo-
lecular weights of monomers were taken as the corre-
sponding values of 4,4'-diaminodiphenylsulphone and
tetraglycidyl-4,4'-diaminodiphenylmethane, M* = 248
and M? = 422, respectively. M; =0 for all i =1, 5,
since there is no liberation of by-products.

In Fig. 1, the evolution of weight fraction of sol as
a function of epoxide conversion is shown, and in
Fig. 2 weight-average molecular weight of sol vs epox-
ide conversion are shown. In both figures, three differ-
ent values of the initial molar ratio of active hydro-
gens in amines to epoxide group r were used (r = 1 is
the value for stoichiometric balance in the absence of
etherification).

Newton iteration for computing the curves after
gelation converged without problems, except at the
end of the reaction, when the concentration of pri-

1.0
r=2

S 08 r=1
e r = 0.5
g 06
g3
S 04
5
= 024

0.0 : — .\

T
00 0.2 0.4 086 0.8 1.0
Epoxide Conversion

Fig. 1. Weight fraction of sol w, vs epexide conversion in the

curing of a tetraepoxide by a diamine (kinetic parameters in

Table 3) for three different values of initial molar ratio of
active hydrogens in amines and to epoxide groups r.

=

=3

¥ -2
= =3
E = n.s
g

)

=3

&

g

2

a

=

=0

S

0 T T T T
0.0 02 0.4 0.6 0.8 1.0

Epoxide Conversion

Fig. 2. Weight-average molecular weight of sol M., vs epox-
ide conversion, for three different values of initial molar ratio
of active hydrogens in amines to epoxide groups r.
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mary amines becomes virtually nil and this brings
about some numerical problems due to round-off.

Results by TBP are shown for comparison pur-
poses in Figs 3 and 4. There are some slight differences
relatively to the more correct results of the kinetig
treatment in the presence of the etherification reac-
tion, mostly as far as post-gel molecular weights are
concerned. It would be difficult to detect these differ-
ences experimentally. In the absence of the etherifica-
tion reaction, the results would be exactly the same for
this chemical system [for a further discussion of the
differences between the two approaches, see the recent
paper by Sarmoria and Miller (1991)].

Of course, TBP breaks down for irreversible poly-
additions: it predicts that MWD for a polyaddition
without termination is a Schulz-Flory distribution
instead of a Poisson’s distribution.

Some care is required in order to use our approach
for predicting gel structure and its elastic properties,
because the monomers contain reasonably long flex-
ible chains and so are not point-like. The diamine
monomer U! contains p'' =2 junctions G' of
a single kind, which may be identified with the nitro-
gen atoms. Each of them is initially attached to
fi'' =1 primary amine groups A; and to no other
reactive groups (f2'' =+ - =" = 0). The two junc-
tions are linked by an inert chain L'"', which can
become elastically active, and therefore g'''=1
(Fig. 5).

The N, N, N”, N tetraglycidyl monomer U? is
supposed to contain p*! = 2 junctions G*' of a single

Kinetic approach

Weight [raction of sol

0.80 r
05 0.504

T T T
0.508 0.512 0.516

Epuxide Conversion

0.52

Fig. 3. Comparison between weight fraction of solw, as
predicted by kinetic approach and by TBP, for the curing of
a tetraepoxide with a diamine.

| =—Kinetic approach

Weight average molecular weight

1 L] T 1 B 1 1
035 04 045 05 055 06 085 07 075
Epoxide Conversion

Fig. 4. Comparison between weight-average molecular
weight of sol M,, as predicted by kinetic approach and by
TBP, for the curing of a tetragpoxide with a diamine.
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B Chuin leading 10
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Fig, 5. Elastically active junctions and chains.

kind, which may be identified with the nitrogen
atoms. Each of them is initially attached to two epox-
ide groups A,, and sofi! = 2 and to no other reactive
groups (fi' =fi' =+ ="' =0). The two junc-
tions are linked by an inert chain L*', which can
become elastically active, and therefore g'! = 1.

