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Foreword

L'esprit n'use de sa faculté créatrice que quand
[’expérience lui en impose la nécessité.
Henri Poincaré

The tremendous challenges that are faced by humanity as the 21st century unfolds
itself require a multidisciplinary approach. Now, more than ever before, the need
for exploring our creative capacities to solve relevant problems for society is crucial
for our very survival. However, this can only be done by a cross-cultural and
multidisciplinary networking effort.

Having a group of scientists from different areas networking and exchanging
experiences in a vibrant environment requires the correct environment. One can
safely say that such environment came about in the two opportunities connected to
the present volume of papers, namely in Berkeley, at the University of California,
during the month of March 2014, and in Madrid, at the Universidad Nacional de
Education a Distancia (UNED), during the month of June 2016.

In the first occasion, during the Seventh Berkeley Bioeconomy Conference, the
ideal environment of the San Francisco Bay Area, with its sunny days and foggy
afternoons, conjoined with the highly inquisitive and revolutionary tradition of the
Cal Berkeley Campus had as its central theme “Biofuels as part of a sustainable
strategy”. In this occasion, an array of leading experts under the coordination of
David Zilberman tackled topics ranging from global biofuel investments to the
future of Brazilian biofuels, passing through extreme weather, biotechnology and
agricultural productivity. In the present volume, the paper “Simulation and
Advanced Control of the Continuous Biodiesel Production Process” by Brasio et al.
and “Myopia of Governments and Optimality of Irreversible Pollution
Accumulation” by Policardo are good examples of a quantitative follow-up of the
conference themes. The paper by Mendes et al. deals with modelling by differential
equations the kinetic separation of hexane isomers when they flow through a
packed bed containing the micro-porous Metal-Organic Framework (MOF) ZIF-8
adsorbent. It is shown that a proper combination of two characteristic times can lead
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to very different dynamics of fixed bed adsorbers wherein a limiting case can give
rise to a spontaneous breakthrough curve of solutes.

In the second occasion, in the quiet Madrilefio Summer and under the auspices
of the UNED, we had the “4th International Conference on Dynamics, Games and
Science” with the key topic being decision models in a complex economy. Here,
under the warm hospitality of our Spanish colleagues, I was pleased to witness a
broad plethora of distinguished speakers discussing topics ranging from human
decisions, from a game theoretical viewpoint, to the simulation of energy demand
and efficiency and passing through swarms of interacting agents in random envi-
ronments. The remaining papers that can be found in the present volume are in a
certain sense a written testimony of such diversity and effusiveness of interactions.
For instance, the article by dos Santos et al. studies the influence of human mobility
of dengue’s transmission in the state of Rio de Janeiro from a statistical viewpoint.
Still within the area of statistics, but from a broad theoretical perspective, the chapter
by Casaca discusses prior information in Bayesian linear multivariate regression.
The work of Nassif et al. presents a mathematical model for the tick life cycle based
on the McKendrick partial differential equation. The article of Balsa et al. proposes a
two-phase acceleration technique for the solution of symmetric and positive-definite
linear systems with multiple right-hand sides. The paper by Riippel et al. presents a
constructive proof of the complete nonholonomy of the rolling ellipsoid. The two
articles by Lopes and collaborators deal with important theoretical aspects of
dynamical systems (such as the fat attractor) and quantum mechanics.

Summing up, the present volume displays a variety of works by leading
researchers in a broad range of subjects where mathematical models have a sub-
stantial role and impact in society.

Rio de Janeiro, Brasil Jorge P. Zubelli
March 2017
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Inexact Subspace Iteration for the
Consecutive Solution of Linear Systems with
Changing Right-Hand Sides

Carlos Balsa, Michel Daydé, José M. L. M. Palma and Daniel Ruiz

Abstract We propose a two-phase acceleration technique for the solution of Sym-
metric and Positive Definite linear systems with multiple right-hand sides. In the first
phase we compute some partial spectral information related to the ill conditioned
part of the given coefficient matrix and, in the second phase, we use this information
to improve the convergence of the Conjugate Gradient algorithm. This approach is
adequate for large scale problems, like the simulation of time dependent differential
equations, where it is necessary to solve consecutively several linear systems with
the same coefficient matrix (or with matrices that present very close spectral prop-
erties) but with changing right-hand sides. To compute the spectral information, in
the first phase, we combine the block Conjugate Gradient algorithm with the Inexact
Subspace Iteration to build a purely iterative algorithm, that we call BlockCGSI. We
proceed to an inner-outer convergence analysis and we show that it is possible to
determine when to stop the inner iteration in order to achieve the targeted invariance
in the outer iteration. The spectral information is used in a second phase to remove the
effect of the smallest eigenvalues in two different ways: either by building a Spectral
Low Rank Update preconditioner, or by performing a deflation of the initial residual
in order to remove part of the solution corresponding to the smallest eigenvalues.

Keywords Inexact inverse iteration * Subspace iteration - Block conjugate
gradient + Chebyshev filtering polynomials - Spectral projector
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1 Introduction

We are interested in the computation of a near-invariant subspace associated with
the smallest eigenvalues of a given symmetric and positive definite matrix, with a
type of inexact subspace iteration method that exploits only matrix vector products.
To this end, we exploit an algorithm, called BlockCGSI, which combines the inverse
subspace iteration (SI), see [1] for instance, with a stabilized version of the block
Conjugate Gradient algorithm (blockCG) [2, 3] to solve iteratively the set of mul-
tiple linear systems in each inverse iteration. The implicit use of the inverse of the
coefficient matrix by means of an iterative solution (inner iteration), is suitable for
large scale problems, where traditionally the factorization of the matrix is difficult
to achieve, or when the matrix itself is not explicitly available. However, it also
introduces an error - when computing the approximate solutions - that may affect
the linear convergence of the inverse iteration (the outer iteration). The difficulty
is to find an appropriate stopping threshold for the iterative method (in the inner
iteration) that enables a suitable convergence of the inverse iteration and, if possible,
that minimizes the computational work.

The central part in this work is to propose a way to monitor effectively the con-
vergence of this inner-outer type of iterative scheme. We therefore analyze, from a
geometrical point of view, the convergence of the inverse subspace iteration com-
bined with the blockCG inner solver, and we derive an expression that relates the two
residual norms used in the two iteration levels. From this, we can extract a residual
measure for the blockCG that is directly linked with the convergence of the outer
process toward the desired eigenvectors, and propose a stopping threshold parameter
that minimizes the total amount of computational work to achieve some targeted
accuracy.

In Sect. 2, we recall some important properties of the subspace iteration and of the
inexact inverse iteration that are the basic components of the BlockCGSI algorithm.
We also introduce some algorithmic techniques to improve the method. In particular,
we exploit Chebyshev polynomials as a spectral filtering tool when building the
starting vectors, and we introduce the concept of “sliding window” as an algorithmic
feature for the computation of a near-invariant subspace of any dimension. Section 3
is dedicated to the analysis of the convergence properties. In particular, we explain
how one should monitor the convergence of the blockCG in conjunction with the
global convergence of the inverse iteration. The study presented in Sect. 3 follows on
from our initial work on the monitoring of BlockCGSI presented in [4]. We finish the
analysis of the BlockCGSI algorithm in Sect.4, with a review of its main algebraic
operations and computational costs.

The combination of the inverse subspace iteration with the block Conjugate Gradi-
ent (BlockCGSI algorithm) was initially exploited in the experimental study by [5],
and used to deflate the initial residual in consecutive runs of the CG algorithm.
This is of particular interest in the simulation of time dependent partial differential
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equations, where at each global iteration (or time step) there are several systems with
the same spectral properties to be solved.

Following this work, and to illustrate the effectiveness of the monitoring that we
propose, we devote the last two sections to some numerical simulations where we
first perform some partial spectral decomposition, and exploit this information to
improve the convergence in the iterative solution of the following linear systems.
In the case of Symmetric Positive Definite (SPD) matrices, several solutions have
already been proposed to improve the convergence of Conjugate Gradient (CG) algo-
rithm (see [6], for instance). In Sect. 5, we highlight two of these techniques, namely
the deflation of the initial residual and the Spectral Low Rank Update (SLRU) pre-
conditioner [7]. Section 6 is then concerned with the numerical results illustrating
the proposed monitoring strategy for the BlockCGSI Algorithm as well as the poten-
tial of the pre-computed spectral information to accelerate the convergence of the
Conjugate Gradient. We finish in Sect. 7 with some concluding remarks.

