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Abstract

In this thesis, we prove a one-to-one correspondence between C''* smooth conjugacy
classes of circle diffeomorphisms that are C'* fixed points of renormalization and C+
conjugacy classes of Anosov diffeomorphisms whose Sinai-Ruelle-Bowen measure is
absolutely continuous with respect to Lebesgue measure. Furthermore, we use ratio
functions to parametrize the infinite dimensional space of C'* smooth conjugacy
classes of circle diffeomorphisms that are C'* fixed points of renormalization. We
introduce the notion of ~v-tilings and we prove a one-to-one correspondence between
(i) smooth conjugacy classes of Anosov diffeomorphisms, with an invariant measure
absolutely continuous with respect to the Lebesgue measure, (ii) affine classes of -
tilings and (iii) solenoid functions. The solenoid functions give a parametrization of
the infinite dimensional space consisting of the mathematical objects described in the

above equivalences.



Resumo

Nesta tese provamos a existéncia de uma correspondéncia bijetiva entre classes de
conjugacao C'* diferencidveis de difeomorfismos da circunferéncia que sao pontos
fixos de renormalizacao e classes de conjugacao C'* diferenciéveis de difeomorfismos
de Anosov cuja medida SRB ¢é absolutamemte continua relativamente a medida de
Lebesgue. Mais ainda, usando fungoes racio, exibimos uma parametrizacao do espaco
de dimensao infinita das classes de conjugacao C'* diferenciaveis de difeomorfismos da
circunferéncia que sao pontos fixos de renormalizac¢ao. Introduzimos a nog¢ao de v-tiling
e provamos a existéncia de uma correspondéncia bijetiva entre (i) classes de conjugacao
O diferenciaveis de difeomorfismos de Anosov cuja medida SRB é absolutamemte
continua relativamente a medida de Lebesgue, (ii) classes afins de y-tilings e (iii)
funcoes solenoide. As funcgoes solenoide parametrizam os espacos de dimensao infinita

dos objetos mateméticos descritos nas equivaléncias anteriores.
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Chapter 1
Introduction

D. Sullivan and E. Ghys linked Anosov diffeomorphisms with diffeomorphisms of the
circle through the observation that the holonomies of Anosov diffeomorphisms give
rise to C'* circle diffeomorphisms that are C'* fixed points of renormalization (see
Cawley [7]). Here, we prove that this observation gives a one-to-one correspondence
between C'" smooth conjugacy classes of circle diffeomorphisms that are C'T fixed
points of renormalization and C** conjugacy classes of Anosov diffeomorphisms with
a Sinai-Ruelle-Bowen (SRB) measure that is absolutely continuous with respect to
Lebesgue measure (see [3-5,23,26] and Chapter 13 of the book [36]).

Although in general an Anosov diffeomorphism admits a great abundance of invariant
measures, there is at most one that is absolutely continuous with respect to Lebesgue
measure and, when it exists, this measure is particularly significant for describing
the statistical properties of the dynamics. Therefore the question of when an Anosov
diffeomorphism has such a measure has been much studied. For an Anosov diffeo-
morphism f : M — M on a compact Riemannian surface M, Sinai [39] proved that
the existence of such an absolutely continuous invariant measure is equivalent to the
condition |detdf™(x)| = 1 for every periodic point x with period n. Furthermore,
Sinai [39] showed that for every C'* Anosov diffeomorphism f : M — M there is a
unique f-invariant probability measure p, called the SRB measure, such that for every

open set A C M,

lim A(f~"A) = p(A)

n—0o0

where A\ denotes the Lebesgue measure on M. Moreover, if f has an absolutely

continuous invariant measure then this measure is the SRB measure. Since f~! is

12



CHAPTER 1. INTRODUCTION 13

Anosov, f!

also has a SRB measure which we denote by p~. In general, p~ # p.
However, Sinai [39] proved that p~ = p is a necessary and sufficient condition for the
existence of an absolutely continuous invariant measure. Pinto, Rand and Ferreira [36]
relate the SRB measures with stable and unstable ratio functions by showing that the
ratio functions determine the SRB measure conditional to stable and unstable local

leaves and vice-versa.

