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Abstract

Clustering methods aim to categorize the elements of a dataset into groups according to
the similarities and dissimilarities of the elements. This paper proposes the Multi-objective
Clustering Algorithm (MCA), which combines clustering methods with the Nondominated
Sorting Genetic Algorithm II. In this way, the proposed algorithm can automatically define
the optimal number of clusters and partition the elements based on clustering measures. For
this, 6 intra-clustering and 7 inter-clustering measures are explored, combining them 2-to-2,
to define the most appropriate pair of measures to be used in a bi-objective approach. Out
of the 42 possible combinations, 6 of them were considered the most appropriate, since they
showed an explicitly conflicting behavior among the measures. The results of these 6 Pareto
fronts were combined into two Pareto fronts, according to the measure of intra-clustering
that the combination has in common. The elements of these Pareto fronts were analyzed
in terms of dominance, so the nondominanted ones were kept, generating a hybrid Pareto
front composed of solutions provided by different combinations of measures. The presented
approach was validated on three benchmark datasets and also on a real dataset. The results
were satisfactory since the proposed algorithm could estimate the optimal number of clusters
and suitable dataset partitions. The obtained results were compared with the classical k-
means and DBSCAN algorithms, and also two hybrid approaches, the Clustering Differential
Evolution, and the Game-Based k-means algorithms. The MCA results demonstrated that
they are competitive, mainly for the advancement of providing a set of optimum solutions
for the decision-maker.
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1 Introduction

Clustering is an unsupervised data partitioning method that aims to divide the dataset accord-
ing to characteristics intrinsic to each element, satisfying some criteria such that elements of
the same cluster are more similar than those in different ones (Aggarwal and Reddy 2013).
Among the unsupervised methods, clustering techniques are the most popular (Azevedo et al.
2024b). Due to its versatility, the clustering procedure is very useful in engineering, health
sciences, humanities, economics, education, and other areas (Azevedo et al. 2023; Bi et al.
2020; Liu and Liu 2024; Shi et al. 2025; Tambunan et al. 2020), for that reason several
clustering techniques have been proposed over the years.

Usually, in the literature, two clustering problems are commonly reported. The first prob-
lem refers to premature convergence at local optimal points, and the second is around the
dependence of initial parametrization, especially regarding the number clusters (Azevedo
et al. 2024b; Eesa and Orman 2020; Morimoto et al. 2021). In many cases, the estimation
of the number of clusters is difficult to predict due to the lack of domain knowledge of the
problem, clusters differentiation in terms of shape, size, and density, and when clusters are
overlapping in nature (Dutta et al. 2019; Zhao et al. 2024).

Determining the most suitable number of cluster partitions can be considered an opti-
mization problem. Therefore, several studies propose to use nature-inspired metaheuristics
to find a solution that maximizes the separation between different clusters and maximizes the
cohesion between data elements in the same cluster (Azevedo et al. 2024b; Qaddoura et al.
2021). In turn, Ikotun and Ezugwu (2022) improved the k-means clustering algorithm by
using the Symbiotic Organisms Search Algorithm as a global search metaheuristic for gener-
ating the optimal initial cluster centroids. Behera et al. (2022) presented a novel approach to
define the number of optimal clusters using two hybrid Firefly Particle Swarm Optimization
algorithms. Initially, the approach focused on searching for the optimal number of clusters
and gradually moved towards global optimal cluster centers. Wang et al. (2024) used the
k-means clustering algorithm combined with a self-adapting Genetic Algorithm and Particle
Swarm Optimization to identify the optimal solution for a vehicle routing problem. Wad-
hwa et al. (2023) presented a modified Density-based spatial clustering of applications with
noise (DBSCAN) clustering-based scheme where density-based clusters are formed using
the DBSCAN, in which the algorithm parameters were estimated by the Bat Algorithm. All
approaches were tested on several benchmark datasets, and real-life problems, and the authors
considered several statistical tests to justify the effectiveness of the suggested approaches.

A good clustering algorithm should maintain high similarity within the cluster and higher
dissimilarities in distinct clusters. Most current clustering methods have also been proposed
to integrate different distance measures to obtain the optimal clustering division. The idea is
to maximize the distance measure between distinct clusters and, at the same time, minimize
a similarity distance measure between the points in the same cluster. However, the weights
for several distance measures are challenging to set (Liu et al. 2018). So, a multi-objective
optimization algorithm is a suitable strategy for this problem. However, selecting an appro-
priate measure of the objective function is a nontrivial matter, and the outcome of clustering

@ Springer f bMA



A multi-objective clustering approach based on different... Page 3 of 35 59

can significantly depend on this choice. Many works explore multi-objective algorithms
using different objective functions, extracting patterns, and providing multiple partitions as
solutions, as can be seen in Morimoto et al. (2021).

Duttaetal. (2019) proposed a Multi-objective Genetic Algorithm for automatic clustering,
which takes advantage of the local search ability of k-means with the global search ability
of the Genetic Algorithm to find the optimal k. The objective was to minimize the intra-
cluster distance and maximize the inter-cluster distance. Kaur and Kumar (2022) presented
a multi-objective clustering algorithm based on a vibrating particle system, considering as
an objective function the intra-cluster variance and the connectedness; besides the vibrating
particle system was used for optimizing the objectives to obtain good clustering results.

Binu Jose and Das (2022) presented a multi-objective approach for clustering to establish
the relationship between inter-cluster and intra-cluster distances. Three objective functions
were considered to simultaneously minimize the sum of the distance between the elements
and their centroids, maximize the sum of the distance between the centroids, and minimize
the sum of the distance between elements of the same cluster. Nevertheless, this approach
needs the prior specification of the optimal number of centroids, and their final position is
obtained randomly from the optimal centroid position that generates the minimum sum of
the distance between the elements and their centroids. The algorithms were tested in different
benchmark datasets and compared with single objective clustering algorithms, demonstrating
superior performance.

The approach proposed in this work explores bio-inspired strategies and clustering tech-
niques to achieve a robust clustering algorithm, named Multi-objective Clustering Algorithm
(MCA), combined with the Nondominated Sorting Genetic Algorithm II (Kok et al. 2011),
to define the optimal number of cluster sets and the partitioning of the elements, minimizing
an intra-clustering measure and maximizing an inter-clustering one. To this end, 42 combi-
nations between 6 intra-clustering measures and 7 inter-clustering measures were analyzed,
and the most prominent ones were selected to be used in the MCA as a bi-objective func-
tion. As it is been considered a multi-objective approach, the results of each combination
consist of a set of Pareto fronts. The elements of these Pareto fronts were analyzed in terms
of dominance, generating a hybrid Pareto front composed of elements provided by different
combinations of measures.

The main contributions of this work are the use of a multi-objective strategy and the
combination of different solutions in the definition of the optimal number of cluster sets and
the partitioning of their elements. Single objective algorithms minimize a single measure at a
time, which has limitations in exploring specific geometries, dimensions, amount of data, or
any other reason, which can indicate, in the eyes of the decision-maker, a solution not suitable
for the partitioning of the dataset. By providing a set of optimal solutions, the decision-maker
has the variability and flexibility to choose the most appropriate solution according to his/her
knowledge or preferences. Moreover, the hybrid Pareto front allows the consideration of
different measures that enrich the diversity and robustness of the solution set.

This paper is organized as follows. After the introduction, the clustering measures explored
in the paper are described in Sect. 2; these measures are divided into two categories:
intra-clustering measures and inter-clustering measures. After that, Sect. 3 defines the multi-
objective concepts and the algorithm proposed, which uses the clustering measures to define
the set of the optimum solution automatically. The results and discussions are presented in
Sect. 4 and a comparison between the MCA results with the k-means, DBSCAN, Clustering
Differential Evolution, and the Game-Based k-means algorithms are presented in Sect. 5.
Finally, the main conclusions of this research and future steps are presented in Sect. 6.
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2 Clustering measures

To partition the dataset into different groups, it is necessary to establish some measures for
computing the distances between each element. The choice of distance measures is fun-
damental for the algorithm’s performance, as it strongly influences the clustering results.
A multi-objective clustering algorithm considers different clustering measures to automat-
ically define the optimal number of clusters by minimizing the intra-cluster distance and
maximizing the inter-cluster distance. Based on the measures criterion, the objective is to
group data elements close to each other in the feature space, reflecting their similarity. Many
well-known methods are explored in the literature, such as single linkage, complete linkage,
and average linkage, among others (Institute; Sokal and Michener 1958; Sorensen 1948).
The following sections present the intra- and inter-clustering measures, respectively. Before
presenting these measures, consider the notation:

e X is the dataset, in which X = {x{, x2, ..., X, } where x; is an element of the dataset;

e m is the number of elements x that the set X is composed;

o C defines the set of centroids of the form C = {cy, ca, ..., ¢k}, where c¢; defines the
centroid j;

e k is the number of centroids in which X is partitioned,;

C; defines the cluster j, in which C; = {x{, x5, ..., x/};

xij represents an element i that belongs to cluster j;

#C; is the number of elements of cluster C;

D¢, -) represents the Euclidean distance between two elements;

s* is a vector of solution, in which s* = {C7, C3..., C{}, where C refers to a cluster set.