Tsou and Peppas (1988) presented a slightly differ-
ent model of the elastic behavior of the tetraepoxide
repeating unit. The nitrogen atoms and the two ~CH-
groups attached to

\_/CH2
(@]

were considered to be independent junctions, Each of
them can lead to at most three network chains, when
the epoxide group reacts with amines or hydroxyls
and the resulting hydroxyl group is also etherified.
However, the two pairs of chains of methylene groups
between nitrogens and —-CH- groups are too short for
being elastically active. Therefore, their concentration
must be subtracted from the overall EANC.

It follows from these structures that molecular
weights of each monomer can be evenly shared by
each of their two junctions, and so M'! = 248/2 =
124 and M 3! = 422/2 = 211,

The corresponding predictions by TBP were com-
puted using

Fg = [a, + a,l? + a(*)?]? (180)

F§=[eo+ el +e.l? + el '3 + e (C?)?]* (181)
Fo' =a,+ al® + a((?)? (182)

F§' =[eo + eal' + el + e ' 0* + ()17 (183)
T (1, &) = 20" {[a, + au® + au?V2](1 — £) + £)
x {a, + a;[u* + &(1 —u?)]
+a[u?+ &1 —u?)]?}
2U{[eg + e.u' + e.u? + eutu®
+ eoelu?)? 13 (1 — &) x £}
x {eg + ea[ut + (1 —u')]
+ e [u? + (1 —u?)]
+oe [t + &1 —ul)][u? + &(1 —u?)]
+ e [U7 + &(1 — u?)]?} (185)

(184)
T(1g, &) =
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In these expressions, variables a,, a; and g, are, respec-
tively, concentrations of primary, secondary and
tertiary amines, normalized by initial primary amine
concentration. eq, €., €. and e,, are, respectively, con-
centrations of unreacted epoxides, epoxides which
have reacted with an amine and epoxides which have
reacted with one and two epoxide groups, normalized
by initial epoxide concentration. They are computed
as functions of primary amine conversion according
to Tsou and Peppas (1988).

In Figs 6-8, the predicted changes of concentra-
tions of EANJ, EANC and weight fraction of pendant
materials vs epoxide conversion are shown.

_ 0,006
50
= mr=0.5
E 0.005 —_—r=1
- ——r=2
=
-é 0.004
E
& 0.002
=1
Q
Z 0.001 ~
=
=3
0.000 T T T T
0.0 02 04 0.6 0.8 1.0

Epoxide Conversion

Fig. 6. EANJ vs epoxide conversion for three different
values of molar ratio of active hydrogens in amines to epox-
ide groups r, for the curing of a tetraepoxide with a diamine.
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Fig. 7. EANC vs epoxide conversion for three different
values of molar ratio of active hydrogens in amines to epox-
ide groups r, for the curing of a tetraepoxide with a diamine.
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Fig. 8. Weight fraction of pendant material vs epoxide con-

version for three different values of molar ratio of active

hydrogens in amines to epoxide groups r, for the curing of
a tetraepoxide with a diamine.
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EANC Concentration (mol/g)

g - T —r—
0.5 0.6 0.7 0.8 0.9 1.0

Epoxide Conversion

Fig. 9. Comparison between EANC as predicted by kinetic
approach and by TBP, for the curing of a tetraepoxide with
a diamine {r = 2),
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Fig. 10. Comparison between weight fraction of pendant
material as predicted by kinetic approach and by TBP, for
the curing of a tetraepoxide with a diamine (r = 2).

A comparison with results obtained through the
use of TBP and of kinetic approach is shown in Figs
9 and 10. Numerical differences between the predic-
tions of the kinetic approach and TBP are small for
this chemical system, as for the weight-average mo-
lecular weight and fraction of sol. It would be neces-
sary to have a much greater relative importance of the
polyetherification of epoxides with hydroxyls to find
larger errors in TBP predictions.