On the other hand, the stable and unstable ratio functions associate an affine structure
to each stable and unstable leaf in such a way that these vary Holder continuously
with the leaf. In this affine structure the Anosov diffeomorphism is affine on leaves
and the basic holonomies are uniformly C''*. Pinto and Rand [31] proved a one-to-one
correspondence between C'* conjugacy classes of Anosov diffeomorphisms on surfaces
and pairs of stable and unstable ratio functions (see Cawley [7| for the construction of
another moduli space for C'* conjugacy classes of Anosov diffeomorphisms on surfaces
using cohomology classes). Pinto, Rand and Ferreira [36] constructed an explicit dual
operator that associates to each unstable ratio function r* a dual stable ratio function
r®. Given an Anosov diffeomorphism we prove that the corresponding ratio functions
r® and r* are dual if, and only if, the Anosov diffeomorphism has an invariant measure
that is absolutely continuous with respect to Lebesgue measure (other related duality
results appear in Cawley |7], Jiang [12], Llave [15] and Marco and Moriyon [18,19]).
Here, we prove an equivalence between ratio functions and C'* circle diffeomorphisms
that are C'* fixed points of renormalization (see [4] and Chapter 13 of [36]).

Inspired in the works of Y. Jiang [13] and A. Pinto and D. Sullivan [37], we introduced
the notion of ~v-tiling. The ~-tilings record the infinitesimal geometric structure
determined by the dynamics along the unstable leaf that is invariant by the Anosov
diffeomorphism. We define the properties of the 7-tilings using the y-Fibonacci de-
composition of the natural numbers, instead of the dyadic decomposition, because
the y-Fibonacci decomposition has the advantage of encoding, in a natural way, the
combinatorics determined by the Markov partition along the unstable leaf. Our goal
is to exhibit a natural correspondence between ~y-tilings, Anosov diffeomorphisms and
solenoid functions (see [1,24,25]).



Chapter 2
Circle difeomorphisms

In this chapter we link C'* circle diffeomorphisms that are C'* fixed points of renor-

malization with Markov maps (see [4,5,26,36]).

Let us fix a natural number ¢ € N and let S be a counterclockwise oriented circle

homeomorphic to the circle S* = R/(1 + 7)Z, where
y=7(a)=(—a+Va2+4)/2=1/(a+1/(a+--)).

The key feature of ~y is that it satisfies the relation ay +~* = 1. We note that if a = 1
then 7 is the inverse of the golden number (1 + v/5)/2.

An arc in S is the image of a non trivial interval I in R by a homeomorphism o : [ — S.
If I is closed (resp. open) we say that «([) is a closed (resp. open) arc in S. We denote
by (a,b) (resp. [a,b]) the positively oriented open (resp. closed) arc on S starting at
the point @ € S and ending at the point b € S. A C'* atlas A in S is a set of charts
such that (i) every small arc of S is contained in the domain of some chart in .4, and

(ii) the overlap maps are C''™® compatible, for some a > 0.

Let A;,, denote the affine atlas whose charts are isometries with respect to the usual
norm in S'. Let the rigid rotation g, : S* — S* be the affine homeomorphism, with
respect to the atlas A;,,, with rotation number v/(147). A C** circle diffeomorphism
is a triple (g,S,.A) where g : S — S is a C'** diffeomorphism, with respect to the
C'e atlas A, for some a > 0, and ¢ is quasi-symmetric conjugate to the rigid
rotation g, with respect to the atlas A;,,. We denote by F the set of all cH
circle diffeomorphisms (g,S,.4) and, in order to simplify the notation, we denote the

C'* circle diffeomorphism (g, S, .A) by g. In particular, we denote the rigid rotation

14
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(g’ya Sl? Aiso) bY g’Y'

2.1 The horocycle

Let us mark a point in S that we will denote by 0 € S, from now on. Let Sy = [0, g(0)]
be the oriented closed arc in S, with endpoints 0 and ¢(0). For every k € {0, ..., a},
let Sy = [¢"(0),g"*'(0)] be the oriented closed arc in S, with endpoints g¥(0) and
g""1(0) and such that Sy N S,_1 = {g*(0)}. Let Sui1 = [g*"1(0),0] be the oriented

closed arc in S, with endpoints ¢*™*(0) and 0.

