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Determination of .0; 2/-Regular Sets in Graphs 1

and Applications 2

Domingos M. Cardoso, Carlos J. Luz, and Maria F. Pacheco 3

Abstract In this paper, relevant results about the determination of .�; �/-regular 4

sets, using the main eigenvalues of a graph, are reviewed and some results about the 5

determination of .0; 2/-regular sets are introduced. An algorithm for that purpose is 6

also described. As an illustration, this algorithm is applied to the determination of 7

maximum matchings in arbitrary graphs. 8

1 Introduction 9

All graphs considered throughout this paper are simple (with no loops nor multiple 10

edges), undirected and have order n: V.G/ D f1; 2; : : : ; ng and E.G/ denote, 11

respectively, the vertex and the edge sets of G and ij represents the edge linking 12

nodes i and j of V.G/: If i 2 V.G/; then the vertex set denoted by NG.i/ D 13

fj 2 V.G/ W ij 2 E.G/g is called neighbourhood of i: Additionally, NGŒi� denotes the 14

closed neighbourhood of vertex i (that is, NGŒi� D NG.i/ [ fig/: Given a graph G 15

and a set of vertices U � V.G/; the subgraph of G induced by U; GŒU�; is such that 16

V.GŒU�/ D U and E.GŒU�/ D fij W i; j 2 U ^ ij 2 E.G/g : A .�; �/-regular set of a 17

graph is a vertex subset inducing a ��regular subgraph such that every vertex not in 18

the subset has � neighbours in it, [2]. 19
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The adjacency matrix AG D Œaij� of G is the n � n symmetric matrix such that 20

aij D 1 if ij 2 E.G/ and aij D 0 otherwise. The n eigenvalues of AG are usually 21

called the eigenvalues of G and are ordered �max.G/ D �1.G/ � � � � � �n D 22

�min.G/: These eigenvalues are all real because AG is symmetric. It is also known 23

that, provided G has at least one edge, we have that �min.G/ � �1 and, furthermore, 24

�min.G/ D �1 if and only if every connected component of G is complete, [4]. 25

The multiplicity of �i as eigenvalue of G (and, consequently, as eigenvalue of AG) 26

is denoted by m.�i/. Throughout this paper, �.G/ will denote the spectrum of G; 27

that is, the set of G0s eigenvalues together with their multiplicities. The eigenspace 28

associated to each eigenvalue � of G is denoted by EG.�/: 29

An eigenvalue of a graph G is main if its associated eigenpace is not orthogonal to 30

the all-one vector j: The vector space spanned by such eigenvectors of G is denoted 31

Main.G/. The remaining (distinct) eigenvalues of G are referred to as non-main. 32

The dimension of EG.�i/; the eigenspace associated to each main eigenvalue �i of 33

G, is equal to the multiplicity of �i: The index of G; its largest eigenvalue, is main. 34

The concepts of main and non-main eigenvalue were introduced in [4]. An overview 35

on the subject was published in [5]. 36

Given a graph G; the line graph of G; which is denoted by L.G/; is constructed 37

by taking the edges of G as vertices of L.G/ and joining two vertices in L.G/ by an 38

edge whenever the corresponding edges in G have a common vertex. The graph G 39

is called the root graph of L.G/: 40

A stable set (or independent set) of G is a subset of vertices of V.G/ whose 41

elements are pairwise nonadjacent. The stability number (or independence number) 42

of G is defined as the cardinality of a largest stable set and is usually denoted 43

by ˛.G/: A maximum stable set of G is a stable set with ˛.G/ vertices. Given a 44

nonnegative integer k; the problem of determining whether G has a stable set of size 45

k is NP-complete and, therefore, the determination of ˛.G/ is, in general, a hard 46

problem. 47

A matching in a graph G is a subset of edges, M � E.G/; no two of which 48

have a common vertex. A matching with maximum cardinality is called a maximum 49

matching. Furthermore, if for each vertex i 2 V.G/ there is one edge of the matching 50