CONCLUSIONS

This work has removed the main drawbacks pre-
venting the kinetic approach to have a more wide-
spread use in polymer science and engineering when
dealing with non-linear polymerizations: prediction of
gel properties became possible and the whole treat-
ment is free from the need of an analytical solution to
the mass balance equations of polymer species and
pseudo-species, making possible the analysis of
complex chemical systems.

A radically different description of molecular struc-
ture is needed in order to compute properties of
sol, such as average gyration radius and light-scatter-
ing properties, which can only be done, for the mo-
ment, using TBP (Burchard, 1982). The same problem
arises in the modelling of reversible copolymerization
systems.

Computations taking into account loop formation
(a limited number of small loops) still need to be tried.
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It cannot be assessed for the moment whether the
increase in complexity coming from the expected large
number of pseudo-repeating units and reactive groups
can lead to reasonable computing times, and nothing
is known from the comparative performance of
Monte-Carlo methods.

Also, some automatic means of defining molecular
fragments and computing stoichiometric coefficients
taking account of intramolecular reactions seems im-
portant, in order to allow a realistic modelling of most
polycondensation reactions and non-linear radical
polymerizations.

There still remains a huge amount of work to be
done in the modelling of complex radical polymeriza-
tions using the approach just described, although no
insurmountable obstacles are likely to exist.
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NOTATION
a vector of numbers of end-groups
a; number of end-groups A;
a, mole concentration of primary

amines, normalized by initial pri-
mary amine concentration

as mole concentration of secondary
amines, normalized by initial pri-
mary amine concentration

a, mole concentration of tertiary
amines, normalized by initial pri-
mary amine concentration

A; mole concentration of end-groups
Ai(i=1,G)
€ mole concentration of unreacted

epoxides, normalized by initial ep-
oxide concentration

€, mole concentration of epoxides
which have reacted with one
amine, normalized by initial epox-
ide concentration

ee mole concentration of epoxides
which have reacted with one epox-
ide, normalized by initial epoxide
concentration

€pe mole toncentration of epoxides
which have reacted with two epox-
ide groups, normalized by initial
epoxide concentration

¥ number of end-groups A; in mono-
mer m

b et number of end-groups A; attached
to junction G™ in monomer M

F(t,e,,...,0q, right-hand side of eq. (20)

BNy wss i)

F¥(6) link probability generating func-

tion of repeating units UM in the
root of a tree
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link probability generating func-
tion of repeating units UM not in
the root of a tree

number of GMX junctions attached
to G™ junction

number of reactive groups

small-strain  equilibrium  shear
modulus
small-strain  equilibrium  shear

modulus of uncrosslinked polymer
mole concentration of units
GMJ (a‘ I)

empirical parameter used for de-
scribing networks with an inter-
mediate behavior between affine
and phantom networks

auxiliary functions defined by eqs
(69), (70) and (71), respectively
auxiliary function defined by
eq.(72)

integer variable going from 0 to oo,
used for enumerating a set of enti-
ties of some kind

number of distinguishable junc-
tions in repeating unit M

average number of repeating units
in a Poisson distribution
bimolecular pseudo-rate constant
of the reaction between end-
groups A; and A; forming a link
between the repeating units carry-
ing them

bimolecular and termolecular (ca-
talysis by hydroxyl groups) rate
constants of the reactions between
reactive groups A; and A; in the
kinetic scheme of the cure of an
epoxy resin by a diamine
unimolecular pseudo-rate con-
stant of a reaction of end group
A; that does not form a link be-
tween repeating units

vector of numbers of linking
groups

mole concentration of linking
groups Ly

mole concentration of linking
groups between junctions LMY
relative molecular mass of jth
species

molecular weight of the repeating
unit U™ belonging to monomer
class U™

number-average molecular weight
weight-average molecular weight
z-average molecular weight

loss of molecular weight of a poly-
mer molecule when one of its end-
groups Ay reacts; this loss is sup-
posed to be independent of the na-
ture of this latter reaction