2 The Subspace (Inverse) Iteration

Subspace inverse iteration, or simply subspace iteration, is a generalization of the
inverse iteration, where a set of vectors is multiplied consecutively by the inverse o
a matrix instead of just one vector.

Consider the symmetric and positive definite matrices A and the matrix of the
wanted eigenvectors U = [uy, Uy, ..., us],where Au; = Aju;, j=1,...,s.Let Z
be a matrix whose columns generate a subspace of dimension s. If we multiply Z
successively by A~! we will generate a sequence {A¥Z : k =0, 1,2, ...} that con-
verges to U. Defining the error angle between the approximated subspace generated
by the columns of the matrix A~¥Z and some specific eigenvector u; as

(pj’” =/(uj, A*Z) =minL(u;,q) over qeArZ, (1)

itis proved in [1, p. 333] that, under certain assumptions, each eigenvector u;, j < s,

satisfies
A\
tan (cpﬁ»k)) < (—’ > tan (wj(-o)). 2)
)"s+1

Normally, after one (or several) multiplication by the matrix A~!, the column
vectors from the resulting matrix Q¥ = A= Z are orthonormalized. This simplest
version of the subspace iteration is also called orthogonal iteration.

In order to get an optimal approximation to each individual eigenvector u ;, using
all the information in the basis Q, the orthogonal iteration is normally followed
by the Ritz (or Rayleigh-Ritz) acceleration. The resulting Ritz values diag(A) =
81, ...,8; and Ritz vectors V = [v|, v2, ..., vs] are approximations to the eigenpairs
in A corresponding to the eigenvalues in the range ]0, A;]. In[1, p. 334], itis indirectly
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(k) (k)

proved that v;k) converges linearly to u; by proving that v — ¢, at the same

asymptotic rate A /As4 that q;k) converges to v;-k) .

By (2), we can see that the reduction of the error angle in the subspace iteration
is proportional to A ; /A1 instead of A, /A, as it is the case in the inverse iteration.
This convergence property shows that if A ; is well separated from A, |, we can have
a good estimation of the eigenvalue u ; in a few number of inverse iterations. In some
cases, it can be useful to increase the block size s just to benefit from a better gap
between A ; and A, ;. This technique is also denoted as the use of “Guard Vectors”,
e.g. extra vectors that are incorporated just to increase the rate of convergence in (2).

Compared with other reliable Lanczos algorithms, the subspace iteration just
needs to store the current set of s approximated eigenvectors (Ritz Vectors). The
previous vectors of the Krylov sequence are discarded. This can be an important
advantage if we have to work with a low memory storage and with slow convergence.
The main difficulty in the subspace iteration is that we must set a priori the working
block size s. The block size defines the dimension of the targeted invariant subspace
and also, as we can verify by (2), the convergence rate. As we don’t know the
eigenvalue distribution, the chosen block size can lead to a very slow convergence
or, if the gap between the s wanted eigenvalues and the others is large, to a fast
convergence where only a few subspace iterations will be needed for convergence.
In this work we will also suggest a dynamical way to set up the block size s without
any information a priori about the spectrum of the matrix A.

In the subspace iteration the Ritz values §; converge faster to their limit (the
eigenvalue A;) than the corresponding Ritz vectors v; to the eigenvector u ;. This
means that one can have a converged Ritz value even if the corresponding Ritz
vector is far from the wanted eigenvector. We can determine how close a Ritz vector
v; is close from the corresponding eigenvector u; through the following error angle
measure given by [1]

(sin Z(v; )] < WAV = Ovilla 3)
gap

where gap = min{|A;_; — A;|, [A; — A;41]}. In practice we can not use (3) to mon-
itor the convergence because the gap is unknown, but when the Ritz values have
converged, we can use the §;’s to approximate the gap and thus obtain a computable
estimate of the error angle. However, for clustered eigenvalues, the spectral residual
can be a bad measure because v; can approximate another eigenvector different from
u;, and the formula (3) will not be reliable (see [1]). The error measure (3) also
indicate that the angle between a Ritz vector v; and the corresponding eigenvalue u
is directly proportional to the invariance measure |[|Av; — 8;v;||2.

In each subspace iteration a linear system with s right-hand sides is solved either
by factorizing the coefficient matriz A or with an iterative solver. If it is solved
iteratively, the error introduced by the inexact solution of the linear system may
affect the convergence rate of the subspace iteration given by (2). The difficulty
is to find an appropriate stopping threshold for the iterative method that enables
a suitable convergence of the inverse iteration and, if possible, that minimizes the
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global computational work. In the next section we proceed to an overview of the
main ideas about this problematic in the case of working with a single vector (block
size reduced to one), in which case the process is called inexact inverse iteration.

2.1 The Inexact Inverse Iteration

In the inverse iteration (subspace iteration with block size s = 1), the system of linear
equation is traditionally solved through the factorization of the matrix A. This can be
expensive or impractical if A has large dimension. Alternatively, we can solve these
systems by aniterative method. Iterative methods are attractive in large scale problems
because they require modest memory storage and the coefficient matrix does not need
to be known explicitly, but just the result of it multiplication with any vector.

The inexact inverse iteration (see for instance [8]) includes two levels of iterations.
One is the outer iteration, and corresponds to the main loop of the inverse iteration.
The other is the inner iteration and corresponds to the iterative solution of the linear
system in each outer iteration. The convergence of inexact inverse iteration is not yet
perfectly well understood in all details, but has nevertheless been analyzed in several
recentcontributions. Inthis Section, we present ashortsurvey of the mainideas exposed
in some of these papers.

In[8, 9], forinstance, itis proved thatinexact inverse iteration can converge linearly
at the same rate as the exact case even if the system is not solved accurately, and it is
given some practical ways to choose the inner stopping threshold.

More recently in [10], a general convergence analysis of the correlation between
the convergence rate and the threshold parameter is shown. It is proved that with some
specific error measure, that if the threshold parameter is larger or equal to the ratio
between the two smallest eigenvalues, the inexact inverse iteration converges linearly
with a convergence rate directly given by the threshold parameter.

In[11],itisprovedthatitis worth continuing the inner loop until the norm of the solu-
tion vector stagnates. The growth of this normis indeed directly linked to the reduction
the eigenvalue residual normin the inverse iteration. Consequently, the authors suggest
a stopping criterion for the inner iteration based on the observation of the stagnation
of the norm of approximate solution. Following this recommendation it is highlighted
in [12] that this strategy is quite sensitive to the choice of the tolerance that measures
this stagnation, as opposed to a strategy based on the measure of the standard relative
residual of the system.

Similarly, the combination of the Jacobi—Davidson method with the Conjugate Gra-
dient method as the inner solver has also been studied in [13]. It is established, from
an analytical point of view, a relation between the reduction of the inner residual norm
and the convergence of the outer process that allows an optimal stopping criterion for
the inner iteration.

In most of these inexact inverse iteration analysis, the monitoring of the spectral
error, in the outer iteration, is performed through some type of invariance measure of
the approximated eigenvector vy, like for instance
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[|Avi = 8ivill2 < &, 4)

where §; is an approximation to the eigenvalue corresponding to v, like for instance
the corresponding Ritz value. By Eq. (3) we know that this measure enables to control
indirectly the error angle between v; from the corresponding eigenvector u; . Note also
that if v; is not orthonormalized the error measure (4) must be divided by ||v;]|5.

2.2 TheBlockCGSI Algorithm

In this section, we present and detail partly the BlockCGSI algorithm (Algorithm 1)
used to compute an M-orthonormal basis, represented by matrix W, of anear-invariant
subspace associated with the smallesteigenvalues in the preconditioned matrix M ' A,
where M and A are both symmetric and positive definite. If this eigenspace incorpo-
rates, forinstance, all the eigenvalues of M ~! A intherange ]0, u[, we canexpect, when
usingitlater as a second level of preconditioning, that the condition number of the coef-
ficientmatrix willbereducedtoaboutk = Anax /U (Where Apax isthelargesteigenvalue
in M~ A). In Algorithm 1, A and u are considered as input parameters. However
there is no specific need to know exactly the largest eigenvalue, and some upper bound
on Ay is sufficient, provided it gives some rough estimation of the actual 2-norm of
M~ A.In our experiments, we simply set Apax = 1.

Anotherinputconcernsthe choice of theblock size s that defines the dimension of the
working subspace at each inverse iteration. In the basic version of the inverse subspace
algorithm, this also sets the number of approximated eigenvalues and eigenvectors at
the end. Finally, it also gives the number of right-hand sides and solution vectors of the
multiple linear systems solved by the blockCG algorithm at each inverse iteration, and
therefore the amount of memory required as working space.