M incident with i; then M is called a perfect matching. It is obvious that every perfect 51

matching is also a maximum matching. Notice that the determination of a maximum 52

stable set of a line graph, L.G/, is equivalent to the determination of a maximum 53

matching of G: There are several polynomial-time algorithms for the determination 54

of a maximum matching of a graph. 55

The present paper introduces an algorithm for the recognition of (0,2)-regular 56

sets in graphs and the application of this algorithm is illustrated with the determina- 57

tion of maximum matchings through an approach involving (0,2)-regular sets. 58
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2 Main Eigenvalues, Walk Matrix and .�; �/-Regular Sets 59

We begin this section recalling a few concepts and surveying some relevant results. 60

If G has p distinct main eigenvalues �1; : : : ; �p; the main characteristic polyno- 61

mial of G is 62

mG.�/ D �p � co�p�1 � c1�
p�2 � � � � � cp�2� � cp�1 D

pY

iD1

.� � �i/: 63

Theorem 1 ([5]) If G is a graph with p main distinct eigenvalues �1; : : : ; �p; then 64

the main characteristic polynomial of G, mG.�/, has integer coefficients. 65

Considering AG; the adjacency matrix of graph G; the entry a.k/
ij of Ak is the 66

number of walks of length k from i to j: Therefore, the n � 1 vector Akj; gives the 67

number of walks of length k starting in each vertex of G: Given a graph G of order 68

n; the n � k walk matrix of G is the matrix Wk D .j; Aj; A2j; : : : ; Ak�1j/: If G has p 69

distinct main eigenvalues, the n � p walk matrix 70

W D Wp D .j; Aj; A2j; : : : ; Ap�1j/ 71

is referred to as the walk matrix of G: The vector space spanned by the columns of W 72

is called Main.G/ and it coincides with the vector space spanned by v1; : : : ; vp with 73

vi 2 EG.�i/ and vt
i j ¤ 0; i D 1; : : : ; p: The orthogonal complement of Main.G/ 74

is denoted, as expected, Main.G/?: Notice that both Main.G/ and Main.G/? are 75

invariant under AG: 76

Taking into account that 77

mG.AG/ D 0 , Ap
Gj � c0Ap�1

G j � c1Ap�2
G j � � � � � cp�2AGj � cp�1j D 0; (1)

the following result holds. 78

Theorem 2 ([3]) If G has p main distinct eigenvalues, then 79

W

0

BBB@

cp�1

:::

c1

c0

1

CCCA D Apj; 80

where cj; with 0 � j � p � 1; are the coefficients of the main characteristic 81

polynomial of G: 82

It follows from this theorem that the coefficients of the main characteristic 83

polynomial of a graph can be determined solving the linear system 84

Wx D Apj: 85
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Proposition 1 ([2]) A vertex subset S of a graph G with n vertices is .�; �/-regular 86

if and only if its characteristic vector is a solution of the linear system 87

.AG � .� � �/In/x D �j: (2)

It follows from this result that if system (2) has a .0; 1/-solution, then such solution 88

is the characteristic vector of a .�; �/-regular set. In fact, let us assume that x is a 89

.0; 1/-solution of (2). Then, for all i 2 V.G/, 90

.AG/i x D jNG.i/ \ Sj D
�

� if i 2 S
� if i … S

: 91

Next, we will associate to each graph G and each pair of nonnegative numbers, 92

.�; �/; the following parametric vector, [3]: 93

gG.�; �/ D
p�1X

jD0

˛jA
j
Gj; (3)

where p is the number of distinct main eigenvalues of G and ˛0; : : : ; ˛p�1 is a 94

solution of the linear system: 95

0

BBBBB@

� � � 0 : : : 0 �cp�1

�1 � � � : : : 0 �cp�2

0 �1 : : : 0 �cp�3

:::
:::

:::
:::

:::

0 0 : : : �1 � � � � c0

1

CCCCCA

0

BBBBB@

˛0

˛1

:::

˛p�2

˛p�1

1

CCCCCA
D ��

0

BBBBB@

1

0
:::

0

0

1

CCCCCA
: (4)