M’:IJ

=

Pi

P(a, n)

P(e,0)

P(n)

T
*
TEMA X

TMJ(S], x)

Uﬂ

Uij

number-average molecular weight
allocated to junction G™

vector of numbers of repeating
units

number of repeating units U!
number of different kinds of
repeating units

parameter in Schulz—-Flory's distri-
bution

conversion of end-group A; in an
alternating polycondensation of
two monomers

mole concentration of the set of
polymer molecules P(a, n), con-
taining n repeating units and
a end-groups of the several pos-
sible kinds

discrete transform of polymer
VNMND

discrete transform of the NMWD
of polymer species

volume flow rate

initial stoichiometric ratio in an
alternating polycondensation of
two monomers (ratio of initial con-
centrations of end-groups A; and
Ay, respectively), such as in the
case of epoxy resin curing

ideal gas constant

rate of formation by chemical reac-
tion of jth species

relative rate of change of volume
caused by chemical reaction
component of the Jacobian of gy,
as defined by eq. (34)

auxiliary variables used for com-
puting matrix [S,], as defined by
eq. (35)

absolute temperature

Langley’s trapping factor for chain
entanglements

nonnormalized Langley's trapping
factor

maximum value of nonnormalized
Langley’s trapping factor

mole concentration of GM junc-
tions connected to a end-groups
and x network chains

vector of the extinction probabili-
ties of repeating units (see below)
extinction probability of repeating
unit U™, ie. probability that
a rooted tree beginning by such an
unit is finite

mole concentration of repeating
units U® (n =1, N)

extinction probability of chains
starting in a linking unit L;; in the
direction going from the repeating
unit previously carrying group
A to the one previously carrying
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end-group A;; it is the fraction of
those chains which do not go to
infinity

extinction probability of chains
starting in a junction G™ towards
a junction G™FK, it is the fraction of
those chains which do not go to
infinity

reaction volume

weight fraction

weight fraction of pendant mate-
rial

weight fraction of sol

change of volume by reaction of
1 mole of end-groups A; and A;
change of volume by reaction of
1 mole of end-group A; by a reac-
tion not forming links

discrete transform of the distribu-
tion with respect to numbers of
repeating units of trees with a re-
peating unit UM in their root
number of network chains

mole concentration of dangling
chains attached to a end-groups,
Xij(a)

mole concentration of dangling
chains attached to a end-groups,
xhl[l(n)

component of the Jacobian of e,
(= dlog o, /dlog 2,0) as defined by
eq. (96)

vectors with all their G or N com-
ponents equal to 1

matrix G by G with all components
equal to 1

vector of Laplace parameters of
discrete transform of distributions
of concentrations of junctions
G™(a, 1) with respect to their
numbers of end-groups a

ith component of vector «

partial derivative of G*’ with re-
spect to L, Ly . - . and o, G,y . .
vector of Laplace parameters of
the vectorial discrete transform as-
sociated with vectors with vector
of numbers of repeating units n or
numbers of linking groups 1

ith component of vector {
moment of NMND of polymer
species of order 1 with respect to
the numbers of end-groups
a;, a;, ay, . . . and of repeating units
n" ontonfL .

ith order moment of NMWD of
polymer species

partial derivative of P with respect
to gy, 04 Ogys + AN L™L% L2,

u

it

MJ

g;

Ui

¢1. 2

Wk

Qi

Subscripts
F

g

s

MAX

0

Superscripts
L1

Abbreviations
A,
EANC

Laplace parameter of discrete
transform of molecular weight dis-
tributions

concentration of elastically effec-
tive network junctions (EANIJ)
concentration of elastically effec-
tive network chains (EANC)
number of Ay end-groups formed
by reaction of end-group A; with
Ay, which are linked to the repeat-
ing unit to which A; is attached
vector of the v}, with j = 1, G (see
below)

number of A; end-groups formed
by a reaction of end group A; not
leading to an intermolecular link
Laplace parameter associated with
number of network chains x
number of GM junctions in re-
peating unit UM