2.1 Intra-clustering measures

Intra-cluster measures refer to the distance among elements of a given cluster. There are
many ways to compute the intra-clustering measure. The ones considered in this work are
presented below.

The sum of the distances between the elements xij belonging to C; to their centroids c;
is denoted by Sxc;, as presented in Eq. (1),

#C; _
Sxcj =Y D(x].cj) for j=1...k (1)

i=1

where #C'; represents the number of elements in the cluster C;.
Thus, Sxc measure corresponds to the sum of Sxc;, for each cluster C;, as presented in

Eq. (2),

k
Sxc = Z Sxc;j. )
j=1

Figure 1a illustrates this measure, in which the points (blue, green, and magenta) describe
a particular set of clusters C;, the red cross represents the centroids of the clusters, and the
black lines represent the distance considered. Thereby, Sxc corresponds to the sum of the
length of each black line.
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Fig. 1 Intra-cluster distance (Color figure online)

The mean of Sxc is represented by Mxc, and calculated as defined by Eq. (3),

Mxc = —. 3
T (3)
The measure SMxc represents the mean of the distance in each cluster from the element
to its centroid, in terms of the number of elements belonging to each cluster set #C, as
defined in Eq. (4),
k

S .
SMxc = Z #ch] 4)
=1

The measure M S M xc represents the mean of the distance in each cluster from the element
to its centroid, in terms of the number of clusters, which is described in Eq. (5),

sM
MSMxc = kxc. 5)

Another inter-clustering measure considered is the sum of the distance of the furthest
neighbor within the cluster (FNc). It evaluates the sum of the furthest neighbor distance
of each cluster C;, where xij and xlj belong to the same cluster j. Figure 1b illustrates this
measure, as well as described in Eq. (6).

k
FNc =Y max{D(x] x)}for i =1,... #C;, [=1,... #Cj, i #1 (6)
j=1

Thus, the mean of the furthest neighbor distance (M F Nc¢) evaluates the mean of the
furthest neighbor distance in terms of the number of clusters &, as presented in Eq. (7).

FNc

MFNc = 7

2.2 Inter-clustering measures

The inter-cluster measures define the distance between elements that belong to different
clusters. The inter-cluster measures considered are presented below.
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The measure Scc represents the sum of the distance between centroids (Sokal and Mich-
ener 1958), is illustrated in Fig. 2a, and defined in Eq. (8),

k
Scc = Z D(cj, c). (8)
j=l,
1#]
Thus, the mean of the distance between centroids (M cc) is based on Scc, and it is presented
in Eq. (9).

Scc
Mcc = T (9)

The sum of the furthest neighbor distance between elements of different clusters C;
(FNcc) also known as complete linkage (Sorensen 1948), is illustrated in Fig. 2b, and
described in Eq. (10),

ko k
FNce=y Y max {D(x],x))} for i =1,... . #C;, I =1, #Cii #j.  (10)
j=1t>j
The mean of the sum of the furthest neighbor distances between elements of k different
clusters (M F Ncc) is described in Eq. (11),

FN
MFNece = kcc. (11)

Another measure considered is the sum of the nearest neighbor distance between ele-
ments of different clusters (N Ncc), known as single linkage (Sokal and Michener 1958), is
illustrated in Fig. 2¢ and defined in Eq. (12),

kok
NNee =Y > min (D(x],x})} for i =1,... . #C;, I =1, #C,i #1.  (12)
j=1t>]j
The mean of the nearest neighbor distance between elements of different clusters
(M N Ncc), is defined in Eq. (13).

NNcc
MNNcc =

13)

Finally, the sum of the distance between an element i, which belongs to cluster j, to all
other elements of the dataset that belong to a cluster # (Sxx), is illustrated in Fig. 2d, and
expressed in Eq. (14),

k k #C; #Cj

SXXZ%ZZZZ D(x/, x}) for t # j,1 #1i. (14)

j=lr=1i=1I=1

3 Multi-objective approach

In this section, the main concepts of the multi-objective approach are presented, as well
as the developed algorithm, the Multi-objective Clustering Algorithm (MCA) that uses the
Nondominated Sorting Genetic Algorithm II (NSGA-II) (Deb et al. 2002).
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Fig. 2 Inter-clustering distances (Color figure online)

3.1 Multi-objective concepts

Multi-objective optimization is an area of multiple-criteria decision-making concerning
mathematical optimization problems that involve several objective functions to be mini-
mized or maximized simultaneously. These objectives are conflicting, meaning there is a
trade-off between them (Deb 2001).

In the single-objective optimization problem, there is only one objective function to
be optimized, and its superiority is determined by comparing the objective function val-
ues. Meanwhile, in the multi-objective optimization problem, the problem to be optimized
involves multiple conflicting objectives (4 objectives), i.e., a vector of objective functions. In
this case, the quality of a solution is determined by the nondominated criterion (Deb 2001).

An unconstrained multi-objective optimization problem is defined in the form of Eq. (15),

min F = {f1(x), f2(x), ..., fr(x)} (15)
xeR
in which the solution x is a vector of d decision variables, x = (X1, X2, ..., Xd).

The optimal solutions according to a multi-objective approach will be specified based on a
mathematical concept of partial ordering (Deb 2011). Thereby, multi-objective optimization
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algorithms use the concept of dominated and nondominated solutions, where the nondomi-
nated solutions will constitute the Pareto front, representing the optimal set of solutions for a
multi-objective optimization problem. Specifically, a decision variable vector x” € S is called
a dominated solution if there exist X € S such that f;(X) < f;(x") foralli =1,..., h. Then,
the vectors of the objective function are treated as optimal if none of their solutions can be
improved without deteriorating at least one of the other objectives. Thereby, any solution that
is nondominated by any other set member is known as a nondominated solution (Deb 2011).

Figure 3 illustrates this concept. The dark blue circles represent the nondominated solu-
tions, constituting the Pareto front, and the light blue circles represent the dominated solutions,
that were dominated by the solution represented by the dark blue circles. A nondominated
solution cannot be improved in any objective without sacrificing performance in another.
Note that solution A is equally optimal as solution B, since A first objective function value
(f14) is smaller than B second objective function value (fip), while A second objective
function value (f24) is higher than B second objective function value (f2p). Meanwhile,
solution C is dominated by solutions A and B.

3.2 Nondominated Sorting Genetic Algorithm

The Nondominated Sorting Genetic Algorithm IT (NSGA-II), is a popular bio-inspired algo-
rithm for solving multi-objective optimization problems. It was developed by Deb et al. (2002)
and is based on evolutionary procedures of the Genetic Algorithm. Evolutionary algorithms
explore a large solution space efficiently, making them well-suited for finding global optima
in complex, multimodal landscapes (Yang and Gen 2010). Unlike deterministic algorithms,
evolutionary algorithms, also known as metaheuristics, do not require derivative information
of the objective function; this makes them suitable for optimization problems where analyt-
ical derivatives are unavailable, difficult to compute, or unreliable (Azevedo et al. 2024b).
Besides, evolutionary algorithms used to be robust in handling noisy, non-linear, and non-
convex objective functions. The NSGA-II is an appropriate algorithm for the work since it
has strong exploration capabilities, fast convergence, and computational efficiency.

The NSGA-ITI uses a fast nondomination sorting procedure to categorize solutions accord-
ing to the level of nondomination and a crowding distance operator to preserve diversity in
the evolutionary procedure. Moreover, elitism is achieved by controling the elite members of
the population as the algorithm progresses to maintain the diversity of the population until it
converges to a Pareto-optimal front (Deb et al. 2002).