The following theorem is a slight variation of a result proven in [3]. 96

Theorem 3 ([3]) Let G be a graph with p distinct main eigenvalues �1; : : : ; �p: A 97

vertex subset S � V.G/ is .�; �/-regular if and only if its characteristic vector x.S/ 98

is such that 99

x.S/ D g C q; 100

with 101

g D
p�1X

jD0

˛jA
jj; 102

.˛0; : : : ; ˛p�1/ is the unique solution of the linear system (4) and if .� � �/ … �.G/ 103

then q D 0 else q 2 EG.� � �/ and � � � is non-main. 104
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3 Main Results 105

An algorithm for the recognition of .0; 2/-regular sets in general graphs is intro- 106

duced in this section. Such algorithm is not polynomial in general and its complexity 107

depends on the multiplicity of �2 as an eigenvalue of the adjacency matrix of 108

AG: Particular cases for which the application of the algorithm is polynomial are 109

presented. 110

Theorem 4 If a graph G has a .0; 2/-regular set S, then jSj D jTgG.0; 2/: 111

Proof Supposing that S � V.G/ is a .0; 2/-regular set, according to Theorem 3, its 112

characteristic vector xS verifies 113

xS D gG.0; 2/ C q: 114

Therefore, 115

jSj D jTxS D jTgG.0; 2/ C jTq: 116

Since q D 0 or q 2 EG.� � �/ with � � � non-main, the conclusion follows. ut
The following corollary provides a condition to decide when there are no .0; 2/- 117

regular sets in G: 118

Corollary 1 If jTgG.0; 2/ is not a natural number, then G has no .0; 2/-regular set. 119

Now let us consider the particular case of graphs where m.�2/ D 0: 120

Theorem 5 If G is a graph such that m.�2/ D 0, then G has a .0; 2/-regular set if 121

and only if gG.0; 2/ 2 f0; 1gn : 122

Proof According to Theorem 3, since �2 is not an eigenvalue of G, there is a .0; 2/-
regular set S � V.G/ if and only if xS D g. ut

Considering a m � n matrix M and a vertex subset I � V.G/; MI denotes the 123

submatrix of M whose rows correspond to the indices in I: 124

Theorem 6 Let G be a graph of order n such that m.�2/ > 0 and let U be the 125

n � m matrix whose columns are the eigenvectors of a basis of EG.�2/: If there is 126

v 2 V.G/ such that UN (where N D NGŒv� D fv; v1; : : : ; vkg) has maximum rank, 127

then it is possible to determine, in polynomial time, if G has a .0; 2/-regular set. 128

Proof According to the necessary and sufficient condition for the existence of a 129

.�; �/-regular set presented in Theorem 3, a vertex subset S � V.G/ is .0; 2/-regular 130

if and only if its characteristic vector xS is of the form 131

xS D gG.0; 2/ C q; 132
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where g is defined by (3) and (4). Setting q D Uˇ; where ˇ is an m-tuple of scalars, 133

such scalars may be determined solving the linear subsystem of xS D g C q W 134

xN
S D gN C UNˇ; 135

for each of the following possible instances of xS W 136

.xS/v D 1 and then .xS/vi D 0; 8i D 1; : : : ; kI 137

.xS/v D 0 and then one of the following holds: 138

.xS/v1 D .xS/v2 D 1 and .xS/vi D 0; 8vi 2 NG Œv� nfv1; v2gI 139

.xS/v1 D .xS/v3 D 1 and .xS/vi D 0; 8vi 2 NG Œv� nfv1; v3gI 140

. . . 141

.xS/v1 D .xS/vk D 1 and .xS/vi D 0; 8vi 2 NG Œv� nfv1; vkgI 142

.xS/v2 D .xS/v3 D 1 and .xS/vi D 0; 8vi 2 NG Œv� nfv2; v3gI 143

.xS/v2 D .xS/v4 D 1 and .xS/vi D 0; 8vi 2 NG Œv� nfv2; v4gI 144

. . . 145

.xS/v2 D .xS/vk D 1 and .xS/vi D 0; 8vi 2 NG Œv� nfv2; vkgI 146

. . . 147

.xS/vk�1 D .xS/vk D 1 and .xS/vi D 0; 8vi 2 NG Œv� nfvk�1; vkgI 148

If for any of the cases described above the solution ˇ is such that the obtained entries
of vector xS are 0 � 1; then such xS is the characteristic vector of a .0; 2/-regular set.
If none of the above instances generates a 0 � 1 vector xS; then we may conclude
that the graph G has no .0; 2/-regular set. Notice that each of the (at most) 1 C �k

