
INTERNA L WAVES A D ANGULAR MOMENT UM TRA NS PORT 
J T HE SUN 

J ean-Paul Zahn l , S u z aUlle Talon l , José Mat ias L 2 

I D,\ SG AL. Obscl'valoi r(' de Paris, Sectio ll de ~ 1 (' lI doll. 92 1 !)5 J\ [eudon . Frall ("E' 
2 ('cnlro d (> j\"trofi sic-a. l lni\'t'rsidade do Porto. Rua do Caru l>O Alegre 823 . '11 fi PorIa. Porl ugal 

AOSTRA("I 

Th(' lo\\" frequellQ gra\it~ waves cmillt'd at lhe ba~ 
af l he solar c:'QIl\'ection zone art' 3bl(' 10 f'Xl rael a l1-
g uiar 1ll0 1l1(>n1U1l1 (ro m lhe radialive iUlerior. A s <I 
fir:-l I>tel>. w(' f'\'aluatp th (> efficiency of ,his t raniS­
pOrl lI";tll the fo llowi llg simplifying a:.:.Ulllpl io IlS: we 
ignof(, tlw ('orio lis fOfct'. approximat(' lhe Speçl rum 
af turbu lcnl COIl Ve<' lioll by the K oltl1ogorov law anel 
couple l his lu rbu lence la lh(' internai w,wcs t hrough 
\h('ir pr~ure f1u ct.ualions. ro llow ing Press (1981) 
and C:a rcía López k Spruil ( 1991). 

TIl(' loca! frcquency of an interna! w,w(" va ries wilh 
dt'pth in a dilrerenliall~ rOlatiug sUlr. aud il Illa~ 
e\·t'n \'anh,h ai SOIlW localion . lhus lt'a(l!ng lO c'om· 
plN(, dissipal ion (Go!drcich k Nicholsol1 1989). lt 
is Ih al mechanism only Ihal 11'f' take iUlo ac('ounl in 
tltt' ('xchang(" of moment lllll l:wtwren 11',I\e8 and stel· 
lar rotaLion . We find lha! it opcrates on ,\ ti mescalf' 
of lO' years. and is probnbl.\' r("Sponsiblc for t he fiaI 
rotal ion profi le delf'("lro Ihrough heliOSf' islllo log,\'_ 

I. Properlies of int ernaI waves 

:"1 0:;1 of th(' propenies of inter na i wa\'es propaga I· 
ing in sl('llar interiors have 1){'('1l desçri bed by Prt.'ss 
( 1981) anel by Goldrrich õ.: .\Ii('holsoll (1989). Lik(" 
t hem . w(" shall also Ireal lhe wa\'es as ir they wer(' 
pure g ravily rnode. wh ich art' 11 0 1 moelifie<J b) lhe 
Corio!i;;; aCl'eleralion. Their horizontal va riatio ll is 
Ihen descri bed by 111(' ;;;phe ri{'a ! fUll ctiolls }?n(lJ.o), 
a nel their loc,,1 fre<luent)' is Doppler shift t>d by lhe 
eliff(' rential ro tation: 

0'(1') = w - IIJ [O(r) - O() == .... - m ~O(r). (I) 

Il ere m is the azim uth al o rde r of lhis 1ll0nOChrolll at ic 
wa\'c a lld ".; its fre<llle llcy 11'11(' 11 il is e rniu('d aI t he 
base- of lhe ('oll\'ectio l1 zone. wh ich rOI at es a i lhe aJl­
guiar \'elocit y OCo 

Ali importam propcrty of ti\{' in ternaI wal'e; is l hal 
thcy cOllserve their <t nguJar momentullI in t!tC' 3di­
abalic limll. \\"he l! damping Is taken int o accou ll l. 
IhC' a ngular momenlum luminosi ty associa l ed wilh a 
monochromatic wa\'(' 111<1,\' b(' II'riLten 

CJ(r) = CJ(r~) exp[-r(..J .l. m, r')], (1) 

where r (~itllilar 10 ali opLica l deplh ) (\('('ounts fo r 
radiati\'e elamping (a", aoo\'t'. Ihf' subs('ri pl c rt' f(' rs 
to lhe base of Iht' çOlll'ection zone). 

The flux of kiuetic ene rgy associal('d wilh sueh a 
w,w e is gin'n by 

..... 2 _2 
\, 2 u . . , (3) 

11'l lh I h(" u~lIal llOlaliO Il S for lhe dells il~ p. l he Urunl ­
Va isi.i lii fr('(jucllcy j\ '. lhe Ilo ri zontal wa\'cnumber 
"'h = [t(f + 1)]1/2/,., and ~p"i{.! beillg th(' killetic ell­
('r&.,\ dens i l~ of thí' wa\'e. -\\'f' shall a:,sUIllí' dH11 lhe 
1I'3\"es are excite<I by lhe prf'S:> ure fluet uat iO\l <; of lhe 
Itlrbulent COI1\'e(· tiOlI, lhat lh is turbulenl s l)('(·tru m 
ob('y.; I\ o lmogorov's law. a nd 1 hal llw s pec tral en· 
ergy of 111(' intNnal \\'a\'('8 is dis LTibuted tllliform! y 
o\'er lh('lr azimul1tal o rel í'f 'li . fo r gi\en l. Si l\{"{' lhe 
ang ular 1Il0m ent,u m flu x is r(']aled to l he kin('ti l' ell­
Ng)' flux b,l F J = 2 ~ :F" . we rea<.: h lhe following 
expressioll fo r llH' luminosit)' of a ngular mO!lwntulIl 
integral ed o\'er thr wholf' wa\'(' sl)t'("lru lll: 

( I) 

1", d .. ( .. ' ) l[ '" ]-'1'· di j ' -, x - 1---;-;; - - ( 
.. ~ '" ·\ c· ...;~ o { -I 

mdm. 