As a starting point, the algorithm requires the generation of an M-orthonormal
matrix W of dimension s; the closer are these column vectors to the targeted near-
invariant subspace, the faster the convergence of the inverse iteration will be. The scope
of steps 1 to 4, in Algorithm 1, is to generate an initial M-orthonormal set V(© of s
vectors with eigencomponents corresponding to eigenvalues in the range [, Amax]
below some predetermined value § < 1 (denoted as the filtering level). This filtering
technique is based on Chebyshev polynomials (step 3) and is detailed in Sect. 2.4.

As we have seen, the essence of the inverse subspace iteration is the orthogonal iter-
ation. It consists in multiplying a set of vectors by A~! M and M-orthonormalizing it
in turn. If W*=D (initially empty) contains the set of vectors that have already con-
verged at inverse iteration (k — 1), the current subspace Q(k), in step iii, should con-
verge gradually to a near-invariant subspace that is M-orthogonal to W=D In step 1,
the multiplicationby A ~! M is performed implicitly through the iterative solution of the
system M~ AZ® = V& =D yia the blockCG solver. In order to reduce the computa-
tional costs, this systemis solved with an accuracy determined by the residual threshold
¢. The appropriate choice of ¢ is detailed in Sect. 3.3.
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[JALGORITHM 1: BLOCKCGSI WITH SLIDING WINDOW I

Inputs: A, M = RTR e R 14, Apax € R s € N
Output: a near-invariant subspace W associated with all eigenvalues of
M~ A in the range 10, 1]

Begin
Generate the initial subspace (with filtering)
1. Z® =RANDOM(n, s)
2.VO — ZOT suchthat VO v©O —
3. 0=Chebyshev-Filter(V D, &, [ 7, Amax], A, R)
4. VO = R=10OT guchthat VO  Mv©® — [,
5. WO =empty
6. For k = 1, ..., until converge Do:

Orthogonal iteration

i. Solve M~ AZ® = v*=D with BlockCG

i, PO — 70 _ k=D &=DT pr70

ii. 0T, = P® suchthat 0T MQ® = I,
iv. 0% = [wk=-D gk

Ritz acceleration
v.pi =0 a0®
vi. Diagonalize ; = UkAkUkT
where UkT =U, !
and Ay =Diag(éy, ..., §p4s) (Ritz Values)
vii. VO = o® (Ritz Vectors)

“Sliding window”
viii. W® =converged columns of V®
ix. V% =non-converged columns of V*)
X. (n, p) =size(W®)
xi. Update the computational window (V ®))
xii. (1, 5) =size(V®)
7. EndDo
End

In step ii, the approximate solution vectors Z*) are then projected onto the orthog-
onal complement of the converged vectors W%~ in order to remove the influence of
eigencomponents associated with the already converged eigenvalues. The set of pro-
jected vectors P is then M-orthonormalized (step iii), and gathered together with
W*=D in the matrix Q.
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The orthogonal iteration is followed by the Ritz acceleration (steps v to vii). The
spectralinformation containedin Q* is thusredistributedin the column vectors of V %)
that will contain separately better approximations of each individual eigenvector in the
targetedinvariantsubspace. StepsvandvigivetheRitzvaluesdiag(A) = 8y, ..., 8 pts
ranged in increasing order, where p is the dimension of W%~ i.e. the number of
converged vectors in the inverse iteration (k — 1), and s is the current block size. The
Ritz values and Ritz vectors V = [vq, va, ..., Vp, ..., V,4s] are approximations to the
eigenpairs in M ! A corresponding to the eigenvalues in the range ]0, A p+s]- The con-
vergence rate of each individual non-converged Ritz vectoris then of order A; /A 4541,
withp+1<i<p+s.

The end of the BlockCGSI algorithm consists in testing the convergence and updat-
ing the computational window. In step viii, all the Ritz vectors that are considered as
near-invariant, with respect to the given accuracy, are assigned to W®, More details
about the monitoring of the convergence are given in Sect. 3.1. Step xi consists in the
update of the current set of vectors V ¥, This algorithmic issue in the BlockCGSI algo-
rithm is denoted as “sliding window” and detailed in Sect. 2.5.

2.3 Improvements of the BlockCGSI Algorithm

In this section, we describe briefly the two techniques incorporated in the BlockCGSI
algorithm to improve the convergence: the Chebyshev based filtering technique at step
3 and the “sliding window” at step xi in Algorithm 1.

2.4 Chebyshev Based Filtering Technique

The purpose of the Chebyshev based filtering technique is to bring the randomly
generated set of s starting vectors closer to the eigenvectors corresponding to s smallest
eigenvalues. Chebyshev polynomials in M ~! A are used to damp the eigenfrequencies
associated withall the eigenvaluesintherange [t 7, Ainqy ], inthe sense that those eigen-
components associated to all eigenvalues in this range are reduced to about 0, and the
other ones are left close to their original value. We summarize here the outline of this
technique, and for details, we refer to [6].

Inthe BlockCGSI algorithm, the application of the Chebyshev polynomialin M ' A
to the set of starting vectors V is denoted as

QO = Chebyshev-Filter(V, &, [ r, Amax], A, R),
with M = R” R. This step can also be expressed formally by

0=%,M AV,
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where .%,, is a polynomial function of degree m given by

7 = In0rO)
T (w(0))
with T, the usual Chebyshev polynomial of degree m and w (1) the mapping function
thatbrings ¢ to 1 and Apyax to —1.

After the filtering process, the vectors ¢; = %, (M ' A)v; will have eigencompo-
nents equal to %, (A)¢;, with¢; = (v;,u;),l =1,...,n,and

cgzm()\-l) c [_gv‘i:] lf)‘l € [/'Lfv)‘max]
(5,11 ifA; €10, usl,

where £, the filtering level, is chosen a priori much lower than 1 in order to make the

eigencomponents corresponding to the eigenvalues in the range [ £, Amax] close to 0.

The Chebyshev polynomial 7,, is computed implicitly by arecurrence formula from
the two previous values 7,,_; and T,,_, (m > 2). At each update, it requires that a set
of s vectors be multiplied by M ~' A. For given values of /4 ¢, Amax and &, the degree m
depends on the ratio Aymax /14 ¢ and is inversely proportional to &.

The reason behind the use of these Chebyshev filters at the starting point is to put the
inverse subspaceiterationinthe situation of working directly in the orthogonal comple-
ment of a large number of eigenvectors, e.g. all those associated with the eigenvalues
inthe range [t £, Amax]. Obviously, there is some compromise to achieve, in the sense
that a very small value of 1 ; will minimize the number of inverse iterations but will
increase strongly the computational efforts in the Chebyshev filtering step.

2.5 Sliding Window

The original version of the BlockCGSI algorithm computes a fixed number s of
approximated eigenvectors associated to the s smallest eigenvalues in the iteration
matrix. The difficulty when choosing the parameter s is that we do not know a priori
the distribution of the eigenvalues, and consequently how many eigenvalues we need
approximate to reduce substantially the condition number. A too small block size s
can lead to a non effective improvement in the convergence rate of the iterative solver
in the following runs, whereas a too large block size s may induce unnecessary extra
computational work. To circumvent this problem, we have included the possibility of
enlarging the size of the near-invariant subspace along with the inverse iterations, as
wellas changing the block size s whenever appropriate. Theideais tostartthe algorithm
with a block size s determined only on the basis of computer aspects like, for instance,
the efficiency of Level-3 BLAS [14] internal kernels (used in the BlockCG algorithm),
or the memory requirements. Then, when computing the Ritz values and checking the
invariance of the Ritz vectors, at the end of each inverse iteration, we can decide how
to adapt effectively the actual number of approximated eigenvectors.



58 C. Balsaet al.

In practice, when one or more of the s Ritz vectors in the current set V ) are detected
as near-invariant, these vectors are moved to the set of converged vectors W*® (step
viii of Algorithm 1), and there remains open the choice of incorporating new vectors
to replace these ones to form the current block of s working vectors V®, or to reduce
the block size s (step xi of Algorithm 1). Incorporating new vectors is appropriate until
the approximated eigenvalues cover a sufficiently large interval [0, 1] for an effective
reduction of the condition number. When this target is met, it is then possible to reduce
theblock size s until all the targeted Ritz vectors have converged. Howeverif we detecta
gapinthe actual range of the approximated eigenvalues, it can also be useful to keep the
block size unchanged and to make use of the extra vectors to accelerate the convergence
of the targeted ones in the inverse iteration. Effectively, with the sliding window the
convergence rate given by (2) is now proportional to A /A, 11, where p is the number
of converged Ritz vectors.