2

�

linear systems under consideration can be solved in polynomial time, therefore it is
possible to determine in polynomial time if G has a .0; 2/-regular set. ut

In order to generalize the procedure for the determination of .0; 2/-regular sets 149

to arbitrary graphs, it is worth to introduce some terminology. Let G be a graph 150

with vertex set V D f1; : : : ; ng and consider I � V.G/ D fi1; : : : ; img : The m-tuple 151

xI D .xi1 ; : : : ; xim/ 2 f0; 1gm is .0; 2/-feasible if it can be seen as a subvector of a 152

characteristic vector x 2 f0; 1gn of a .0; 2/-regular set in G. From this definition the 153

following conditions hold: 154

(1) 9ir 2 I W xir D 1 )
(

8ij 2 NG.ir/ \ I; xij D 0 and
8j 2 NG.ir/;

P
k2NG.j/nfirg xk D 1I 155

(2) 9is 2 I W xis D 0 ^ NG.is/ � I ) P
j2NGŒis �

xj D 2: 156

Using the .0; 2/-feasible concept and consequently the above conditions, we are 157

able to present an algorithm to determine a .0; 2/-regular set in an arbitrary graph or 158

to decide that no such set exists. 159

In the worst cases, steps 7–11 are executed 2m times and, therefore, the execution 160

of the algorithm is not polynomial. There is, however, a large number of graphs for 161

which the described procedure is able to decide, in polynomial time, if there is a 162

.0; 2/-regular set and to determine it in the cases where it exists. 163

Example 1 Consider the graph G depicted in Fig. 1. 164
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Algorithm 1 To determine a .0; 2/-regular set or decide that no such set exists
Input: (Graph G of order n; m D m.�2/ and matrix Q whose columns are the eigenvectors of a
basis of EG.�2/).
Output: (.0; 2/-regular set of G or the conclusion that no such set exists).
1. If jT gG.0; 2/ … N then STOP (there is no solution) End If;
2. If m D 0; then STOP .xS D gG.0; 2// End If;
3. If 9v 2 V.G/ W rank.QN / � dG.v/ C 1 .N D NGŒv�/ then STOP (the output is a consequence
of the low multiplicity results) End If;
4. Determine I D fi1; : : : ; img � V.G/ W rank.QI / D m and set g WD gG.0; 2/I
5. Set NoSolution WD TRUE;
6. Set X WD ˚

.xi1 ; : : : ; xim / which is .0; 2/-feasible for Gg I
7. While NoSolution ^ X ¤ ; do
8. Choose .xi1 ; : : : ; xim / 2 X and Set xI WD .xi1 ; : : : ; xim /T I
9. Set X WD Xn ˚

xI
�

and determine ˇ W xI D gI C QIˇI
10. If g C Qˇ 2 f0; 1gn then NoSolution WD FALSE End If;
11. End While
12. If NoSolution D FALSE then x WD g C Qˇ 2 f0; 1gn else return NoSolutionI
13. End If.
14. End.

Fig. 1 Graph G

1 4 7 10

3 6 9

2 5 8

We will apply Algorithm 1 to determine a .0; 2/-regular set in G; a graph for 165

which m D m.�2/ D 3: 166

Since 167

rank. j / D 1; 168

rank. j AGj / D 2; 169

rank. j AGj .AG/2j / D 2; 170

we have p D 2 distinct main eigenvalues of G: 171

W D . j AGj / D

0
BBBBBBBBBBBBBBB@

1 2

1 3

1 3

1 4

1 4

1 4

1 4

1 3

1 3

1 2

1
CCCCCCCCCCCCCCCA

: 172

mfpacheco
Nota
Algorithm 1 should come before the begining of Example 1.

mfpacheco
Nota
Figure should be centered.
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The solution of the linear system Wx D .AG/2j is C D
� �2