We introduce an equivalence relation ~ in S by identifying the a+1 points g(0), ..., g**(0)
and form the topological space H(S,g) =S/ ~. We take the orientation in H as the
reverse of the orientation induced by S. We call this oriented topological space the
horocycle (see Figure 2.2) and we denote it by H = H(S, g). We consider the quotient
topology in H. Let 7y : S — H be the natural projection. The point

§=mg(9(0) =+ =my(g""(0)) € H

is called the junction of the horocycle. For every k € {0,...,a}, let S# = SH(S,g) C
H be the projection by 7, of the closed arc Sy. Let RS = S{'US, | be the renormalized
circle. The horocycle H is the union of the renormalized circle RS with the circles S¥

for every k € {1,...,a}.

A parametrization in H is the image of a non trivial interval I in R by a homeomor-
phism o : I — H. If I is closed (resp. open) we say that «([) is a closed (resp. open)
arc in H. A chart in H is the inverse of a parametrization. A topological atlas B on
the horocycle H is a set of charts {(j,.J)}, on the horocycle, with the property that
every small arc is contained in the domain of a chart in B, i.e. for any open arc K in
H and any = € K there exists a chart {(j,J)} € B such that J N K is a non trivial
open arc in H and x € JN K. A C'T atlas B in H is a topological atlas B such that

the overlap maps are C**® and have C''*® uniformly bounded norms, for some o > 0.

Let A be a C'* atlas on S in which g : S — S is a C'* circle diffecomorphism. We
are going to construct a C'* atlas A” on H that we call the extended pushforward
A = (7,), A of the atlas A on S. If z € H\{¢} then there exists a sufficiently small
open arc J C H containing x and such that 7Tg_1(J ) is contained in the domain of some

chart (1,i) of A. In this case, we define (J,i o7, ") as a chart in A”. If z = ¢ and
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RS—S7U ST

Figure 2.1: The horocycle H and the chart j : J — R in case (ii). The junction £ of
the horocycle is equal to & = m,(g(0)) = 7,(g*(0)) = m,(g*(0)).

~1(J) is an arc in S or (ii) 7, '(J) is a

J is a small arc containing ¢, then either (i) = p

g
disconnected set that consists of a union of two connected components.

In case (i), m'(J) is connected it is contained in the domain of some chart (I,4) € A.

g

Therefore we define (J,i o 7rg_1) as a chart in A,

In case (ii), m,'(J) is a disconnected set that is the union of two connected arcs

IF and I of the form I} = (cF,¢'(0)] and IF = [¢"(0),cE), respectively, for all
L,r € {1,...,a +1}. Let JF and JF be the arcs in H defined by JF = 7,(I})
and 7,(I®) respectively. Then J = J& U JE is an arc in H with the property that
JE N JR = {¢}, for every I,r € {1,...,a+ 1}. We call such arc J a (I,r)-arc and we

denote it by J;,. Let ji, : J;, — R be defined by,

, iom, () if veJit
]l,r(x) = . r—l -1 . L
iog'tom H(x) if x€J

Let (I,7) € A be a chart such that m,(I) D J;,. Then we define (J;,, ji,) as a chart
in A7 (see Figure 2.1). We call the atlas determined by these charts the extended
pushforward atlas of A and, by abuse of notation, we will denote it by A? = (m,), A.
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2.2 Renormalization of a circle diffeomorphism