Fig.3 Pareto front in f,
two-objective space. Adapted
from Villa and Labayrade (2011) °
(Color figure online) c
A
0
fon > fog B
()
[
[
fia<fip f,

@ Optimal Solutions Dominated Solutions
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Basically, the NSGA-II algorithm starts by randomly initializing the population, in which
each objective f; (i € {1,..., h}) is identified. The population is composed of N individ-
uals represented by a candidate solution x (Kok et al. 2011). Afterward, each element x is
faced with genetic operations which entail a simulated binary crossover and a polynomial
mutation. The NSGA-II algorithm is applied iteratively until a specified stopping criterion is
met (Kok et al. 2011). More details about the NSGA-II can be found in Deb et al. (2002), Kok
etal. (2011), and the algorithm code is available on Matlab®, specifically by gamultiob]
function (MATLAB 2019).

3.3 Multi-objective clustering algorithm

The algorithm developed in this work, named Multi-objective Clustering Algorithm (MCA),
evaluates intra- and inter-clustering measures to define the optimal number of centroids
and their optimal position. This is achieved by simultaneously minimizing intra-clustering
distances and maximizing inter-clustering distances by combining several pairs of intra- and
inter-clustering measures.

A bi-objective programming problem can be defined in order to minimize an intra-
clustering measure and maximize an inter-clustering measure as follows:

min F' = {fa, —g»}

where f,, fora = 1, ..., 6, is the intra-clustering measure and gp, forb = 1, ..., 7, is the
inter-clustering measure, defined in Sect. 2.

The MCA can be defined in 8 stages, as presented below. To better explain the MCA,
consider a given dataset X = {xy, x2, ..., x;;} composed of m elements, where x; € R4 d
is the number of variables of the dataset), the idea is to partition X into k optimal groups
(clusters). Thus, the output of the MCA is a vector of the solution s* = {C}, C5 ..., C}},in
which C refers to a cluster set.

Stage 1—Input data the algorithm starts with the input of the dataset X, and the definition
of the values ki, and ky,4x, which represent the minimum, and maximum number of cen-
troids that could be assigned. The MCA automatically defines the optimal number of cluster
partitions in a range of possible partitions. This value can be given by the user or considered
by default ki, = 2 and kyax = [/m] (Pal and Bezdek 1995).

Stage 2—Measures selection a pair of measures is selected, one intra-measure and another
inter-measure, in which f,, is an intra-clustering measure, among f; = Sxc, f» = Mxc,
f3=SMxc, fa = MSMxc, fs = FNc, and fs = MFNc, and gp, is the inter-clustering
measure among g1 = Scc, g2 = Mcc, g3 = FNcc, ga = MFNcc gs = NNcc, g6 =
MNNcc, and g7 = Sxx.

Stage 3—Centroids calculation after the measures selection, the process needs to calculate
the centroids. The Centroids Calculation (CC) iterative procedure randomly generates Ky,
ordered pairs, which are the possible candidates for k centroids. Each candidate ordered pair
is associated with a random value w belonging to [0, 1]. If > y, for a fix y, the candidate
pair will be considered as a centroid. If the dimension of C is smaller than k,,;,, the centroid
candidates with the largest w are added to C until #C = k;;;, (Heris 2015). The next step
is to calculate the Euclidean distance D between all the elements of X up to each centroid
Jj . The closest elements of each centroid c; define a cluster set C;. To avoid small cluster
sets, a minimum number of elements per cluster is defined, as ¢, (Memarsadeghi et al. 2007).
Thereby, the centroids c; that have less than ¢ associated elements are automatically removed
from the set of centroids, and the elements become part of other remaining centroid, which
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is the closest one in terms of Euclidean distance of the elements considered. As default, it is
considered ¢ = [/m], with ¢ € N (Dutta et al. 2019). The set C has all remaining centroids.
To improve the algorithm’s performance, the coordinates of each centroid j assume the
coordinates of their barycenter cluster c¢;, composed of its xl.] elements.

For a better understanding of the centroids calculation, the Algorithm 1 is presented.

Algorithm 1 Centroids Calculation

Input: X, y, ¢, kmin, kmax
Generate (cj, wj), for j =1, ..., kmax. Guarantee that all c; are different values.
Set C = {#}}
for j =1,..., kpax do
if w; > y then
C=CU{cj}
end if
end for
if #C < k;;i,, then
C = C U{c;}, in which ¢; is the candidate with the highest w;
end if
k =#C
Evaluate D(x;, c_i), for all cj € C,ieX
Associate each x; to the nearest ¢
for j=1:kdo
if #C; < ¢ then
c; is eliminated, and associate element with the nearest cluster
Update k
end if
end for
Update c¢; based on its cluster barycenter coordinates.
Output: The k, the centroids ¢, and s* ={C¥, C;‘, e C,’:}.

Stage 4—Optimization method to identify the Pareto front associated with that bi-objective
function of the problem, it is necessary to use a multi-objective algorithm. In this case, the
MCA uses the NSGA-II (Deb et al. 2002), as defined in Sect. 3.2. This iterative evolutionary
process revisits Stage 3 as many times as necessary, refining and advancing the popula-
tion algorithm. Stage 4 can be replaced with another multi-objective optimization process,
such as Multi-objective Particle Swarm Optimization (Coello-Coello and Lechuga 2002),
Multi-objective Grey Wolf Optimizer (Mirjalili et al. 2016), or Multi-objective Genetic Algo-
rithm (Dutta et al. 2019), among others. Here, the NSGA-II was chosen due to its popularity
and its high exploration ability.

Stage 5—Stopping criterion the Stages 2, 3, and 4 are repeated until all combinations of
pairs of measures have been evaluated.

Stage 6—Normalization process considering the different measures with varying orders
of magnitude, normalizing the values is essential to facilitate a comprehensive comparison
and ensure a fair and meaningful analysis of the results. Then, each Pareto front generated
is normalized through the Min-Max scaling method (Miiller and Guido 2016). That is, each
solution s of the Pareto front is individually normalized between [0, 1], using Eq. (16),

. _fl(s) _ fimin
fimax _ fimin ’

where f; (s) represents the components of the bi-objective function F' at the solution s, f/"m
and f/"** are respectively the smallest and the highest solution value, of the function f; that
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belong to the Pareto front. Thus, f;* = (f;(s*)) is a normalized Pareto front solution of each
Pareto front considered a given set of measures.

Stage 7—Nondominated procedure evaluation: in this stage, all normalized Pareto front
are evaluated regarding nondominated criterion, and the nondominated solutions are selected
to compose a hybrid Pareto front (HPF).

Stage 8—Hybrid Pareto front: the HPF is the set of nondominated solutions, considering
all the normalized solutions of the Pareto fronts obtained for each pair of measures.

The pseudocode of the MCA algorithm is presented in Algorithm 2.

Algorithm 2 Multi-objective Clustering Algorithm

Input: X
for a given intra-measure do
for b = 1, ..., number of inter-clustering measures do > for each inter-measure
C «—CC(X,v,¢, kminskmax), > Centroids Calculation
PF*%b « NSGA-II (X, fi, —gp) & Pareto front
end for
end for
NPF*? « normalize P F*? > normalize Pareto front
Output: HPF < nondominated solution (NPF*'b ,b =1, ..., number of inter-clustering measures) >
hybrid Pareto front

4 Results and discussion

To validate the proposed approach, 4 datasets are considered, as described in Table 1, accord-
ing to the number of elements, features, Number of clusters, and references.

The dataset 1, named My data (Heris 2015), is used to illustrate the conflicts between
distance measures and to test the behavior of the algorithm under different pair of measures.
The most prominent measures found were used to test the algorithm in the other datasets.

After that, the MCA algorithm is tested in two higher dimensional datasets, the dataset
2, named Thyroid (Frinti and Sieranoja 2018) and the dataset 3 named Breast (Frénti and
Sieranoja 2018). Finally, the dataset 4, named MathE, is used to validate the approach on a
completed unknown problem (Azevedo et al. 2024a), regarding to the number of centroids.
Note that, in the case of MathE data, the number of clusters is completely unknown, since
the decision is directly influenced by the decision-maker’s knowledge as will be discussed
in Sect. 4.5.

The results presented in this paper were obtained using an Intel(R) i5(R) CPU @1.60 GHz
with 8 GB of RAM using Matlab 2019a ©® software (MATLAB 2019).

Table 1 Datasets description

Dataset Elements Features No. clusters References

1—My data 300 2 3 Heris (2015)

2—Thyroid 215 5 2 Frénti and Sieranoja (2018)
3—Breast 699 9 2 Frénti and Sieranoja (2018)
4—MathE 291 2 - Azevedo et al. (2024a)
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4.1 Conflict analysis

In order to analyze the most prominent pair of measures to be considered as objective function,
a simulation was performed to study the behavior of all 2-to-2 combinations, between the 6
intra-clustering measures and the 7 inter-clustering measures, presented in Sect. 2, considered
the dataset 1. In this case, there are 42 possible combinations. Thus, to identify if the objectives
presented in Sect. 2 are conflicting, 3000 random elements of each pair of functions were
evaluated. Figure4 shows the obtained values, considering the 2-to-2 combinations.