4

�
; so the coefficients 173

of the main characteristic polynomial of G are c0 D 4; c1 D �2: 174

Next, the coefficients of vector g 2 Main.G/ will be determined. 175

Since 176

.� � �/˛0 D �� C ˛p�1cp�1 177

and 178

.� � �/˛1 D ˛0 C ˛p�1cp�2; 179

we have ˛0 D 6
7
; ˛1 D � 1

7
; hence 180

g D ˛0j C ˛1AGj D

0

BBBBBBBBBBBBBBB@

0:2857

0:4286

0:2857

0:2857

0:4286

0:5714

0:4286

0:2857

0:4286

0:5714

1

CCCCCCCCCCCCCCCA

: 181

Considering matrix Q whose columns q1; q2; q3 form a basis for the eigenspace 182

associated to eigenvalue �2; we will proceed, searching for a vertex v for which the 183

submatrix of Q corresponding to NGŒv� has full rank. 184

Q D

0

BBBBBBBBBBBBBBB@

0:4962 0:0345 �0:1431

�0:4962 �0:0345 0:1431

�0:4962 �0:0345 0:1431

0:2335 �0:1035 �0:5878

0:2626 0:1380 0:4446

0:2626 0:1380 0:4446

�0:2626 0:3795 �0:4446

0 �0:5175 0

0 �0:5175 0

0 0:5175 0

1

CCCCCCCCCCCCCCCA

: 185

The obtained results are summarized in the following table. 186
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v NG.v/ Rank.QNGŒv�/

1 2; 3 1

2 1; 4; 5 2

3 1; 4; 6 2

4 2; 3; 5; 6 2

5 2; 4; 7; 8 3

: 187

It is obvious that the submatrix of Q corresponding to lines 2; 4; 5; 7 and 8, the 188

closed neighbourhood of vertex 5; has full rank, so we will consider the subvector 189

of g and the submatrix of Q corresponding to I D NGŒ5� D f2; 4; 5; 7; 8g : 190

gI D

0

BBBBB@

0:4286

0:2857

0:2857

0:2857

0:4286

1

CCCCCA
; QI D

0

BBBBB@

�0:4962 �0:0345 0:1431

0:2335 �0:1035 �0:5878

0:2626 0:1380 0:4446

�0:2626 0:3795 �0:4446

0 �0:5175 0

1

CCCCCA
: 191

Supposing that G has a .0; 2/-regular set S, there are two possibilities to be 192

considered: whether 5 2 S or 5 … S and there are 1+
�
4
2

�
possible instances .1/ � .7/ 193

for the entries of xS that correspond to NGŒ5� (see next table). 194

Inst: .xS/1 .xS/2 .xS/3 .xS/4 .xS/5 .xS/6 .xS/7 .xS/8 .xS/9 .xS/10

.1/ 	 0 	 0 1 	 0 0 	 	

.2/ 	 1 	 1 0 	 0 0 	 	

.3/ 	 1 	 0 0 	 1 0 	 	

.4/ 	 1 	 0 0 	 0 1 	 	

.5/ 	 0 	 1 0 	 1 0 	 	

.6/ 	 0 	 1 0 	 0 1 	 	

.7/ 	 0 	 0 0 	 1 1 	 	

: 195

Supposing that 5 2 S; the entries of xS corresponding to I D f2; 4; 5; 7; 8g are 196

xI
S D

0

BBBBB@

0

0

1

0

0

1

CCCCCA
197

and the solution of the subsystem 198

xI
S D gI C ˇ1.q

I/1 C ˇ2.q
I/2 C ˇ3.qI/3 199

is ˇ1 D 1:0215; ˇ2 D 0:8281; ˇ3 D 0:7461: 200

mfpacheco
Nota
Contents of 3rd column should be centered.