vector of Laplace parameters of
the vectorial discrete transform as-
sociated with vector a of the num-
bers of reactive groups of polymer
species

ith component of vector ¢

space time (ratio of reactor volume
by inlet volume flow rate)

vector of N auxiliary Laplace
parameters used in TBP

ith component of the vector of
auxiliary Laplace parameters v
fractions of initizl end-groups
A, and A, not leading to network
chains

matrix of the wy, with k=1,G
(see below)

number of Ay end-groups formed
by reaction of end group A; and
Aj in both repeating units they are
attached to

mole fraction of subspecies U™
relative to the overall number of
repeating units U™

feed

gel

sol

upper limit
initial

labels of the alternative sets of ap-
parent rate constants and
stoichiometric coefficients

discrete transform

reactive group of ith kind
elastically active network chain



EANJ elastically active network junction
GM junction in repeating unit UM
G™(a,l junction G™ which is attached to

a end-groups and | linking groups

L; group that links two repeating
units, formed by reaction of end-
groups A; and A

 SLELS chain linking GM and GMK

MWD molecular weight distribution

NMWD number molecular weight distribu-
tion

P(a, n) set of polymer molecules with n re-
peating units and a end-groups

TBP theory of branching processes

um repeating unit of class m

umi repeating sub-unit of jth kind in-
cluded in class U™

VNMND vectorial number molecular distri-
bution of numbers of end-groups
and repeating units, obtained from
function P(a, n)

Xii(a) dangling chain starting at a link-
ing-group Lj, going towards the
repeating unit previously carrying
end-group Aj and terminated by
a end-groups

XMW (q) dangling chain starting at a link-

ing-group between junctions L™,
going towards junction G™ and
terminated by a end-groups
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APPENDIX A: RELATION BETWEEN DISCRETE
TRANSFORMS OF MOLECULAR WEIGHT DISTRIBUTION
AND OF NUMBER MOLECULAR WEIGHT DISTRIBUTION

The molecular weight M[P(a, n)] of a molecule P(a, n)

containing (n™, n™,...) repeating units of subclasses
U™ U™, ..., of repeating umits U™, with molecular

313

weights M™®, M™ | is given by

M[P(a,n)]= Y ): Mmkpm E Ma;.

mlk-n i=1

(A1)

The discrete transform of polymer molecular weight distri-
bution is the function

p= Y pMirp,

J=0

(A2)

The index j sweeps all kinds of molecules. Taking into

account (A1), this becomes
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x(ay,...,a5,n%n (A3)

Since the probabilities of occurrence of specified vectors of
numbers of subclasses of each repeating unit follow multi-
nomial distributions, the mole concentration of polymer
with given numbers of end-groups ay, . . ., as and of classes
of repeating units n'%, n*,. .., n¥° .. .is given by
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Equation (2) is now obtained by substitution of eq (Ad) mto
eq. (A3), with simplification of the powers of n!, n%,. .., n¥:
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in which
Bn(s) = QM0 + yH7Qm = T 0T (AG)

j=0

APPENDIX B: KINETIC SCHEME AND STOICHIOMETRIC
COEFFICIENTS IN THE RADICAL COPOLYMERIZATION
OF N VINYL COMPOUNDS

Tables 5-12 summarize the description of a radical
copolymerization of an arbitrary number of monomers, ac-