Anotherissuein this algorithm comes from the fact that the solution of the linear sys-
tems in each inverse iteration are not obtained with high accuracy. Indeed, our purpose
is to stop the blockCG as soon as possible. Consequently, it can happen that some of
the Ritz values converge first to internal eigenvalues, before the smaller ones are actu-
ally discovered. In this case, some of the already converged Ritz vectors may appear as
not enough invariant after the discovery of the extreme eigenvalues, and it may there-
fore be necessary to enlarge the block size s and refine furthermore these vectors. This
risk of seeing internal eigenvalues coming first is the reason why it is important to
systematically incorporate the assumed converged vectors W ¢~ when recomputing
the Ritz pairs (step iv of Algorithm 1). This is the only way to ensure the appropriate
redistribution of the eigencomponents within each approximate eigenvectorin the long
run.

The update of the computational window is mentioned at step xi of algorithm 1.
The operation that consists in introducing new vectors, after a set of £ Ritz vectors has
converged, is detailed in Algorithm 2.

[JALGORITHM 2: INCORPORATE NEW VECTORS I

Inputs: A, M = RTR e R™", VP e RO ¢ hpor € R L €N
Begin
a) P =RANDOM(z, ¢)
b) P = QT suchthat QT Q = Iyye
c) P = Chebyshev-Filter(Q, &, [1 r, Amax], A, R)
d)Q = R7'PT suchthat QT MQ = Irys
oP=0-whwh yo
HvE =[vhp]
End

Itbegins by generating randomly the new vectors and filtering them, as in the starting
steps of the BlockCGSI algorithm (steps a, b and ¢). After that the vectors are projected
intheM-orthogonal complementofthe convergedones (stepdande),inordertoremove
the correspondenteigencomponents. The remaining operations (step f) adjust the block
size s with respect to the current set of working vectors V&),
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3 Convergence Analysis

The BlockCGSI algorithm involves two iterative loops: the first, that we also denote as
the outer iteration, at step 6 corresponds to the inverse iteration, and the second loop,
or inner iteration, is in the call to the blockCG algorithm (at step i in Algorithm 1) for
the iterative solution of the linear system with multiple right-hand sides, M ' AZ® =
V *=D Thesetwoiterationslevelsrequire each somespecific stoppingcriterioninorder
to monitor the convergence of the algorithm. Sections 3.1 and 3.2 are devoted to and
analyze some properties associated with these aspects. In Sect. 3.3, we propose a way
to link the monitoring of the convergence in the inner loop with the measure of the
convergence in the outer loop.

3.1 Subspace Inverse Iteration (Outer Loop)

Ateachinverse iteration (k) in Algorithm 1, the blockCG algorithm solves the s linear
systems M _lAzgk) = v(.k_'), j =1,...,s,where the matrix A is preconditioned with
asymmetric and positive definite preconditioner, M = R” R.The symmetrized system
can be written as usual as

RTARTRY = RV = A2 =3%D j=1,...5. 5

where A = R-TAR™! R,Zj = RzjandV; = Rv;.Forsimplicity we willomittorepeat
that j varies from 1 to s. We will consider that the subscript j refers to the position of
the correspondent eigenvalue in the current working set. The superscript (k) denotes
the inverse iteration number, and the tilde refers to the symmetrized system (5).

The outer iteration produces a sequence of Ritz vectors \751) s 17;-2) e, \7(-k), that con-
verge to the eigenvector it ; = Ru; corresponding to the eigenvalue A ; of both matri-

ces A and A. At the outer iteration (k), the vectors 17;") are orthonormal, while the

vectors v(].k) (columns of matrix V® in step vii of Algorithm 1) are M-orthonormal.
The corresponding Ritz values (diagonal elements of the matrix A®)) are given by
T ~(OT 7~
Sj(k) = vj(k) Ay® = 50OT 50
As we have seen in Sect. 2, we can evaluate indirectly the error angle (between v;
and the corresponding eigenvector u ;) through the measure

A~k k) ~(k
1A — 8750112

~(k
15112

= [IM~ AV — 51V (6)

Dividing (6) by 8;") (asanapproximation of A ;) we obtain arelative invariance measure

that is used in step viii of Algorithm 1 to decide if a Ritz vector v;k) has converged or
not, as for instance when
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_ k k) (k
1M1 AV — 8800,
S(k) S 801]{61’3 (7)

if acertain tolerance gqyeer is enough. Since eqyeer 18 fixed, the error angle will be smaller
for the Ritz vectors corresponding to the smallest eigenvalues because, in these cases,
the invariance measure (6) will be divided by a smaller values § ;. We use the stopping
criterion (7) because, as we will see in Sect. 5, the Ritz vectors are used to improve
the convergence of the CG algorithm, and this measure of near-invariance in the Ritz
vectors is indeed very appropriate in that respect. Note also that (7) is also used in the
same context by [11].

3.2 The BlockCG Iteration (Inner Loop)

The block Conjugate Gradient (blockCG) algorithm under concern is a numerically
stable variant [3] that avoids the numerical problems that can occur when some of the
s systems are about to converge. It solves simultaneously the s linear systems from
Eq. (5). For each system, j = 1, .., s, it produces a sequence of vectors z , glvmg,

5(k)

after convergence, the approximate solution z z; used in the kth inverse iteration,

RN N R 8)

where the superscript [ ] stands for the blockCG (inner) iteration number.
The residual vector associated with each iterate z[’]

~[i] _ S(k=1) _ Z=li]
Ay ) ©)

We also introduce another vector which we will use to measure the proximity of the
current iterate Z[j' ) from the corresponding eigenvector i ,

lil sl Sllsh] _ sG=1) _ Slilsl] <[]
§i1 = Az — SV = 5] B (10)

Slil SUIT R slil /5 LT S1i] [i] - : : :
where 8" =7, AZ;'/z;" Z;' = 8] is the Rayleigh quotient corresponding to the
current iterate z"] The error measure (6) applied on the symmetrized system, at each

inner iteration [z] yields

clil ~ (k—1) [i1z0] _ ~li]
||Sj [l2 || 5j zj r; 2

Y

120, 112511

Additionally,if we startthe blockCGiteration with z or _ 0,ateachiterationthe current

residual Fj[.i] remains orthogonal to both v; =D (the right-hand side) and Zgi] (linear
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combination of the current Krylov vectors). Thus, r[’]T v; k=1 85”25”) = 0,and we
can write

~ (k—1 [i]1~[i] ~[i]},2 k—1 [i1=[i]} 2 ~[i]}2
1 40— I — A2 = g D — s 3 4 17 3. (12)

Finally, if we translate the previous properties to the non-symmetrized system,

. —
Mt ALY =82 (I =R, g,

1121 1125113, 11250113,

de i12 i12
LV + ol (13)

where we can see that the reduction of the invariance of each iterate zS.i] during the inner
loop depends on the relative residual measure a)y] =| |er [1a/] Iz?] || and on the value
[] (k=1) [i1, 1] []
ST = [ — s 112y
Even 1f we expect that the backward error measure a)[-’] will decrease down to alevel

[i] .

of small magnitude, the value of ¢ is more hkely tostagnate onahigherlevel, depend-

ing on the proximity of the right-hand side v Y from the correspondent eigenvector

u j. Therefore, theboundin (13)canbe domlnated bythe value of (])E. ], andlittleimprove-
ment on the global convergence of the algorithm can be expected by further iterations
in the blockCG.

‘We now investigate the asymptotic behavior of ¢>['] assuming that z[’]

actually con-

vergestoz; = A M v(k Y Letus first introduce the asymptotic limit of the Rayleigh

quotient 85”, 87 = (2}, v(k Dy i 41 |4,> and the angle 6; in the M-norm between Z

and vﬁkil), whose cosine is given by
(k—1)
<Z>,f ’ Vi >
COS(QJ') = *JI—(kil;l/l =3;||Zj||M (14)
N2 allvy ™ lm
As a consequence of the M-orthonormalization of vﬁk_ l), we can write
sin(@)) = [V = 875l (15)

(k=1)

which is also the asymptotic limit of v} 85.i]z5.i] ||a. Consequently, the asym-

ptotic limit of the component ¢E. Tin (13)is

J i *
=% 1123 e

8ftan(9j). (16)
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We can see that the asymptotic limit of ¢5i] depends only on the two vectors v}ki D and
Z}k' =A"! Mv;k_l). Itis also clear that, if v;-k_l) is close to an eigenvector, the angle 6;
should be very small, as well as the corresponding asymptotic limit of ¢£i] . Withrespect

to the bound in (13), this allows more room for decreasing the backward error a)y] in
the blockCG iteration. The strategy suggested by this analysis is to decrease the value
of the stopping criterion in the blockCG (inner loop) along with the convergence of the
inverse iteration (outer loop). This basic idea is further developed in the next section.