As it is looked for a combination that minimizes the intra-clustering distance and simulta-
neously maximizes the inter-clustering measure, it is necessary to select the pair of measures
that has a behavior closest to the behavior of Fig. 3, since the second objective function is
considered negative, as defined in Sect. 3.3.

Based on this, as objective functions, it is possible to select the most appropriate measures
for use in the MCA. Thereby, the 2 intra-clustering measures, SMxc, and F Nc, and the 6
inter-clustering measures, Scc, Mcc, FNcc, NNcc, MFNcc, and MN Ncc, were chosen
because they presented an explicitly conflicting behavior among the measures. The mentioned
combinations are highlighted in Fig. 4, which results in 12 combinations of pairs of measures.

Once the combinations were selected, the MCA was performed in four different datasets,
to validate the behavior observed in the previous simulation. Thus, the following parameters is
considered kpin = 2, kmax = [«/m], y = 0.4, and it was considered 10 runs for each measure
combination. Regarding the parameters of NSGA-II, a population size equal to 100 was
considered, and a maximum generation equal to 400. For gamul tiob3j, the algorithm stops
when the geometric mean of the relative variation of the spread value over 100 generations

Mxc
gm{ ""“‘; b
T
4
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T
il

~

-
“
i
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Fig.4 Clustering measures behavior (Color figure online)
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is less than 107, and the final spread is less than the average spread over the past 100
generations, as defined in documentation of gamultiobj function (MATLAB 2019). The
results of the four datasets is presented below.

4.2 Results for dataset 1—My data

The following two sections present the results for SMxc and F Nc measures, respectively,
combined with the Mcc, FNcc, NNcc, MF Ncc, and, M N N cc inter-clustering measures.
For the dataset 1 is it considered kj,qx = 17 = LMJ , as 300 is the number of elements of
the dataset. The Pareto fronts were analyzed before and after the normalization to validate
the MCA process.

4.2.1 Results of the intra-clustering measure SMxc with inter-clustering measures

The SMxc represents the mean distances between the elements belonging to C; to their
centroids c; in terms of the number of elements that belong to each cluster set #C;. Each
SMxc combination was executed 10 times by the MCA. The solutions generated by all
executions were compared, and the nondominated solutions from all runs generated the
Pareto front. Thereby, as six 2-to-2 combinations are being considered, the result consists of
6 different Pareto fronts and they are described in Fig. 5. The red Pareto front is the result of
the combination SMxc—Scc, the blue one is SMxc—Mcc, the green one is SMxc—F Ncc,
the yellow one is SMxc—N Ncc, the black one is SMxc—M F N cc and the magenta one is the
combination provided by the SMxc—M N Ncc, as objective function 1 and 2, respectively.

The objective functions that define the Pareto fronts involve measures based on sums and
means, which result in 6 Pareto fronts of different ranges. Thus, to have a fair comparison
between the Pareto fronts, they were normalized by their range (MATLAB 2019), as better
defined in Sect. 3.3.

The normalization results are presented in Fig. 5b. In this way, it is possible to verify
that the values generated by the combinations Mcc, M F Ncc, and M N Ncc in the second
objective function (inter-clustering measure) dominate the combinations Scc, F Ncc, and
N N cc measures. Moreover, the hypervolume (Bringmann and Friedrich 2013) of each Pareto
Front was calculated. Thereby, the Pareto front with the highest hypervolume is considered
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Fig.5 Pareto fronts for each combination involving the SMxc considering dataset 1 (Color figure online)
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optimal, and this measure was applied to evaluate the competing Pareto fronts (Ahmadi 2023;
Bringmann and Friedrich 2013). The values of the results are described in Table 2. From this
table, the Pareto fronts provided by the SMxc, as the first objective function, combined
(individually) with the measures Mcc (blue), M F Ncc (black), and, M N N cc (magenta), as
the second objective function, showed the highest values, so the Pareto fronts provided by
the measures Mcc, M F Ncc, and M N Ncc are more appropriated.

Table 2 Hypervolume values for the S Mxc Pareto front combinations considering Dataset 1

Measures Scc Mcc FNcc NNcc MFNcc MNNcc

Hypervolume 0.369 0.473 0.365 0.375 0.477 0.417

The solutions of the Pareto fronts present several possible clustering distributions among
the elements of the dataset in terms of distance measures and the number of partitions in the
dataset. Table 3 presents the number of solutions that belong to each combination between
SMxc, and the means Mcc, M F Ncc, and M N Ncc, according to the number of k, optimal
number of clusters.

Table 3 Pareto front solutions generated by SMxc measure combined with the 3 inter-clustering measures
considering dataset 1

Measures/k 2 3 4 5 6 7 8 9 10 11 12 13 Total

SMxc-Mcc 2 25 5 11 8 8 7 7 5 6 7 0 91
SMxc-MFNcc 2 0 11 19 9 7 5 6 5 6 8 0 78
SMxc-MNNcc 0 28 8 7 8 10 12 8 6 4 2 4 97

As the dataset 1 is composed of 300 elements, the k can vary between 2 and 17. However,
the maximum number of clusters indicated by the algorithm for each Pareto front was 12
in the Pareto fronts SMxc—Mcc and SMxc—M F Ncc and 14 in the Pareto front SMxc—
M N Ncc. Table 3 shows 91 solutions in the SMxc—M cc Pareto front, 78 solutions in the
Pareto front SMxc—M F Ncc, and 97 in the SMxc—M N N cc, which results in a total of 266
solutions. This table shows that k = 3 is the most frequent solution, which is the optimal
number of k indicated by the dataset documentation.

Considering the results of the three Pareto fronts, there are 266 possible solutions for the
decision-maker, being a hard task to choose only one, especially in a situation where there
is little prior information about the dataset. Furthermore, if one has chosen to consider the
solutions of only one Pareto front, a set of solutions that may be crucial to the decision-maker
can be discarded. Analyzing the results of Fig. 5, none of the three Pareto fronts based on
means measures completely dominates the others two Pareto front based on means. Thus, it
was decided not to select one of the three Pareto fronts but rather to compare their solutions
in terms of dominance (last step of the MCA). Taking this into account, a hybrid Pareto front
is proposed, composed of the nondominated solutions concerning all possible solutions of
the three Pareto fronts.

Table 4 presents the nondominated solutions that appear in the hybrid Pareto front after
the dominance assessment. Thereby, the hybrid Pareto front has 117 solutions in total, with
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Table 4 Hybrid Pareto front solutions generated by the SMxc combined with the 3 inter-clustering measure
considering dataset 1

Measures/k 2 3 4 5 6 7 8 9 10 11 12 Total
SMxc-Mcc 2 25 5 11 8 8 7 7 5 5 5 88
SMxc-MF Ncc 2 0 0 0 0 0 0 0 0 0 7 9

SMxc-MNNcc 0 20 0 0 0 0 0 0 0 0 0 20
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Fig.6 Hybrid Pareto front of dataset 1 for SMxc combinations considering dataset 1 (Color figure online)

88 coming from SMxc—Mcc, 9 from SMxc—M F N cc and 20 from SMxc—M N Ncc. In this
case, there was a reduction of 67% of the solutions, which means a filter of the most appro-
priate solutions for the problem. It is important to highlight that even with this refinement,
there is still a prevalence of solutions with k = 3 in the hybrid Pareto front.

Figure 6a presents the results of the hybrid Pareto front, in which colors differentiate the
solutions of each pair of measure combination, so the SMxc—M cc solutions are in blue, the
SMxc—M F Nc solutions are in black, and the SMxc—M N Ncc are represented in magenta.
The number of partitions k indicated by each solution can vary between 2 and 12, as indicated
by the z-axis of Fig. 6b. Note that, even if the solutions have the same partition value &, the
elements’ distribution and each centroid’s position can be different, generating different
values of intra- and inter-clustering measures. Thus, multiple solutions for the same k may
indicate completely different solutions in terms of clustering measures.