Table 5. Description of reactive groups

Group A Description Index i
B, Monomer, containing f; double bonds k
Cy Set of f;, double bonds in a repeating unit coming from k+ N
a monomer which has undergone a transfer reaction
D, Pendant double bond coming from B, k+ 2N
E, Intact polymerized fragment coming from monomer k+ 3N
R.]Ik Radical formed by addition of a primary radical to By k+ 4N
Rﬂzk Radical formed by transfer to monomer B, k + 5N
R} Radical site formed by transfer to polymer in a site E, k + 6N
Ry, Radical ending by units coming from B, and B, (k + 6)N + 1
I Initiator N2 4+IN +1
I* Primary radical N*+ 7N +2
S Solvent or chainlength regulator N?+ 7N +3
Table 6. Stoichiometry of initiation reactions
Reaction i k* 7
T+
I-1* N*4+7N +1 2k, ;'
5 I
I* + By~ R + (i — 1)D, N2+ TN +2 fukp A, =
i
. 1
I* 4+ Gy~ Ry + (fi — Dy N?+7N +2 fikb A, ~
i
1
I* + Dy, — Ry, N2 4N +2 A >
i
fien
[ [+ 1]
By + I* = Ry + (i = 1)Dy k Jikp Awr x40 = TR
i
fi-a
a, a,
G+ I*> Ry + (i — 1)D, k+ N o ‘”—‘;”ﬂ
i
Dy + I* - Ry, k+ 2N L N iay
a;
Table 7. Stoichiometry of propagation reactions
Reaction i j ky i 7y
Jisy
Oi+28 Tm+6)N+k Om+3N
B+ Ri— (= DDy + R+ En & (+ON+m  fik, e -
fimt ’
Oi+ 2N Tim+6)N+k O+ 3N
By + Ron— (/i — )Dy + Ry + Epy k m+ 4N fikp. N ;"’“‘ a ;J
I
fier
X Gi+ 2N Tim+ 6N +k T+ N
Bu+ Ron— (i = Dy + R+ G & m+ SN B, SEEES . S
fi-i
Ti+28 O+ 6)N+k 1
By+ Ry~ (i Dy + Reu+En & m+ 6N ik 'LT_ B
-y
Gi+ 28 Tim+6)N+k T+ 3N
Co+Ri—(i— DD+ Rm+En  k+N  (+6N+m  fik, . = &
rl-l
a Oim+6)N+k Om+3N
Ci+ Rimw— (i — )Dr+ Rog + Ey k+ N m+ 4N fikp., == ;_¢ — 7
fisi
O+ 2N Tm+6)N+k Om+N
Co+Rin— (i= DDy +RW+Co K+ N m+ 5N B = 00 &
I‘-. ! J
T+ 2N Tim+6)N +k 1
Ci+ Rin— (i = 11Dy + Re kN m6N e == o
4
2 Tim+ 6)N +k Om+3N
D, + Rip— R + En k+2N  (+6ON+m ki, L e =
i
2 Oim+6)N+k Om+2aN
D, + Rin— Ry + En KtV motaN B -
2 Oim+6)N +k Om+N
Dy + Ry RA + Ca RN maSN L aj
Tim+6)N +k
D; + Bl Ry k42N me+ 6N by o =
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Table 8. Stoichiometry of terminations by combination

Reaction i

J ki Vij Vi
Ry+ Rp,— products  (k+6N+! (m+6N+n k' = =
a; J

1
R+ Rgn— products  (k+ 6N +!  m+ 4N K = e
a; aj
Ry + Ri,— products  (k+ 6N +1  m+ 5N X = =
ad; a;
1 1
R+ Ry — products  (k+ 6N +!  m+ 6N i = =
O; j

1
R,;m + R;,,—' products m+ 4N n+ 4N k,:.l — -
a; a;
l [
Ro. + Roy— products m+ 4N n+ 5N ki = -
a; a;j
1 3 13 1 1
Rym + Ry, — products  m + 4N n+ 6N k.. e =,
i i
27 1 1
Rin + R.f., — products nt+ SN n+ 5N ko, = -
o a;
F 1 1
R[f,,, + Ré,,—- products m+ SN n+ 6N k.;_l_ — —
i g
2 § k) 3 l
Rom + Rg, — products m -+ 6N n+ 6N ki, — —
o g

Table 9. Stoichiometry of terminations by dismutation

Reaction

—x
¥;

i k'