3.3 Stopping Criterion for the BlockCG

The stopping criterion for the blockCG defines the approximation degree of 7*¥) ~
Al ﬁ;.k_ Yor equivalently of z® ~ A~'M v;k_ D Its choice is crucial because demand-
ing a high accuracy can lead to a great amount of unnecessary extra work, whereas an
insufficient level of accuracy in the solution may deteriorate the convergence rate of
the inverse iteration (given by (2)). ‘

We propose to monitor only the convergence of the iterates z [1’ I corresponding to the
smallestRitz value § §k7 Yinthe previousinverseiteration. In general, this system needs
more computational efforts to be solved accurately. As we have seen in the previous
section, the relative residual in the inner loop is given by

(k—1) - i
W = [lvy -M 1AZ[11]||M

1 a7

1241

and is readily available in the blockCG iteration (see [3]). Notice also that a)gi] is very
close to the usual Rigal-Gaches [15] backward error measure

k—1 — i
" — M Ay
2 Ml + 1

using the fact that the M-norm of the current right-hand side v§k7 b equals 1, and assum-
ing that the 2-norm of the preconditioned matrix M ~' A is close to one.

Inthe outerloop, we monitor the accuracy of the approximated eigenvectors through
the relative invariance, as indicated in (6) and (7). Atinverse iteration (k — 1), we con-
sider that a Ritz vector vﬁ-k*l) has converged when

- k—1 (k—1)_ (k—1
1M Av Y = 8DV
(k=1)

8./'

= Eouter- (18)
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In order to satisfy (18) in the current inverse iteration (k), the stopping criterion in the
blockCG is set as

i . k—1

a)lll] < Einner, With  Ejpper = Eoutersg )7 (19)
where § 5"‘” is the smallest of the Ritz values corresponding to current set of non
converged Ritz vectors. This stopping criterion is based on the decomposition (13),

assuming that ¢! is not dominant and that the value of w! governs the absolute invari-

ance measure in the inneriteration. This is surely the case when the Ritz vector vikil) is
close to an eigenvector because, in this case, the value of tan(6;) should be small. This
can even occur at the first inverse iteration because the starting vectors are previously
filtered with Chebyshev based polynomials. A second assumption, implicit in (19), is
thatthe inner invariance measure, given by Eq. (13), will be close to the outer invariance
measure, givenby Eq. (6). This canbejustified from the theoretical analysis givenin[ 1],
which shows that the Ritz vectors V® actually converge to the solution vectors Z®
at the same rate of convergence of these Z* vectors to the set of targeted eigenvectors
(see Sect.2).

Under these assumptions, theideain (19)is to achieve a given tolerance €y e in (18)
while minimizing the number of blockCG iterations. Note also that the strategy (19) for
the stopping criterionisinagreement with other analysis of the inexactinverseiteration,
like for instance in [8, 10, 12], where it is suggested to use a decreasing value for the
inner tolerance €jnne;. This is the case, indeed, in (19) since the value of (ka) decreases
gradually toward A; along with the convergence of the outer iteration.

As we have seen in Sect. 3.2, when ¢>£’] has reached its stagnation level defined
in(16),theboundin (13)isthendominated by this asymptotic value, and thereisnoneed
to decrease any further the value of a)Ei]. No more improvements on vik) with respect
to u| might be expected, and it is better to stop the blockCG iteration and to launch the
next inverse iteration. This strategy is very close to the one proposed in [13] and, in
some way, to the one also proposed in [11], because the stagnation of ¢>£’] implies the
stagnation of ||in] ||y which is the basic argument used in this article to monitor the
convergence. A

The risk of having a)gl] much smaller than ¢; ' during the blockCG iterations is also
limited with a closer tolerance & yyee; not too small, like forinstance 10~! or 10~2. These
values are in general enough for the purpose of building a near-invariant subspace for
preconditioning the solution of consecutive linear systems with the same coefficient
matrix. However, if one is interested in computing an accurate invariant subspace,
the inner threshold parameter €jnner in (19) should be set to the maximum between
Eouterd fkil) and the asymptotic value of ¢£i] in (16). From the analysis in 3.2, this is
indeed the maximum level of accuracy that it is reasonable to achieve in each blockCG
run. Do not forget also that along with the convergence of the Ritz vectors towards the
corresponding eigenvectors, the asymptotic value of qb{l] in (16) tends to zero propor-
tionally to the tangent of the angle 6;. Because of that, it is ensured that after some

[i]
1

appropriate number of inverse (outer) iteration, the maximum between &,ye; 8 fk_ D and
this asymptotic value of ¢E’] will always remain the first of these two, and the targeted
accuracy in the inverse iteration can then be expected to be achieved afterward.
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Table 1 Basic operations counts in BlockCGSI algorithm

Operation Size Flops Symbol BLAS level
X = RANDOM n 3n CRAND -
y<yTx n 2n Cpor 1
y<y+ox n 2n Caxpy 1
y = Ax n 2nnz(A) —n Ca 2
X = M*Iy n 4nnz(R) — 2n Cm 2
C<~C+o0VB nxs 2s%n CGEMM 3
P =Q0R nxs 25%n CORTHO(s) 1

4 Operations Counts

The precomputation of the basis W of a near-invariant subspace with the BlockCGSI
algorithm, hasacostwhichwedenoteby @ ¢s; . Forafixedaccuracy, thiscostdepends
essentially on the dimension g of the basis W and on some working parameters like the
block size s, the filtering level £ and the cut-off filtering value 1 s. To be effective, the
gains obtained in the acceleration of the convergence of the classical Conjugate Gradi-
entalgorithm must cover the extra cost for the computation of this spectral information.
InTable 1 we present the costs in floating point operations (flops) associated with some
basic operations performed in the BlockCGSI algorithm, as well as the corresponding
BLAS level. The computational cost of each part in Algorithm 1 will be expressed as a
function of these basic operations. We denote the computational cost of one operation
O P by the symbol 6, p, like for instance %4 that is the cost of on sparse matrix-vector
product, where the number of non-zeros elements of A is given by nnz(A). As men-
tioned before, a first level of left preconditioner M is also used, which purpose is to
cluster the spectrum of our iteration matrix. The cost of the multiplication of a vector
by M~! is represented by €),. Since, M is constructed in our experiments by means
of the Incomplete Cholesky factorization or Jacobi scaling, its cost can be estimated as
mentioned in Table 1, where nnz(R) is the number of nonzero elements in the factor R
from the Incomplete Cholesky or Jacobi factorization.

In the beginning of the BlockCGSI algorithm, we apply the Chebysheyv filtering
polynomial in A to bring the set of s random generated vectors V () near the eigenvec-
tors corresponding to the smallest eigenvalues. The cost of one Chebyshev iteration is
Gcuepy X SE4 + sCy + 3sCaxpy- Additionally, the starting vectors are orthonor-
malized before the filtering step and M-orthonormalized after. The computation of the
starting vectors has a total cost given by

s
Cstart X SCranD + 260rTHOS) E%M + ChebIt X Gchesy, (20)

where ChebIt is the total number of Chebyshev filtering iterations.
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The QR iteration represents the mostexpensive stepin Algorithm 1 in terms of com-
putational cost. It consists of the iterative solution of the system with s right-hand sides
using the stabilized blockCG solver. The cost of each inner iteration in the blockCGis:

Corc ® SCa+5Cy +3CcEmm +2C0RTHO)- (21

After the blockCG run, the solution vectors Z® are projected onto the M-orthogonal
complement of the converged Ritz vectors W*~1 (of dimension p, that varies from 0
to g — 1), and are M-orthonormalized. The estimation of the operations count corre-
sponding to the steps included in the QR iteration at each inverse iteration resumes in:

Gor ~ bCGIt(k) X Gheg + SCproJ(p) + CorRTHOG) + CMs (22)

where bCGIt (k) isthenumberofblockCGinneriterations performedatinverseitera-
tion (k),and where €pros(p) = €M + PEpor + €axpy. Thecostof the QR iteration
cannot be determined a priori, because the parameters b.CGIt (k) and p change from
one inverse iteration to the other in a non-deterministic way. Therefore, we trace their
actual values as the algorithm progresses, and we compute the total number of flops at
the end. We proceed in the same way in the Ritz acceleration with the size of Q)| given
by s + p. The cost of one Ritz acceleration is given by

Crirz ~ (s + p)Ca +2(s + p)*Cpor + 5(s + p)’, (23)

where 5(s + p)? is the cost corresponding to the spectral decomposition of the matrix
By at step viin Algorithm 1.