Figures 7b—d illustrate three examples of cluster partitioning found in the hybrid Pareto
front, as marked in Fig. 7a. In these cases, the elements of each cluster are differentiated
by colors. The solution 1 (s1) and solution 3 (s3) are obtained through the extreme points
of the hybrid Pareto front, whereas solution 2 (s2) represents a central solution. Solution 1,
illustrated in Fig. 7b, proposes a partitioning of the dataset into 3 clusters, and is obtained
from the combination of measures SMxc—M N N cc; this solution has the lowest value of the
intra-clustering measure and also the lowest value of the inter-clustering measure; as solution
1 is an extreme point of the Pareto front, it gives the optimal value of the objective function 1
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Fig.7 Hybrid Pareto front solutions (SMxc¢ combinations—dataset 1) (Color figure online)

representing the intra-clustering measure, and penalizes the objective function 2 of the inter-
clustering measure. On the other hand, solution 2, provided from S M xc—M cc measures, and
illustrated in Fig. 7c, suggests a division into 7 clusters. This is a tradeoff solution in the
hybrid Pareto front, which means that the values of the objective function 1 and 2 are more
balanced than in the other solutions. Finally, solution 3, illustrated in Fig. 7d, obtained from
the combination SMxc—M F N cc, indicates a division into 12 clusters. This solution is also
generated by an extreme of the Pareto front, but in this case the opposite extreme of solution
1. Thus, solution 3 has the worst value of intra-clustering distance and at the same time the
best value of inter-clustering distance. According to Heris (2015), the recommended solution
for dataset 1 is k = 3, so the solution 1 is the closest to the recommendation (Heris 2015),
since the association of the elements and the distance measures can be different even with
the same k value, which represents different solutions. On the other hand, the solutions 2 and
3 are more partitioned than solution 1, which for the decision-maker can be interesting when
he wants to divide the dataset into smaller groups, ensuring greater similarity between the

elements.
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4.2.2 Results of the intra-clustering measure FNc with inter-clustering measures

This section presents the results of the Further Neighbor distance (FNc¢) combined with
the distance measures Scc, Mcc, FNcc, NNcc, MFNcc,and M N Ncc. Again, each 2-to-2
combination generates a Pareto front of different ranges, resulting in 6 different Pareto fronts,
as presented in Fig. 8a. Each Pareto front was normalized in its range, and the results are
illustrated in Fig. 8b. Thus, the red Pareto front is the result of the F'Nc—Scc combination,
the blue one represents the F Nc—M cc combination, the green is the F Nc—F Ncc combi-
nation, the yellow one is the F Nc—N Ncc combination, the black one the FNc—M F Ncc
combination, and the magenta one is the F Nc—M N N cc combination.
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Fig.8 Pareto fronts for each combination involving the F Nc¢ considering dataset 1 (Color figure online)

The hypervolume of each Pareto front was evaluated, which is presented in Table 5. As
can be seen, the Pareto fronts obtained with the measures Mcc, M Ncc, and M N N cc are the
ones that obtained the highest values in the hypervolume. These solutions were chosen to
be analyzed regarding dominance, and they generated the hybrid Pareto front for the F Nc¢
combinations.

Table 6 describes the Pareto front solutions generated by the F'N ¢ measure combined with
the Mcc, MFNcc, and M N Ncc in terms of the number of clusters k. As can be seen, there
are 69 solutions in the Pareto front of the F Nc—M cc measures, 61 in the FNc-M FNcc
Pareto front, and 60 in the combination of the F Nc—M N N cc measures.

These three Pareto fronts have 190 possible solutions that were confronted in terms of
dominance, and the results are presented in Table 7. In this case, this reminds 83 solutions
at the hybrid Pareto front, 34 from the F'Nc—M cc combination, 43 from the FNc—M F Ncc
combination, and 6 from the F Nc—M N Ncc, which represent a refinement of 56% in the
number of solutions.

Table 5 Hypervolume values for the F' N ¢ combinations

Measures Sce Mcc FNcc NNcc MFNcc MNNcc

Hypervolume 0.427 0.486 0.428 0.416 0.504 0.452
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Table 6 Pareto front solutions generated by the F N ¢ measure combined with the 3 inter-clustering measures

Measures/k 2 3 4 5 6 7 8 9 10 11 12 Total

FNc-Mcc 2 14 8 9 3 10 3 5 5 3 69

FNc-MFNcc 2 0 3 11 3 9 6 6 7 7 7 61

FNc-MNNcc 4 9 5 7 4 8 5 4 4 60

Table7 Hybrid Pareto front Measures/k 3 567 8 9 10 11 12 Total

solutions generated by the FNc¢

measure combined with the 3 FNe—Mce 14 720000 0 1 34

inter-clustering measures

considering dataset 1 FNe-MFNcc 37667 7 5 43
FNc-MNNcc 000 O0O0 O 2 6

Figure 9a presents the hybrid Pareto front, composed by the solution of the three mean
measures, Mcc (blue), M F Ncc (black), and M N Ncc (magenta). As with SMxc, three
solutions were chosen to illustrate the possibilities for partitioning in clusters. Solution 1 (s1),
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was provided by the combination F Nc—M N N cc, and is the solution with the lowest number
of cluster divisions, it is 2, as can be seen in Fig. 9b. As it is located in an extreme region of
the Pareto front, it gives priority to one objective function over another, so solution 1 has the
lowest intra-clustering measure, and has the lowest value of the inter-clustering measure than
any other solution. On the other hand, solution 3 has the opposite behavior to solution 1 since
it is located at the opposite extreme of the Pareto front, so it has the highest intra-clustering
measure and the highest inter-clustering measure than any other solution. Solution 3 was also
generated by the combination of F Nc—M N Ncc, and indicates a division of the dataset into
12 clusters, as seen in Fig. 9d. Finally, solution 2, is a tradeoff solution on the Pareto front,
so the interest of both objective functions is balanced. Solution 2 indicates a division of the
dataset in 8 clusters, provided by the combination of ' Nc—M F N cc measures, as can be seen
in Fig. 9c. As in the previous section, the hybrid Pareto front offers several possibilities to
the decision-maker, who can use their knowledge of the data to choose the most appropriate
solution according to their interests.

4.2.3 MCA sensitivity analysis

The sensitivity analysis evaluated the impact of the y value in the algorithm. For this, it was
considered four different values for y and 10 runs for each pair of measure combinations.

Tables 8 and 9 presents the results for Mydata dataset considering different values for the
y parameter, the pair of measure combination, the minimum (k;,;,) and the maximum (k4 )
number of clusters found by the MCA, the average time per execution (in seconds), and the
number of solutions in each the Pareto front, for the combinations SMxc and F Nc¢ with the
mean measures, respectively.

As observed, four different y values were considered, and the results are similar across
all measure combinations presented in both tables in terms of the minimum and maximum
number of centroids, execution time, and final number of solutions in each Pareto Front.
Therefore, based on multiple executions of the MCA for the same pair of measures-in this
case, 10 executions-the final result is not impacted by the y parameter. Consequently, fol-
lowing the recommendations in reference (Heris 2015), y = 0.4 will be used in this work.

Table 8 SMxc Sensitivity analysis for Mydata

y Measures kmin kmax Average time (s) N. solution in PF
0.2 SMxc—Mcc 2 12 80 95
SMxc-MFNcce 2 12 100 72
SMxc-MNNcc 2 11 80 93
0.4 SMxc-Mcc 2 12 70 91
SMxc-MFNcc 2 12 80 78
SMxc-MNNcce 3 13 80 97
0.6 SMxc-Mcce 2 12 90 90
SMxc-MFNcc 2 11 60 89
SMxc-MNNcc 2 12 80 90
0.8 SMxc—Mcc 2 10 90 98
SMxc-MFNcc 2 10 90 97
SMxc-MNNce 2 10 70 98
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Table 9 FNc sensitivity analysis for Mydata

y Measures kmin kmax Average time (s) N. Solution in PF
0.2 SMxc-Mcc 2 11 80 95
SMxc-MFNcc 2 10 90 86
SMxc—-MNNce 2 11 80 78
0.4 SMxc-Mcce 2 12 60 69
SMxc-MFNce 2 12 70 61
SMxc-MNNcc 2 12 60 60
0.6 SMxc-Mcc 2 11 80 94
SMxc-MFNcc 2 10 60 87
SMxc—-MNNcce 2 12 70 90
0.8 SMxc-Mce 3 10 70 68
SMxc-MFNcc 2 10 60 70
SMxc-MNNcce 3 10 80 67

4.3 Results for dataset 2-Thyroid

To perform the MCA in a high-dimensional dataset the Thyroid dataset is used, which is
composed of 215 elements and 5 features, and the results are presented in the next two
sections. As the dataset 2 is composed of 215 elements, thus the parameters k;,;;, = 2 and
kmax = 15 are considered, as well as y = 0.4, and 10 runs for each measure combination.