2. Th(' angular momentUIll flu x 

In lhis (irsl approach. we neglect lhe deposil of an­
gul ar rHOlllenlum rel ate<! to lhe di ffí' rent dlltnping 
experielleed by w,t\'es of Opposile azimulha l order 
m. Insleael. we concentrat e 0 11 lho:;c wa\'{'S which 
a re completely el am ped because thcir loca l fr('querj("~ 
I'a trishes ai some crilical depl h. lu doi ll g SO. wc sha ll 
apprOXilllalf' the elamping ex pollcnli al by the- slep 
fllll ction 'H(r - r'· ); we thus take ex p[- . (r)) = I fo r 

1.0.1 > 10 ~n a uel exp[- r (r')] = O for ..J < 111 ~O , si m­
plifying th(' int egral (4) .. -\ 1 <l certaitt dCplh r - . we 
will o llly roll~ieler lhe wa\'{'S which h,I\'(' eX I>erj('nced 
little dalllpillg ])('fore; their fTl.'quell(·y is g iv(,1l by 

wilh I(r) = i r. K Y S,2 :,~, (5) 

where /\' is lhe rad ialivedifrusivity and N, lhat por· 
lion o r lhe- Br llnl - \' ii isalit frC'lJucncy whidl i" dite 10 
1 he strat il'kalion in tem])('rature. 

\\'e nO\1 pt'rfo rm d I(' ill legrHlio ll (4) il1 lhe illl('rl'al 
of I and ~0. re!('vunl fo r lhe sOlar inlerior. namely 
f ;3 < (:4) < I and ~(f.) < (:0)3 < (f.) 
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Figure I: \ 'ariutiol1 will! depth or til(' damping imegraJ 
define<] in (71, scalcd b.\' lhe fourth powc r of the convec­
tive turnovcr frequcnc.\': 1/.-):. T l.e dashed !i ll(~ refen; 10 

l he SUll aI WO 1\lyr. lhe continuous line to lhe p resent 
Sun. 

The angular IllOIllC'tltUIIl lumi nosily is lhcn a 
fUllclion a f .J. f2: 

linear 

C ) C () 
" c ~ ..., ~ ..... .. ,\ "" ."1 p ,,3 ( , ') ' O 

J(I' - J" - ---- -- --
- c 3 Ncle J N C . 

(6) 

3. A nguJar momelll.LLm t ran spon in the 5un 

Ir momelllum ls t ransported olll y by lhe irllemal 
waves Ire have considered hcrc. the angular veloci ty 
evolves wiLh time according to 

Wc may esti male Lhe magnit ude a f this transport 
by neglecti ug ali variaLiolls except Lhose af n, he nce 
~~ ::::: \ "w t)~ . \V iLhin th is approximation th e rotatiOIl 
profile. lI'~lOse slo pe depeuds 0 11 ihe rat.e aL which 
angular rnoment ulll is losl through the wind, p ropa­
ga tes illwards with Lhe "elocit}' I 'u'l which is clirectly 
relaled 10 Lhe darnping int egral 1(/' ): 

Approximating p~l':: by 1/10 o f the cOll\'ect i"e nux 
(see Cox &: Giuli 19(8). anel this flux by L, / 'Irr,:-;'. 
we obtaiu a crude estirnat e for lhe sy nchro nii(at. io n 
time I 'Y'I ~ = ,./1 'L<' : 

I., .. , '" 60 ,-"'.,.' -,R~' ~ (_,_. )" (_"_' ) ' N,,", I , (_'_,) , 
Lo p n " H" .... ~ 

(9) 
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Figure 2: \'al'iatioll a f the ~.\' lI ch l'OlI i zation time t ~~"c = 
r/ I '~ (:.cee Nt. 9). 

p bcin g lhe m ean elen5ity, This time is d isplayed in 
Fig. 2; ii is of lhe o rde r o f 10; years. mucl, sho rler 
than Ih!' present Spi ll-doll' ll lilll('of Lhe SIlI1 . 

J. COllclusiol1 

\Vecond ude l hat t,lIe imernal gravit,y waves are quite 
eflic iellt in extracLing angular mo rnellLUIll from the 
rad iat ive iute rio r o f the SUIL. a resu l! 1\ 111 icipatcd by 
Schalzman ( 199:\ ) anel confirrned inde pendelllly by 
l\umar &: Quataert (1996). During the later stages 
o f t he solar sp in-doll'tl, tlt is process pre"ails ol'er lhe 
o lher mechanisms which have been p roposed 50 far . 
c xcept pe rha ps rnagne ti r torq uillg. Ir is probably 
respoTl5ible fo r the fiaI. rotatio n profile observC(1 in 
Sun. \\'e are curremly illlplemelll ing lhis trans po rt 
in o ur ro tationa! e"olutioll codes, where it will com­
pe te with other mechanisms, such as lneridian circu­
laLioll and shear turbulence. 
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