The amount of work to update the computational window is induced by the con-
vergence test, Egs. (6) and (7), and by the incorporation of the new vectors (see Algo-
rithm 2). If we maintain the same block size s, the £ converged vectors are replaced
in the computational window by ¢ new vectors. After these new vectors are filtered
and M-orthonormalized, as done with the initial set of starting vectors, they are finally
projected onto the M-orthogonal complement of the converged ones. The cost of these
steps is then given by

Cuppare X Cinv +LCranp + ChebIt X Ccnppy+

V4
2%orTHOW) + E%M +LEPrOJ(p)>
(24)

where
Cinv & 2(s + p)Cy + (s + p)Caxpy +2(s + P)Epor (25)

is the cost spent when testing the invariance of all the Ritz vectors.
Finally, the estimate of the total number of floating point operations performed in

the BlockCGSI algorithm, over all the inverse iterations InvIt,is

CrcGsi X Cstarr + InVIt X (6or + CriTz + CuppATE). (26)



66 C. Balsaet al.

5 Exploiting the Spectral Information

Oncethenear-invariantsubspacelinked tothe smallesteigenvalues of the linear system
isobtained, we canuseitfor solving any system with the same coefficient matrix, taking
advantage of this spectral information to remove the effect of the poor conditioning.
An overview of techniques that exploit this idea to improve the convergence of the
Conjugate Gradient can be found, forinstance, in [6]. Here, we summarize two of these
techniques based on the same approach, i.e. building a spectral projector that enables
to work in the orthogonal complement of the invariant subspace corresponding to the
smallest eigenvalues.

5.1 Deflated Starting Guess

One of the possible methods is to compute a starting guess, by means of an oblique
projection of the initial residual (r© = M~'b — M~ Ax®) onto the near-invariant
subspace associated with the eigenvalues in the range ]0, u[, to get the corresponding
eigencomponents in the system solution:

rD =r® — M AWAT W Mr©,
andxV = x©@ + waAT'WT Mr©,

where W and A are the matrices of the g converged Ritz vectors and values, obtained by
the BlockCGSI algorithmon the preconditioned matrix M ~! A. Tocompute the remain-
ing part x® of the exact solution vector x* = x + x@, we can solve M 1 Ax® =
7 with the Conjugate Gradient algorithm.

In practice, as x© = 0 we run the Conjugate Gradient to solve M~'Ax = M~'b
starting from the deflated component of the solution

D =wa'wTp. 27)

With this initial starting guess, we expect that the CG will converge to the remaining
part of the solution very quickly, since the difficulties caused by the smallest eigen-
values have been swallowed, and the eigenvalues bounds are given by p and Ap,x, as
explained in [16]. In this way, the Conjugate Gradient should reach linear convergence
immediately [17]. For clarity, we will call INIT- CG the algorithm corresponding to CG
with a starting guess obtained with deflation.

5.2 Spectral Low Rank Update (SLRU) Preconditioner

Anotherway of exploiting spectralinformation from the coefficient matrix is toperform
adeflationateach CGiteration, instead of justatthe beginning. This approach, proposed
in [7], is called Spectral Low Rank Update (SLRU) preconditioning.
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The computation of the solution of the preconditioned system M ~! Ax =M -1 bis
obtained by means of the CG algorithm applied to an equivalent system M Ax = Mb,
where the preconditioner M is given by

M=M"'+wa'wT, (28)

In this case M and M are also called the first and second level of preconditioning. The
preconditioner M will shift the smallest eigenvalues in the coefficient matrix M~'A
close to one (see [7]). In some cases, it can be useful to shift the smallest eigenvalues
close to some predetermined value A (with A = X,,,, for instance), in which case the
spectral preconditioner should be set to

M=M"'"+iwa'wT.

Thisis notuseful in our test problem, because the spectrum is previously clustered near
one with the first level of preconditioning M. In the following, we will call SLRU- CG
to the algorithm corresponding to the preconditioned Conjugate Gradient with SLRU
as preconditioner.

5.3 Pratical Considerations

We first consider operations count. As in Sect.4, we assume that ¢ < n so that we
neglect terms not containing n, (¢ is the dimension of the near-invariant basis W).

In addition to the sparse matrix-vector product with A ateachiteration, the CGitera-
tion add merely two dot-products, DOT, and three vector updates, AXPY (see Sect. 4).

The algorithms INIT- CG and SLRU- CG perform both an oblique projection of the
initial residual onto the near-invariantbasis W of size g, involving the pre-computation
of WA~'WTb, where A = WT AW is the Ritz matrix computed on step vi of Algo-
rithm 1. The cost of its inversion is not significant because we consider it as a diagonal
matrix. We note that A~! is stored jointly with the basis W. In the scheme SLRU-
CG, the multiplication with the preconditioner M also implies an oblique projection
WA='WTr® ateach iteration (see Eq. (28)). This projection can be done using com-
mon level 2 BLAS operations [18] with a total cost roughly equal to

cfproj ~ 4 (p+Dn. 29)

In Table 2, we indicate the total cost in floating-point operations for each algorithm,
with aninitial cost, and a cost per iteration. One of the major differences between INIT-
CG and SLRU- CG is that SLRU- CG uses the projection operator W A~ W7 ateach
iteration, whereas INIT- CG does exploit this only at the beginning (for computing a
starting vector x (1, see formula (27)). Anyway, this also contributes to better numerical
stability in the convergence process of SLRU- CG.
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Table 2 Cost in floating-point operations for different methods

The cost in floating-point operations

At the beginning At each iteration
CG Ca+Cm+—+— Ca + Cm +3Caxpy +2€por + —
INIT- CG Ca + Cu + Cproj+ — | Ca + Cu + 3Caxpy + 2¢por + -
SLRU-CG Ca + Cu + Cproj + — CA + Cu + 3Caxpy + 26por + Cproj

Let us briefly examine the memory requirements of these two acceleration tech-
niques. In comparison with the CG algorithm, the INIT- CG and SLRU- CG schemes
require about the same amount of extra storage, of ordern(g + 1), to store W, the basis
ofthe near-invariantsubspace (Ritz vectors),anddiag (A) the corresponding Ritz Vec-
tors.

6 Numerical Experiments

In this section, we report on some numerical experiments concerning the computa-
tion of the spectral information associated with the smallest eigenvalues of a precondi-
tioned matrix M ~' A. We also include some experiments concerning the use of the pre-
computed spectral information to improve the consecutive solution of linear systems
with the same coefficient matrix as mentioned in Sect. 5. Theses aspects are illustrated
on a test matrix coming from the 2D heterogeneous diffusion equation in a L shape
region, discretized by finite elements, with size n = 7969. Another application of the
BlockCGSI algorithm to a larger problem can be found in [19].

We also precondition the resulting linear system with Jacobi scaling or classical
Incomplete Cholesky (see Table 3).

We divide the experiments in two parts, the first one concerns the monitoring of the
BlockCGSI algorithm discussed in Sect. 3 and the second concerns the improvement
of the convergence of the CG algorithm with the pre-computed spectral information.

Table 3 Properties of the test matrix M ~! A with two different preconditioners

Preconditioner | Amin Amax #eigs. below pu = nnz nnz n
le—3 |5¢—3 |le—2 |R A

Jacobi 3.07¢ — 09 |2.08 2 9 18 7969 55131 | 7969

1C(0) 1.66e — 08 1.55 2 2 3 31550
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6.1 Monitoring the Subspace Iteration
In Fig. 1, we show the convergence behavior of the inner invariance measure
MflAZ[i] _ 8lilzlil
| | 1 1 <1 | |M (30)

[FRY:

whichis directly related with the values of w; and ¢, asevidenced in (13). The two plots
inFig. 1 illustratethe behaviorof these three valuesintheblockCGrunatthefirstinverse
iteration (k = 1). The first plot corresponds to the case of non filtered starting vectors,
and the second one to the case of starting vectors filtered withalevel § = le — 2anda
cut-off value  y = Se — 3.