4.3.1 Results of the intra-clustering measure SMxc with inter-clustering measures

Figure 10a presents the normalized Pareto fronts for the SMxc measure combined with the
Mcc, FNcc, NNcc, MF Ncce, and, M N N cc inter-clustering measures. As it is possible to
see, as the previous dataset, the solution of the normalized Pareto front provided by the means
(represented by blue, black, and magenta colors) tends to dominate the solutions provided by
the sum measures (represented by the red, green and yellow colors). To prove this observation
the hypervolume of each Pareto front is evaluated and presented in Table 10. Therefore, the
Pareto fronts provided by the measures Mcc, M F Ncc, and M N Ncc are the ones with the
highest hypervolume value and could be considered the most appropriate to be used in this
approach.

Figure 10b presents the HPF obtained. This HPF is composed of 176 solutions combined
with the inter-clustering measures Mcc, M F Ncc, and MN Ncc.

Table 11 describes the solution that composed the HPF of Fig. 10b, the 176 solutions in
terms of number of optimal clusters. Note that, there is a predominant presence of k = 2
solutions, which also corresponds to the literature indication of optimum solution.

As this dataset is one example of high-dimensional, it is not possible to illustrate the
dataset distribution among the clusters.
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Fig. 10 Pareto fronts and hybrid Pareto front of S M xc and means measures, for dataset 2 (Color figure online)

Table 10 Hypervolume values for the SMxc combinations considering dataset 2

Measures Sce Mcc FNcc NNcc MFNcc MNNcc

Hypervolume 0.472 0.599 0.466 0.547 0.660 0.790

Table 11 Hybrid Pareto front
solutions generated by the SMxc
measure combined with the 3 SMxc—Mece 30 0 0 4 0 8 42
inter-clustering measures
considering dataset 2

Measures/k 2 3 4 5 6 7 Total

SMxc—-MF Ncc 42 5 5 12 7 6 77
SMxc-MN Ncc 57 0 0 0 0 0 57

4.3.2 Results of the intra-clustering measure FNc with inter-clustering measures

Figure 11a presents the normalized Pareto fronts for the intra-clustering measure ¥ N ¢ com-
bined withthe Mcc, FNcc, NNcc, M F Ncc,and, M N N cc inter-clustering measures. Again,
the solution of the normalized Pareto fronts provided by the means (represented by blue,
black, and magenta colors) tends to dominate the solutions provided by the sums measures
(represented by the red, green, and yellow colors). Also, the Pareto fronts provided by the
measures Mcc, MF Ncc, and M N Ncc are the ones with the highest hypervolume value as
presented in Table 12.

Table 12 Hypervolume values for the ' N ¢ combinations considering dataset 2

Measures Sce Mcc FNcc NNcc MFNcc MNNcc

Hypervolume 0.422 0.643 0.475 0.552 0.657 0.799

@ Springer f DMAC



59  Page22o0f35 B.F. Azevedo et al.
1 1
¥4
09 oo 09
"
08 - 08
"
207 ", 007
g "~ g
° * v * ° *
e b o
§05 *, Foggt ¢ 3 %05 *, Py
= =
T 04 ! . e T 04 -
@ u Q
2 * * z *
Soap| * S * 4 i‘ So0s *
*  Mcc *, F *,
# FNoo e b, q Hoe
02 ", 02
NNee e T * * Mo 4
* MFNcc % w4 A B o
OTFL % e ™ 01 * Mo e
* HH A #__ MNNce * %
0 * 0 A
0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1

Intra-cluster distance (FNc)

Intra-cluster distance (FNc)

(a) Normalized Pareto fronts for F'Nc consid-(b) Hybrid Pareto front of FFNc¢ and mean
ering dataset 2 measures, for dataset 2

Fig. 11 Pareto fronts and hybrid Pareto front of /' N ¢ and means measures, for dataset 2 (Color figure online)

Table 13 Hybrid Pareto front

Measures/k 2 3 4 5 6 7 Total
solutions generated by the FNc¢ casures ota
measure corpbined with the 3 FNe—Mce 38 5 0 N 6 51
inter-clustering measures
considering dataset 2 FNe-MFNcc 63 1 0 1 3 0 68

FNc-MNNcc 12 0 0 0 0 0 12

Figure 11b presents the HPF obtained. In this case, the HPF is composed of 131 solutions,
provided by the intra-clustering measure ' Nc¢ combined with the inter-clustering measures
Mcc, MFNcc,and MN Ncc, and described in Table 13.

4.4 Results for dataset 3-Breast dataset

The dataset 3 named Breast dataset is also evaluated by the MCA. This dataset is composed of
9 features, and provides another high-dimension dataset for the methodology evaluation. The
dataset 3 is composed of 699 elements, resulting in the flowing MCA parameters: ki, = 2
and k4 = 26. Itis also considered ¥ = 0.4 and 10 runs for each measure combination.

4.4.1 Results of the intra-clustering measure SMxc with inter-clustering measures

The normalized Pareto fronts obtained with the SMxc measure combined with the 6 inter-
clustering measures are presented in Fig. 12a and the hypervolume of each Pareto front
obtained is described in Table 14. Although the measure Mcc presents the lowest value
compared to the others, the set of three Pareto fronts generated by the means stands out about
the Pareto front generated by the sums measures.
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Table 14 Hypervolume values for the SMxc combinations considering dataset 3

Measures Scc Mcc FNcc NNcc MFNcc MN Ncc
Hypervolume 0.916 0.900 0914 0.916 0.938 0.971
Table 15 Pareto front solutions Measures/k ) 3 4 5 6 7 8 9 Total
generated by SMxc measure

combined with the 3 SMxc-Mcc 2 13 7 4 8 9 4 5 72

inter-clustering measures

considering dataset 3 SMxce=MFNcc 11 0 B 1 50

SMxc-MNNcc 53 0o 2 0 0O 0 0 0 55

oo
=)
(=]

Figure 12b presents the hybrid Pareto front considering only the nondominated solution
of the three Pareto front generated by the means measures.

Analyzing the results of Table 15, the largest number of solutions with k = 2 is observed,
since this is the optimal solution indicated in the literature.

4.4.2 Results of the intra-clustering measure FNc with inter-clustering measures

The normalized Pareto fronts obtained with the /' Nc¢ measure combined with the 6 inter-
clustering measures are presented in Fig. 13a and the hypervolume of each Pareto front
obtained is described in Table 16. Again the measure M cc presents the lowest value about
the other, but the set of three Pareto fronts generated by the means stands out in relation to
the Pareto front generated by the sums measures.

Figure 13b presents the hybrid Pareto front considering only the nondominated solutions
of the three Pareto front generated by the means measures.

An analysis of the results in Table 17 shows that there is a greater number of solutions
with k = 2, as occurs in the other dataset, indicating that the literature optimal solution is
predominant in the HPF.
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Table 16 Hypervolume values for the F N ¢ combinations considering dataset 3

Measures Scc Mcc FNcc NNcc MFNcc MNNcc

Hypervolume 0.923 0.905 0.918 0.922 0.933 0.971

Table 17 Pareto front solutions
generated by F Nc¢ measure

combined with the 3 FNe-Mce 6 20 2 1 6 1 0 0 72

1nter—c1uster1ng measures

considering dataset 3 FNe-MFNee 21 12 8 4 6 2 0 0 50
FNe-MNNece 27 2 0 0 3 0 0 0 55

Measures/k 2 3 4 5 6 7 8 9 Total

4.5 Results for dataset 4

To test the approach on a real case study, the methodology previously presented was applied
on the dataset 4. Dataset 4 is composed of 291 elements and 2 variables, and it is provided
by the MathE project (Azevedo et al. 2022; Flamia Azevedo et al. 2022). The MathE project
aims to provide students all over the world with an online platform to help them learn college
mathematics and also support students who want to deepen their knowledge on a multitude
of mathematical topics at their own pace. More details about the MathE project are described
in Azevedo et al. (2022, 2024a) and Flamia Azevedo et al. (2022), and can also be found on
the platform Website (mathe.ipb.pt).

One of the particularities of the MathE platform is the Student’s Assessment section, which
is composed of multiple-choice questions for the students to train and practice their skills.
The answers given by each student over the 3 years the platform has been online define the
dataset 4. Thus, each element of the dataset refers to one particular student using the Student’
Assessment section. Thereby, the first instance represents the rate of correct answers (x-axis)
provided by the previous student’s test, and the second instance represents the number of
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Fig. 14 Hybrid Pareto front of dataset 4 (Color figure online)

questions answered by this student (y-axis), while MathE user. To support the analysis of the
results, the y-axis which initially ranges from 1 to 42 (number of questions answered) has
been normalized by interval; it is between O and 1.