R:, + R,:,,,—» products

(k+ )N + 1

11
k!h". A(":+ﬁ)N +n

o

1

Ry + Ry — products (k+6N+1 kb A v e
4 1

Ry + Ro, — products (k+ 6N +1 k32 Agesy o
a;

1

R Ri. - products (k+ 6N + 1 6 Aawen =
1

R.;.,. + R, — products m+ 4N k,f,_l. Amian —
ag;

1 2 12 1
Ry + Ry, — products m+ 4N ki Amv sy e
i

R;:m + Rg,, — products m+ 4N k,:,i Am=on -
a;

2 2 22 1
Ronm + R, — preducts m+ 5N ks Am+sy —
a;

4 1
Lo RS,,, + Rg,‘-» products m+ 5N B2l —
[

3 3 33 i
Rgm + Ry, — products m+ 6N ki Am+en —
4

cording to the general approach developed in the body of
this paper. The following assumptions were used:

{a) Chemical initiation by a single monofunctional ini-
tiator I;

(b) Equal reactivity of all double bonds in each monomer,
changing as soon as one of these bonds has reacted, but not
changing reactivity any further—this is needed for describing
reactions of monovinyl and divinyl compounds;

(c) No primary radical termination and no transfer to the
initiator;

(d) Dependence of propagation rate constants on the
chemical nature of the rwo units in the chain end;

(e} Dependence of termination and transfer rate constants
on the chemical nature of the iast units in the chain end;

These assumptions can easily be relaxed in order to ac-
comodate more complex reaction schemes, provided that no



516

MArio Rut P. F. N. Costa and RorLanpo C. §. Dias

Table 10. Stoichiometry of transfers to monomers

Reaction i k* i
1 2 1 Git 5N
B, + Rin— Ry k kgt Atms 61841 i
1 1 s N i+ 54
By + Rom~ Rax k katy Am+an —
2 1 2 Ti+ 58
By + Rom— Rex k kiton Am+sn =
i
3 1 3 Op+ 5N
By + Rpm~ Ra k kit Am+en =
{
1
Ry + By, — products (k+ 6N +! ki A, et
Gy
. 1
Ry, + B, — products k + 4N kaiAn =
2 1
R(fk + B, — products k+ 5N kit Am -
o
1
Ro, + B, — products k+ 6N ki An =
Table 11. Transfers to polymer
Reaction i ki i
Gi+3p
E; + Ri— Rai k+ 3N Kz A6y i m ;_ﬂ
o
L, + Ryn = Roy k+3N kb, A an —
a;
E. 4 Ria— R k+3N - 28
Gy
Ti+ 3
E. + Ri.— RA k+ 3N i —
1
Ry + E,, — products (k+ 6N+  kf Apesy -
o;
1
R;k +E,— prnducts k+ 4N k!l'J,Ant+3N ;
1
Ry + En, — products k+ SN P 2,
Gy
1
ng + E, — products k+ 6N k,?,_A,,,J, an =

Table 12. Transfers to solvent

Reaction i K i
1

Ry +S—1I* (k -+ 6)N + 1 kis i
1

Ry, +S—T* k+ 4N kis —
gy

1

Rj + S— I* k+ 5N K2S 2
a;

3 3 1
Ry, +S—1I* k + 6N Ks e
a;

R) -+ S5—1I* N2+ TN +2 kiS @
Ry + 5— I* NI4+TIN+2 k.S o
Ry, +5— I* N4+ TN +2 ks o
R) +8—1* N24+TIN +2 ks o

molecular break-up occurs in the middle of a chain (such as
B-scission of radicals).

There was no attempt to follow the number of initiator
fragments per molecule, as well as transfer reactions of those
fragments, but this could also be done without much added
difficulty. For this reason, primary radicals coming from the
initiator or from the solvent were not distinguished.

Notice also that initiator I is taken as “polymer” species
with zero repeating units and a single group I (see Table 5).
Monomer k is a species with a single repeating unit U, and
one kind of reactive groups By, the set of its f; double bonds
and the remaining molecule, which can undergo transfer
reactions.
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