mfpacheco
Nota
Contents of columns should be centered.
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Solving the complete system and calculating g C ˇ1q1 C ˇ2q2 C ˇ3q3 for the 201

evaluated values of ˇ1; ˇ2 and ˇ3, the following result is obtained 202

xS D g C ˇ1q1 C ˇ2q2 C ˇ3q3 D

0
BBBBBBBBBBBBBBB@

1

0

0

0

1

1

0

0

0

1

1
CCCCCCCCCCCCCCCA

203

and S D f1; 5; 6; 10g is a .0; 2/-regular set of G: 204

4 Application: Determination of Maximum Matchings 205

In this section, Algorithm 1 is combined with the procedure for maximum matchings 206

described in [1], to provide a strategy for the determination of maximum matchings 207

in arbitrary graphs. Such strategy is based on the determination of .0; 2/-regular sets 208

in the correspondent line graphs, in the cases where they occur, or on the addition 209

of extra vertices to the original graphs, in the situations where the line graphs under 210

consideration have no .0; 2/-regular sets. 211

Considering the graph described in Example 1 and the .0; 2/-regular set deter- 212

mined by Algorithm 1, it is easily checkable that it corresponds to a maximum 213

matching in graph G whose line graph is L.G/. Both graphs are depicted in Fig. 2. 214

It should be noticed that, according to Theorem 7 in [1], a graph G which is not 215

a star neither a triangle has a perfect matching if and only if its line graph has a 216

.0; 2/-regular set. 217

We will now determine a maximum matching in a graph whose line graph does 218

not have a.0; 2/-regular set, which is equivalent to say that the root graph has no 219

perfect matchings, following the algorithmic strategy proposed in [1]. 220

Fig. 2 Graphs L.G/ and G
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Fig. 3 Graphs G1 and L.G1/

1

2

3

4 5

1

2

3

4

Example 2 Consider graphs G1 and L.G1/ both depicted in Fig. 3. 221

Since �2 is not an eigenvalue of L.G1/; we will determine the parametric vector 222

gL.G1/.0; 2/ in order to find out if its coordinates are 0 � 1: L.G1/ has two main 223

eigenvalues and its walk matrix is 224

W D

0

BB@

1 1

1 2

1 2

1 1

1

CCA : 225

The coefficients of the main characteristic polynomial of L.G1/; that are the 226

solutions of system Wx D AL.G1/j; are c0 D c1 D 1: The corresponding solutions 227

of system (4), that is, the coefficients of gL.G1/.0; 2/; are ˛0 D 6
5

and ˛1 D � 2
5
: 228

Therefore, 229

gL.G1/.0; 2/ D ˛0j C ˛1AL.G1/j D

0
BB@

0:8

0:4

0:4

0:8

1
CCA 230

and it can be concluded that the graph L.G1/ has no .0; 2/-regular sets. In order 231

to determine a maximum matching in G1, we will proceed as it is proposed in [1]. 232

Since G1 has an odd number of vertices, a single vertex will be added to G1 and 233

connected to all its vertices. The graph G2 and its line graph L.G2/; depicted in 234

Fig. 4, are obtained. 235

Repeating the procedure described in Algorithm 1 (now applied to L.G2/), we 236

have that m.�2/ D 3 and p D 4: It is also easy to verify that c0 D 5; c1 D 1; c2 D 237

�6 and c3 D 0 are the coefficients of the main characteristic polynomial of L.G2/: 238

The solution of system (4) is ˛0 D 1; ˛1 D � 13
20

; ˛2 D 7
20

; ˛3 D � 1
20

and the 239

corresponding parametric vector gL.G2/.0; 2/ is 240



UNCORRECTED
PROOF

D.M. Cardoso et al.

Fig. 4 Graphs G2 and L.G2/

1

23

4
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1

2

3

4

5

6

7 8

9

gL.G2/.0; 2/ D ˛0j C ˛1AL.G2/j C ˛2.AL.G2//
2j C ˛3.AL.G2//

3j D

0
BBBBBBBBBBBBB@

0:6

0:4

0:4

0:4

0:2

0:6

0:4

0

0

1
CCCCCCCCCCCCCA

: 241

We will now consider matrix Q; whose columns form a basis for the eigenspace 242

associated to the eigenvalue �2 of L.G2/: 243

Q D

0

BBBBBBBBBBBBB@

0:2241 0:4458 0:2260

�0:2241 �0:4458 �0:2260

0:3176 �0:4525 �0:3072

�0:4115 0:3651 �0:3121

0:0939 0:0875 0:6193

�0:1302 �0:3583 0:3933

0:1302 0:3583 �0:3933

�0:5416 0:0068 0:0812

0:5416 �0:0068 �0:0812

1

CCCCCCCCCCCCCA

: 244

Searching for a vertex of degree � 2 in L.G2/ whose closed neighbourhood 245

corresponds to a submatrix of Q with maximum rank, the following table is 246

obtained. 247

mfpacheco
Nota
Drawings should be more to the left side.
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v NL.G2/.v/ rank.QNL.G2/Œv�/