Preliminary studies using a single objective approach involving cluster categorization and
MathE students’ data, did not show satisfactory results in terms of the number of clusters and
also in the division of the elements (Azevedo et al. 2022; Flamia Azevedo et al. 2022), i.e. the
extracted patterns did not provide the necessary information to be used by the project. This
occurs since the single objective procedure only provides a single solution, which, although
feasible, is irrelevant to the decision-maker. For this reason, the dataset 4 is an excellent
example to be analyzed with the MCA, since the choice of the optimal solution strongly
depends on the sensitivity of the decision-maker and his/her prior information about the
dataset.

Thus, the combination of intra- and inter-clustering measures previously defined are appro-
priate to identify the optimal partitioning of the dataset 4. Thereby, the intra-clustering
measure SMxc was combined 2-by-2 with the inter-clustering measures involving mean
measures (Mcc, M FNcc, and M N Ncc) since they were the ones that obtained the better
results in the previous sections. After that, the results of each Pareto front obtained were
analyzed in terms of dominance, resulting in a hybrid Pareto front that includes the results
of the three mean measures, as shown in Fig. 14a. The same process was repeated for the
intra-clustering measure F Nc¢, and the results of the hybrid Pareto front are illustrated in
Fig. 14b.

Knowing the profile of the students enrolled in the MathE platform, it is known that there
is a diversity of students with different backgrounds (country, age, course and university
year attending, and level of difficulty in Mathematics, among others). Therefore, a division
into a few groups is not a significant result for the project, given the diversity of the public,
especially in terms of performance in Mathematics subjects, as already explored in previous
works.

From the Pareto front of the S M xc measure (Fig. 14a), itis possible to select between 2 and
12 clustering divisions. Whereas in the Pareto front involving the F N¢ measure (Fig. 14b),
the k varies from 2 to 13.
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Considering this information, two solutions from each hybrid Pareto front were chosen to
be better analyzed. Thus, Fig. 15 presents the result of the solutions chosen and highlighted
in Fig. 14a, being Fig. 15a denoted as Solution 1 (s1), and Fig. 15b denoted as Solution 2
(s2).

The solution 1 illustrated in Fig. 15a divides the dataset into 8 clusters, and some interesting
conclusions can be drawn from this division. Considering that the minimum value of y-axis is
1 and the maximum is 42, the y-axis values were normalized between 0 and 1. Analyzing the
results, in terms of the number of questions answered, clusters 1 to 5 are composed of students
who answer few questions, while clusters 6 and 7 comprise students who answer a larger
number of questions than the aforementioned groups. Finally, cluster 8 is made up of students
who answer the highest number of questions on the platform. In terms of performance (rate
of correct answers), considering clusters 1 to 5, the performance of the students gradually
increases for cluster 1 up to cluster 5, where in cluster 1 the students have a success rate equal
to 0, (all answers given were incorrect), while in cluster 5 they had 1 (all answers given were
correct). At this point, it is important to point out that dataset 4 is composed of multiple equal
entries (student with equal number of questions answered and equal performance), which are
superimposed in the figure. For this reason, cluster 5, although it seems to be composed of 1
student, actually includes 17 students, all with 1 answered question and 1 correct answer.

In clusters 6 and 7, the students use the platform more than the previous groups. In this case,
the students in cluster 6 performed below 0.5, and those in cluster 7 were above 0.5. Finally,
in cluster 8, the students answered the largest number of questions, and their performance
varies between 0.1 and 0.8, so little can be said about overall performance of this group given
the variability of solutions in terms of performance.

On the other hand, Fig. 15b shows the solution 2 results, indicating a solution composed
of 5 clusters. In this case, each cluster is composed of much more students than the clusters
presented in the solution of Fig. 15a. Thus, cluster 1 have a small number of students, that
answered few questions, and all of their answers were incorrect. In cluster 2 there are a large
number of students, some of than with many answers computed, other with few answers. All
of these students had less than 0.5 of hit rate in their answers. On the other hand, in cluster
4, most of the students had more than 0.5 of hit rate in their answers. Cluster 3 is composed
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of the students who answered more questions, although some students of this cluster had a
poor performance, most of than answered more than 0.5 of hit rate in their answers. Finally,
in cluster 5, there is a group of cluster that had the best performance, but their answered few
questions in relation to the other students.

In turn, Fig. 16 illustrates two solutions taken from the Pareto front of the F'N¢ measure
combination (Fig. 14b). Figure 16a presents the solution 1 (s1) composed by 12 clusters.
Similar to the results of Fig. 15a in cluster 1 up to cluster 4, there are the students who
answered few questions; while in cluster 5 up to cluster 7, there are the students who answered
a few more questions than the previous groups; and in clusters 8 until cluster 12 there are
the students who answered more questions. Thus, cluster 11 is composed of students who
answered a large number of questions and have a performance higher than 0.6. In this case,
the students answered correctly more than half of the questions they answered. In clusters 10
and 12, there are the students who answered many questions but got correct answers in less
than half of the questions (in most cases). In terms of performance, the students in cluster
8 presented an average performance, between 0.35 and 0.75, with many answers. Finally,
the performance of the students in clusters 1, 2, 5, and 6 is surpassed by the students in the
clusters 3, 4, and 7.

On the other hand, Fig. 16b presents the solution 2 (s2), composed by 4 clusters, selected
from Fig. 14b. In this solution it not possible to detailed the students characteristics, as done
in the results of Fig. 16a, since the number of cluster is three times smaller and each cluster
is composed of much more students. Thus, cluster 1 has the students, that answered few
questions, and all of them had less than 0.5 in hit rate. Cluster 2 is composed of the students
who answered more questions, although most of them had a poor performance, some students
had more than 0.5 in their hit rate. In cluster 3, most of the students had more than 0.5 in
their hit rate. While, in cluster 4, there is a group of students who had the best performance,
but their answered few questions in relation to the others students.

Overall, the conclusions that can be drawn allow for a wide variety of details, which would
be difficult to achieve if a solution with few clusters. Furthermore, this was only possible
because the decision-maker had the power to choose and use prior knowledge about the data.
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Table 18 DBSCAN number of centroids results

Dataset e=1 e=1 e=0.5 e=0.5
minpoints =5 minpoints = 10 minpoints =5 minpoints = 10

1—My data 1(5) 2 (10) 2(27) 3(58)

2—Thyroid -1 -1 —1 —1

3—Breast 3(12) 2 (23) 3(11) 2 (34)

4—MathE -1 -1 -1 —1

5 Algorithms comparison results

To compare the MCA results with the classical clustering algorithm of the literature, the
four datasets considered were performed with two classical clustering algorithms, the k-
means (Arthur and Vassilvitskii 2007) and DBSCAN algorithm (Ester et al. 1996), and
also two hybrid approaches, the Clustering based on Differential Evolution Algorithm
(CDE) (Heris 2015; Storn and Price 1997), and a novel approach named Game-based k-
means (GBK-means) algorithm (Jahangoshai Rezaee et al. 2021).

The k-means, is one of the most well-known and simple clustering algorithms. It consists of
trying to separate samples into groups of equal variance, minimizing a criterion known as the
inertia or within-cluster sum-of-squares (Arthur and Vassilvitskii 2007). The k-means is not
an automatic clustering algorithm, thus, it depends on the initial estimation of the parameter
k, which represents the number of clusters division. The four datasets were performed by
the k-means with 10 executions, considering the k as indicated by the literature, it is k =
3 for dataset 1, k = 2 for dataset 2, k = 2 for dataset 3, and for the dataset 4 several
values are possible, thus, it was considered k = 4 and k = 8, since this values were also
presented previously in the MCA results. The k-means could work with all datasets returning
satisfactory results.

In turn, the Density-based spatial clustering of applications with noise (DBSCAN), is a
popular clustering algorithm used for clustering spatial data points based on their density
distribution. DBSCAN is particularly effective in identifying clusters of arbitrary shapes and
handling noise in the data. DBSCAN operates by grouping together points that are closely
packed, forming high-density regions. It defines clusters as continuous regions of high density
separated by regions of low density (Ester et al. 1996). This algorithm is based on a threshold
for a neighborhood search radius € and a minimum number of neighbors minpoints required
to identify a core point and define the clustering division (Ester et al. 1996).

Table 18 summarizes the results achieved with each algorithm considering different values
of € and minpoints. Note that the value —1 indicates that the DBSCAN considered all
elements as outliers, it is the algorithm was not able to define the clusters. The number inside
the parentheses indicates the number of elements considered outliers for each parametrization
considered.