We can observe the effect of the Chebysheyv filtering of the starting vectors, which
helps to make the value of ¢; much smaller than what it can be with arandomly gener-
ated initial set of vectors. The direct consequence is that @, then becomes a good mea-
sure of the inner invariance measure (30), even at the very beginning of the algorithm.
Additionally, the filtering of the starting vectors changes the convergence behavior of
the blockCG, because the filtered right-hand sides have more favorable spectral prop-
erties. It also enables to decrease substantially the asymptotic value of ¢, in the first
inverse iteration, allowing a larger range of values for the choice of the threshold &;jyper
in the blockCG, which is a desirable feature for the algorithm as discussed in Sect. 3.3.

InFig. 2 we plot the evolution of the invariance measure (6) of the Ritz vector v, asa
function of the number of inverse iterations. We compare two different inner stopping
criteria with the exact inverse iteration. The lozenge curve corresponds to the stopping
criteria (19), the circles curve corresponds to stop the inner iteration when w; < ¢; and
thecircles curve corresponds tothe exactcase (performed by the Cholesky factorization
of the coefficient matrix). We can observe in Fig. 2 that the proposed inner stopping
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Fig.1 Correlation between the inner invariance measure (30), @] and ¢, in the blockCG with block
size 4, and at the first subspace iteration. The test matrix is preconditioned with Jacobi scaling
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criteria force the invariance to decrease until the targeted tolerance is reached, which
occur atthe 4th inverseiteration. Stopping the blockCGwhenw; < ¢, enablestoreach
thesamebehaviorasintheexactcase, whichisinagreement with the analysis developed
in Sect.3.2.

In Table4, we present both the total number of inner and outer iterations in the
BlockCGSI algorithm (see Algorithm 1) to compute a near-invariant subspace associ-
ated with all eigenvalues in the range ]0, w[. The requested relative invariance in these
approximated eigenvectors was set to &ouer = 107!, with respect to the convergence
criterion for the outerloop given by Eq. (18), and the stopping criterion for the blockCG
setaccordingly asin (19). The total number of inverseiterationsisindicated by InvIt,
and the value of bCGI t denotes the sum of all the iterations performed by the blockCG
solver in the given BlockCGSI run. The Chebyshev iterations count, ChebIt, incor-
porates all the Chebyshev iterations spent when filtering the starting vectors, as well
as when incorporating new vectors during update of the computational window (see
Algorithm 2). Finally, we also include the total number of floating point operations
performed by the BlockCGSI algorithm (¢cgsy), in millions (Mf 1ops), computed
asin (26). We varied the filtering level from & = le — 6t0& = le — 16, including the
case of no filtering. The block size was chosen to illustrate these cases, e.g. when it is
below, equal or greater than the targeted number of eigenvectors (g). The two cut-off
values of the filtering step 1 s correspond to the cases when it is greater or equal to the
principal cut-off value p in Algorithm 1.

Theresultsin Table 4 show that the algorithm manages to compute the targeted spec-
tral information independently of the choice of the block size s. Of course, it is optimal
when s is correlated to the actual number of eigenvalues (¢) in the range ]0, u[. In
this case, all the iterations counts are minimized as well as the total number of opera-
tions. With larger block sizes s, the algorithm benefits from the “guardvectors” effect
(see Sect.2), and the number of inverse iterations are reduced. A greater block size
also improves the convergence of the block Conjugate Gradient. For these reasons, the
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Table 4 Iteration and operation counts as a function of the filtering level &
Filter level & 1 = 1.0e — 3 (2 eigenvalues)
s:2,,uf:l.0e—2 s:5,uf:l.0e—2
InvIt |bCGIt |ChebIt|Mflops|InvIt |bCGIt |ChebIt|Mflops
- 6 240 - 138 2 177 - 469
le—6 2 170 105 131 2 98 105 347
le — 8 2 139 138 125 2 67 138 294
le — 10 2 109 171 119 2 50 171 278
le — 12 2 80 205 114 2 26 205 245
le — 14 2 53 238 110 2 10 238 230
le — 16 2 35 275 120 2 9 275 256
Filter level & = 5.0e — 2 (9 eigenvalues)
s:S,,u,le.Oe—Z s:9,uf:l.0e—2
InvIt |bCGIt |ChebIt | Mflops|InvIt |bCGIt |ChebIt|Mflops
- 29 432 - 1347 14 247 - 2033
le—6 10 119 630 1333 2 65 105 661
le —8 4 69 414 777 2 41 138 530
le — 10 3 51 342 572 2 23 171 444
le — 12 3 27 410 595 2 205 367
le— 14 3 11 476 636 2 238 387
le — 16 3 10 542 715 1 271 436
Matrix preconditioned with Jacobi scaling
Filter level & = 1.0e — 2 (3 eigenvalues)
s=3,ufr=10e—1 s=5pur=10e—1
InvIt |bCGIt |ChebIt|Mflops | InvIt |bCGIt |ChebIt|Mflops
- 6 96 - 148 4 73 - 243
le —6 6 75 28 143 2 44 28 180
le —8 6 63 37 134 2 35 37 165
le — 10 6 53 46 127 2 27 46 153
le — 12 3 35 55 99 2 19 55 140
le — 14 3 27 64 96 2 12 64 128
le — 16 2 19 75 88 1 10 73 130
Filter level & = 3.0e — 2 (9 eigenvalues)
s=5puf=pn s=9,puf=p
InvIt |bCGIt |ChebIt|Mflops|InvIt |bCGIt |ChebIt|Mflops
- 30 191 - 907 17 118 - 1310
le—6 4 41 104 358 2 25 52 351
le —8 3 20 138 352 2 11 69 274
le — 10 3 12 170 390 1 3 85 235
le—12 3 6 204 434 1 3 102 275
le — 14 2 4 236 450 1 1 118 295
le — 16 2 4 270 556 1 1 135 335

Matrix preconditioned with 7C (0)
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increase of s does not necessarily imply an increase of the total amount of work. When
the block size is smaller than g, the “sliding window” feature enables to obtain at any
rate all the targeted vectors. Our experiments also show that the final number of con-
verged vectors can exceed the actual number of eigenvalues in the range ]0, [ when
the block size is not equal to this number.

As we can observe in Table 4, the filtering of the new vectors with Chebyshev poly-
nomials canimprove quite alotthe efficiency of the BlockCGSI algorithm. Asthe filter-
ing level & decreases, the number of inverse iterations is reduced because the resulting
filtered vectors get closer to a near-invariant subspace, and the stagnation level of ¢,
becomes much lower (see also Fig. 1). This also gives room for larger decrease of the
inner invariance (30) at each inverse iteration. When the block size s is equal to the
number g of eigenvalues in ]0, u[, the convergence can be reached with a minimum
number of inverse iterations (InvIt = 1 for instance). The number of blockCG iter-
ations is also reduced because of the better spectral properties of the right-hand sides.
Obviously, decreasing the filtering level £ alsoincreases the number of Chebysheyv iter-
ations in the filtering process. In that respect, there is a compromise to reach in terms
of total computational cost. The optimal value of £, that minimizes this computational
work (Mf1ops), also depends on the other filtering parameter w1 ¢, and on the number
oftargeted eigenvalues g. We have observed thatitis betterin general to take the value of
the initial filtering parameter 1 y not too large with respect to the actual bound 4 on the
range of targeted eigenvalues, and also that when the number of targeted eigenvalues
is small, a good filtering level £ is indicated.

6.2 Improving the CG Convergence

Based on the pre-computed spectral information, we can improve the convergence of
the CG algorithm. To illustrate this, we have solved the two tests systems with both
INIT- CG or SLRU- CG. In Fig. 3, we plot the backward error

MOy IRTTrO) a1
MOy RO

@)

normally used in the preconditioned Conjugate Gradient, where r) = b — Ax?,

Theresults show the effectiveness of the use of the spectral information toreduce the
total number of iterations. When the system is preconditioned with Jacobi scaling (see
plotsonthe top of Fig. 3), the initial condition number, of order 1 08, canevenbereduced
totheorderof 103 & A4, /0 Withthe use of the first two vectors associated with the two
smallest eigenvalues only. With the use of a larger number of Ritz vectors, the reduced
conditionnumberis maintained toaboutthe samelevel, andjustlittleimprovementscan
be expectedin the convergencerate of the CG algorithm. With the Incomplete Cholesky
preconditioner, the number of critical eigenvalues seems also to be 2 (see plots on the
bottom of Fig. 3).
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Fig.3 Convergence behavior of INIT- CG and SLRU- CG with different sizes g of the pre-computed
near-invariant subspace. The system s initially preconditioned either with Jacobi scaling (top) or with
the standard Incomplete Cholesky (bottom)

Regarding the results in Fig. 3, the SLRU preconditioner is numerically more stable
than the deflation technique. The SLRU- CG converges linearly while the INIT- CG
loosesthelinearrate of convergence whenreaching smallresidual values (say 10~ with
Jacobi preconditioner and 10~ with 7C(0)). To maintain this linear rate all through
the iterations, the spectral information needs to be more accurate, as we can observe in
Fig.4.Indeed, withlarger values for the number of correct digits z (see formula (18)) the
irregularities in the rate of convergence of INIT- CG are smoothed gradually. However
the cost for computing a much more accurate near-invariant basis can be rather large,
and it can be preferable to simply use the SLRU- CG algorithm if solutions with high
precision are needed.
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Fig. 4 Effect of the accuracy of the spectral information on the convergence behavior of INIT- CG

6.3 Cost-Benefit

We have proposed a technique to improve the consecutive solutions of several systems
with the same coefficient matrix but with different right-hand sides. This technique is
based on a two phase approach: we first perform a partial spectral decomposition of
the coefficient matrix M ~! A with the help of BlockCGSI algorithm, and we use this
information afterward to accelerate the CG through the deflation of the starting guess
or with a second level of preconditioning. We illustrate how the gains obtained at each
solve can reduce substantially the total computational cost in the long run.