1 2; 3; 8 2

2 1; 5; 7; 8; 9 3

3 1; 4; 5; 8 3

4 3; 5; 6; 9 3

5 2; 3; 4; 7; 8; 9 3

6 4; 7; 9 2

7 2; 5; 6; 8; 9 3

8 1; 2; 3; 5; 7; 9 3

9 2; 4; 5; 6; 7; 8 3

: 248

It is evident that the closed neighbourhood of vertex 2 verifies the mentioned 249

requirements and we will proceed considering the subvector of g and the submatrix 250

of Q whose lines are the elements of NL.G2/ Œ2� : 251

gI D

0

BBBBBBB@

0:6

0:4

0:2

0:4

0

0

1

CCCCCCCA

; QI D

0

BBBBBBB@

0:2241 0:4458 0:2260

�0:2241 �0:4458 �0:2260

0:0939 0:0875 0:6193

0:1302 0:3583 �0:3933

�0:5416 0:0068 0:0812

0:5416 �0:0068 �0:0812

1

CCCCCCCA

: 252

Supposing that L.G2/ contains a .0; 2/-regular set, there are 1+
�

5
2

�
possible 253

instances for the entries of xS that correspond to NG2 Œ2�: One of them is 254

.xS/1 .xS/2 .xS/3 .xS/4 .xS/5 .xS/6 .xS/7 .xS/8 .xS/9

0 1 	 	 0 	 0 0 0
: 255

Assuming that 2 2 S; the entries 1; 2; 5; 7; 8; 9 of xS must be of the form 256

xI
S D

0

BBBBBBB@

0

1

0

0

0

0

1

CCCCCCCA

257

and the solution of the subsystem 258

xI
S D gI C ˇ1.q

I/1 C ˇ2.q
I/2 C ˇ3.qI/3 259

is ˇ1 D �0:0367; ˇ2 D �1:2566; ˇ3 D �0:1399: 260

mfpacheco
Nota
Contents of 3rd column should be centered.
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Solving the complete system xS D g C ˇ1q1 C ˇ2q2 C ˇ3q3 and computing 261

g C ˇ1q1 C ˇ2q2 C ˇ3q3; we obtain 262

xS D g C ˇ1q1 C ˇ2q2 C ˇ3q3 D

0

BBBBBBBBBBBBB@

0

1

1

0

0

1

0

0

0

1

CCCCCCCCCCCCCA

263

and S D f2; 3; 6g is a .0; 2/-regular set of L.G2/: The resulting .0; 2/-regular 264

set S corresponds to the perfect matching of G2: M� D ff1; 4g ; f2; 5g ; f3; 6gg : 265

Therefore, intersecting the edges of M� with the edge set of the root graph G1; a 266

maximum matching of G1 267

M D ff1; 4g ; f2; 5gg ; 268

is determined. 269

5 Final Remarks 270

The aim of this paper is the introduction of an algorithm for the determination of 271

.0; 2/-regular sets in arbitrary graphs. In Sect. 2, an overview of the most relevant 272

results about the determination of .�; �/-regular sets using the main eigenspace of 273

a given graph is presented. Such results were introduced [3]. In Sect. 3, several 274

results that lead to the determination of .0; 2/-regular sets are introduced and a new 275

algorithm that determines a .0; 2/-regular set in an arbitrary graph or concludes that 276

no such set exists is also described. Section 4 is devoted to the application of the 277

introduced algorithm to the determination of maximum matchings. 278

Despite the interest of the introduced techniques for the determination of .0; 2/- 279

regular sets in general graphs, their particular application to the determination of 280

maximum matchings is not efficient in many cases. The use of these techniques 281

in this context is for illustrating the application of the algorithm. It remains as an 282

open problem, to obtain additional results for improving the determination of .0; 2/- 283

regular sets in line graphs. 284

mfpacheco
Nota
Sect. 2 / Sect. 3 / Section 4
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