The datasets were also performed with two hybrid approaches. The Clustering based
on Differential Evolution Algorithm (Heris 2015; Storn and Price 1997) is a bio-inspired
metaheuristic approach that automatically defines the optimum number of cluster partitioning.
The algorithm uses the Davies—Bouldin index (DB) (Davies and Bouldin 1979) as a clustering
measure to define the number of clusters. Whereas the Game-based k-means (GBK-means)
algorithm (Jahangoshai Rezaee et al. 2021) deals with the problem of clustering from a novel
perspective, which considers the bargaining game approach in the k-means algorithm for
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clustering data. It enables competition between cluster centers to attract the largest number
of similar entities to its cluster. In the approach, the centroids change their positions in such a
way that they have minimum distances with the maximum possible entities compared to the
other centroids. Thereby objective function combines the clustering distance and bargaining
game measures and uses a PSO algorithm to find the optimal solution. But, the GBK-means
require a priori amount of cluster information. More details about the approach can be seen
at Jahangoshai Rezaee et al. (2021).

Figure 17a presents the four algorithms results for the dataset 1. The DBSCAN solution
provided by € = 0.5 and minpoints = 10 is presented in Fig. 17b, but 58 were considered
outliers and were removed from the dataset. This last solution was chosen since it is the
closest solution to the one suggested by the literature (Heris 2015). Whereas Fig. 17c, d
present the hybrid algorithm results, the CDE and the GBK-means, respectively.

Comparing the results of Fig. 17, the k-means and CDE presented similar results, which
is identical to the solution found by the MCA, presented in Fig. 7b, that correspond to the
literature solution. Although the DBSCAN and GBK-means algorithms could divide the
dataset into 3 clusters, they do not present satisfactory results in the dataset 1, compared to
the other algorithms.

About dataset 4, Fig. 18 presents the k-means (Fig. 18a, b), CDE (Fig. 18c, d), and the
GBK-means (Fig. 18e, f) algorithms results considering 4 and 8 clusters.

The results k-means and CDE results are similar to the ones presented by the MCA and
discussed in previous sections. The GBK-means presented other alternative results that could
be considered by the decision-maker, but the MCA, k-means, and CDE results outstanding
the GBK-means results in this dataset.

About the dataset 2, the k-means, CDE and GBK-means could be able to propose a clus-
tering division, while in the DBSCAN all elements were considered outliers. And, regarding
dataset 3, all algorithms considered could identify the clustering divisions.

6 Conclusions and future work

The advantage of using multi-objective strategies in the clustering task is to combine multiple
objectives simultaneously. The MCA approach makes substantial advancements by employ-
ing a multi-objective strategy and combining diverse solutions to determine the optimal
number of cluster sets and their element partitioning.

Unlike single-objective algorithms that minimize one measure at a time, the proposed
approach overcomes limitations through a multi-objective approach, offering a set of optimal
solutions. This characteristic empowers decision-makers to choose the most fitting solution
according to their expertise or preferences.

In this way, this paper explored several clustering measures, namely intra- and inter-
clustering measures, to develop a clustering algorithm that automatically defines the optimal
number of cluster partitions and consequently classifies the elements of the dataset according
to their similarities and dissimilarities. For this, 42 combinations of 6 intra-clustering and 7
inter-clustering measures were analyzed, with the aim of defining the most appropriate pair
of measures to be used in a multi-objective approach. Thereby, 2 intra-clustering measures
(SMxc and F Nc¢) and 6 inter-clustering measures (Scc, Mcc, FNcc, NNcc, MF Ncc, and
M N Ncc) were selected. After that, each generated Pareto front was analyzed in terms of
dominance and by the hypervolume method, defining that the 3 mean-based measures (M cc,
MF Ncc, and MN Ncc) are most appropriate to be used as inter-clustering measures. The
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Fig. 17 Dataset 1 results for k-means, DBSCAN, CDE and GBK-means algorithms (Color figure online)

solutions of three Pareto fronts were confronted in terms of dominance to create a hybrid
Pareto front composed of the nondominated solutions, considering different pairs of measure
combinations. This methodology was tested on a benchmark dataset and also on a dataset
from a real case study that describe the student’s performance in the MathE project.

From the range and variability of each Pareto front generated, it is possible to perceive the
impact of combining different measures to solve a problem. In Tables 4 and 7, for example
regarding dataset 1, the combination SMxc—M F Ncc and F Nc— M F N cc have no solutions
with k equal to 3. Whereas the combination SMxc — M N N cc has solutions with k = 4, but
no solution with & = 2. In this way, if only one Pareto front was considered, the solution
would be restricted to the optimum provided by one combination of pairs of measures and
could be inappropriate for the decision-maker. So, combining the solutions of the Pareto
fronts provided by different measures enriches the final solution.

A clustering algorithm should be able to define the optimal number of partitions and also
the optimal distribution of the elements. The fact that the MCA indicates multiple solutions
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Fig. 18 Dataset 4 results for k-means, CDE, and GBK-means algorithms (Color figure online)
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with equal k values does not mean that these solutions are all equal since the elements
can be distributed over different clusters. Often the value of the intra- and inter-clustering
measures is not relevant to the decision-maker, so the origin of the solution, i.e. the measures
that were used to generate it, is not a decisive factor in the choice of the solution, being
indifferent whether the solution was originated by ‘a’ or ‘b’ measures, so there is no penalty
in presenting the results through a hybrid Pareto front. These results justify the proposed
method of producing a hybrid Pareto front by considering solutions from different Pareto
fronts. If the Pareto fronts are considered individually, the results may be different, so putting
them together provides a robust result in terms of variability for the decision-maker.

According to Heris (2015), considering a single objective strategy, the optimal solution
for dataset 1 is k = 3, i.e. 3 clusters. In Table 4, which presented the solution of the hybrid
Pareto front, k = 3 is the most frequent solution for dataset 1, demonstrating the effectiveness
of the proposed method on a benchmark problem.

Datasets 2 and 3 are some examples of high-dimensional datasets and the MCA could
provide satisfactory solutions, as well as a range of possibilities in terms of the number of
clusters and dataset division, whereas the other algorithms were not able to work properly
with the dataset. Furthermore, the DBSCAN requires a previous analysis of the parameters €
and minpoints to achieve the optimum solution, and the k-means and GBK-means require
the indication of the number of centroids.

In the case of dataset 4, the distribution of the data is more complex, since there are multiple
elements overlapped, and the elements are not as well separated as the first dataset (Dutta
et al. 2019). Thus, for dataset 4, which describes a real problem, the multi-objective strategy
is much more effective than the single one, since in the multi-objective it is possible to
compare and choose among a set of optimal solutions, the one that meets the patterns that
the decision-maker wants to extract from the dataset.

Moreover, for the dataset 4, the knowledge of the decision-maker is of great value in
defining the best solution. Then, the proposed method is an asset in situations where the
single objective approach is not enough, as occurs in Azevedo et al. (2022), Flamia Azevedo
et al. (2022) for dataset 4. Although the single clustering algorithm presented a feasible
solution, this one is not good enough to extract relevant information for the MathE project.

The MCA results were compared with well-known methods such as k-means and
DBSCAN and two hybrid approaches, the CDE and the GBK-means. It was possible to
conclude that the k-means, DBSCAN, and GBK-means have some limitations, showing the
advantage of the MCA. Although MCA is more computationally demanding, it offers a set
of highly variable optimal solutions in terms of the number of clusters and the division of
elements between them. This occurs because MCA is able to explore the solution search
space more broadly, combining several measures in its methodology.

Although k-means and CDE algorithms work well on diverse datasets, they only provide
a single solution. And k-means requires the decision-maker to determine a fixed number of
clusters. If the decision-maker needs a new solution with a different number of clusters, or if
the solution obtained does not meet his requirements, it will be necessary to run the algorithm
again until a suitable solution is found. Whereas the MCA provides all these options at once.

In relation to DBSCAN, which is an algorithm that works well in complex geometries, it
tends to have difficulty in high-dimensional sets, and in addition, DBSCAN is very dependent
on the € and the minpoints parameters, requiring running the code with different parameters
until finding the most suitable solution. In the sets presented in this work, DBSCAN failed
several times to identify clusters and ended up categorizing the data as outliers.

In the future, to improve the MCA performance, it is expected to explore split and merge
strategies considering the measures studied in this paper. The pair of measures that pro-
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mote larger partitions could especially be very useful for proposing initial splits in clustering
algorithms. Furthermore, it is expected to develop a strategy based on clustering validated
indices to assist the decision-maker in the choice of the optimal solution, especially in situ-
ations where the prior information about the data is scarce.
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