We begin by presenting the costs in floating-point operations involved in each CG
run (see Sect. 5.3). InFig. 5, we plot the history of the backward error versus the number
of floating-pointoperations. Inthecase of SLRU- CGalgorithm, we observe thathigher
dimension g of the near-invariant subspace does not always bring an improvement in
the convergence. The oblique projection (28) performed ateachiterationis responsible
for the growth of the computational work when the dimension g gets larger. As we can
see on the right of Fig. 5, when ¢ varies from 3 to 20 the rate of convergence decreases,
and no gains are obtained despite the effective reduction of the number of CG iterations
(see Fig.3). As opposed to that, we can observe in the case of INIT- CG algorithm (left
of Fig. 5) that we always get improvements with larger values of g.

As we have seen in Sect. 4, the pre-computation of the near-invariant subspace W
has a cost, that we denote by €ccsr, depends on the dimension of this subspace and
on some working parameters in the BlockCGSI algorithm. To be effective, the gains
obtained in the acceleration of the convergence of the given iterative solvers must com-
pensate, in some way, the extra cost for this spectral pre-computation. In Table 5, we
present the computational costs €gc s (in millions of operations, Mf 1 ops) for three
different cases that correspond to different choices for the cut-off value u. For each
one, we have computed all the g Ritz vectors corresponding to the g eigenvalues in the
range ]0, u[. The spectral information is computed with two correct digits (f = 2) in
the case of Jacobi preconditioner, and with one digit (+ = 1) in the case of /C(0).
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Fig.5 History of the backward error as a function of the computational cost, for different sizes ¢ of
the near-invariant subspace. The case ¢ = 0 corresponds to the CG algorithm, for comparison

To illustrate the cost-benefits, we stop the CG iterations when the relative resid-
ual norm p¥ (see Eq. (31)) is below 10~8. When preconditioned with Jacobi scaling,
the Conjugate Gradient performs 478 iterations with a cost of 95 Mf1ops, and when
preconditioned with I C(0), 187 iterations with a cost of 55 Mf1lops. In this table,
we indicate the number of CG iterations (Nit), the number of floating-point opera-
tions Mf 1 ops and the number of amortization right-hand sides (Amor . rhs.),i.e.,
the number of right-hand sides that have to be considered in consecutive solves before
the extra cost €cgs; is compensated. The number of amortization right-hand sides is
given by

CBCGsI
Amor.rhs. = L—J + 1,
CcG — Cace
where ¢ is the cost of CG algorithm without acceleration, and %, ¢¢ is cost of the
accelerated CG, either INIT- CGor SLRU- CGalgorithm. Theseinformations are given
foreach cut-off value . Forinstance, in Table 5, with Jacobiscalingand u = 4.0e — 3,
211 Mf1ops are needed for the spectral pre-computation, out of which the INIT- CG
algorithm achieves convergence in 190 iterations and 38 Mf 1ops, i.e. a reduction of
60% compared to the run which does not use this spectral information. Consequently,
the 211 extra Mf 1ops are paid back after four consecutive accelerated solves, com-
pared to four runs of the non-accelerated CG.

Table 5 shows that Init-CG and SLRU-CG converge, in general, in the same number
of iterations if the spectral information enough accurate. The main difference is that
SLRU demands more Mf 1 ops as the size of the near-invariant subspace (¢ ) increases.
For this reason, the number of amortization vectors (Amor . rhs) is greater with the
SLRU preconditioner. In the case of the chosen stopping threshold (10~8), the INIT- CG
approach seems to be preferable.

In summary, the numerical results demonstrate that, when an accuracy of order 1078
isrequired to solve linear systems in sequence with the same matrix but with changing
right-hand sides, the cost of pre-computation of a near-invariant subspace with Block-
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Table 5 Cost-benefits of CG accelerated with the spectral information

Spectral fact. Deflated x© SLRU prec.
" q ¢pccsr | CG Amor. CG Amor.
rhs. rhs.
Mflops | Nit Mflops Nit Mflops

Jacobi - 0 - 478 95 - 478 95 -
precond.

1.0e — 3 2 184 227 45 4 227 63

4.0e — 3 5 211 190 38 4 187 71

5.5¢ -3 9 427 176 38 8 166 84 39
1C(0) - 0 - 187 55 - 187 55 -
precond.

1.0e — 2 3 88 89 26 4 80 33 4

2.0e — 2 5 145 79 23 5 74 35

3.0e —2 9 235 75 22 8 62 37 14

CGSlIalgorithmislargely compensated by the gains obtained in the long run. Thisis still
more effective if a first level of preconditioning is applied to cluster better the spectrum
of the iteration matrix.

7 Concluding Remarks

The BlockCGSI algorithm computes a near-invariant subspace, associated with the
smallest eigenvalues in M~ A, which combines the subspace inverse iteration and a
stabilized version of the block Conjugate Gradient algorithm. The main focus in this
work was the control of the accuracy when solving the system with multiple right-hand
sides ateach inverse iteration, and the good agreement of the stopping criterion used in
the blockCQG iteration with the measure of convergence of the inverse iteration itself.
Similarly tootherinexactinverseiterationanalysis (forinstance[9, 11, 20]), weanalyze
the inner-outer iteration in the blockCGSI algorithm, and we propose to measure the
residuals of the system through a Rigal-Gaches type of backward error. This measure
enables the control of the absolute eigenvalue error of the inverse iteration, at the same
time that the system is solved. The control is even more effective at the first inverse
iteration if the starting vectors are previously filtered with Chebyshev polynomials. We
also derive an expression, linked to the proposed residual measure, that indicates when
the inner iteration must be stopped if we want to recover the same type of convergence
as in the exact inverse iteration. Based on the asymptotic behavior of this expression,
we suggest how to avoid unnecessary extra computational work in the blockCG inner
iteration.

We also investigated some particular techniques, like the Chebysheyv filtering of the
random generated vectors, and a form of dynamic adjustment of the dimension of the
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current subspace at each inverse iteration. The experiments indicated that Chebyshev
filtering is useful to reduce the total number of inverse and blockCG iterations, and
consecutively to reduce the total amount of work. The “sliding window” technique
is helpful to make the algorithm flexible and robust. Some of the good features of the
BlockCGSI algorithm (see Algorithm 1) also yield in the easy control of the memory
requirements as well as the a priori control of the accuracy.

Once we have computed the spectral information associated with the smallest eigen-
values, we experiment different strategies forimproving the consecutive solution of lin-
ear systems with the Conjugate Gradient algorithm. In that respect, we have focused on
two closely related approaches: (1) deflating the eigencomponents associated with the
smallest eigenvalues with an appropriate starting guess, or (2) using the SLRU precon-
ditioner that shifts these eigenvalues away from zero. The latter appeared to be numeri-
cally more stable, achieving linear convergence, even when the pre-computed spectral
information was obtained with low accuracy. Nevertheless, the first approach is less
expansive in terms of computational cost, and is a preferable option if the multiples
systems are solved with a not very small stopping criterion.

The experiments show that, if the spectrum is previously clustered, with the help for
instance of a first level of preconditioning, the strategy is very efficient in the reduction
of the total cost of solving consecutive linear systems with changing right-hand sides.
The extra work needed to compute the spectral information is payed back after a small
number of consecutive solutions.

The two-phase strategy is also very effective in other applications. In previous
work [19], were it was used to accelerate the simulation of the flow around an airplane
wing, we have verified that the reduction of the total amount of computational costs can
reach 70%.
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