Let g = (9,S,.A) be a C'* circle diffeomorphism with respect to a C'* atlas A in S.
The renormalization of g = (g,S,.A) is the triple (Rg, RS, RA), where (i)RS has the
orientation of the horocycle H, i.e. the reversed orientation of the orientation induced
by S in RS; (ii) the renormalized atlas RA = AM|gs is the set of all charts in A¥ with
domains contained in RS; and (ii) Rg : RS — RS is the continuous map given by (see
Figure 2.2)
Ro(z) = { w0 gt o (myls) t(2) if @€ Sy
Tg0g0 (Myls,n) () if 2 €Sy

For simplicity of notation, we will denote the renormalization (Rg, RS, RA) of a C*

circle diffeomorphism g only by Rg.
S H
g3|50 0 g|S3 /\ RS:S’SIUS?

_ 3 -1
glsi=my0g3 0 m,

Figure 2.2: The horocycle H and the renormalization Rg of the circle diffeomorphism

g topologically conjugate to g, with v = (v/5 — 1)/2.

Lemma 2.1 The renormalization Rg of a C'* circle diffeomorphism g is a C'* circle
diffeomorphism. In particular, the renormalization Rg., of the rigid rotation is the rigid

rotation g..

Proof. Let g = (g,S,.A) be a C'T circle diffecomorphism and let Rg = (Rg, RS, RA)

be its renormalization. Observe that

(1) Rg(S5") = mg(9" " (S0));

(ii) Rg(scﬁrl) = my(9(Sat1));
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(iii) Rg(m,(0)) = m,(g(0)) = my(g*(0)); and

(iv) Rg(me(9(0))) = 7y(9*+*(0)), and so Rg(§) = my(g***(0)).

Hence, Rg : RS — RS is a homeomorphism. Let us prove that Rg is a C'*
circle diffeomorphism. By construction of the atlas RA we have that the restrictions
Rgliny sy and R9|mt(sf+1) are C''" diffeomorphisms onto their images. Hence, it is
enough to prove that the map Rg is a C'T diffeomorphism onto its image for (a) a

small arc J C RS containing 0 and for (b) a small arc J C RS containing &.

Let us prove case (a). Let I, = (a,0] C Su11 and I, = [0,b) C Sy be such that
J = my(1y) Umy(ly). Let I, = g(1,) and I, = g* (1) and let I = I,uUl, Hence
Rg(my(I1,)) = my(I,) and Rg(m,(I,)) = my(Iy). Let (I,i) be a chart in A such that
I D I, UI,. The chart jg : J — R is defined as follows:

(i) juomy(x) =i(x), for z € I, and

(ii) ju o my(z) = i(x), for x € I.
Similarly, the chart kg : Rg(J) — R is defined as follows:

(i) ky omy(x) = k(z), for z € I, and

(ii) kg omy(x) = k(x), for € I,, where k : I' = R is a chart in A and I’ D .
Hence, ko Rgoiy' (m,(1,)) = kogoi~*(1,) and ko Rgoiy (m,(1,)) = kog®oi~1(1})
and so Rg is a C'* diffeomorphism in J.

Let us prove case (b). Consider I, = (a,&] C Sy and I, = [£,b) C Su41 be such that
I = n,(I,) Umy(Ly). Let I = g**'(I,) and I} = g(I,) and let I = I U I}. Hence
Ry(my(I,)) = my(I') and Rg(m,(Iy)) = my(I}). Let J = m,(I,) Umy(l,). The chart
ju : J — R is defined as follows:

(i) jg o my(x) = i(x), for x € I, and
(il) jg o m,(x) = i(x), for x € I, where i : I — R is a chart in A such that I O I

Similarly, the chart kg : Rg(J) — R is defined as follows:
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(i) kg o my(x) = k(x), for z € I’ and

(il) kg omy(x) = k(x), for x € I}, where k : I' — R is a chart in A and I' > I".

Hence, ]CHORngEI(ﬂ'g(fa)) = k:og““oj’l(fa) and k:HoRgojgl(Wg(fb)) = kogoj’l(jb)

and so Rg is a C'* diffeomorphism in .J.

Let us consider the rigid rotation g, : S' — S' with respect to the atlas A;s,. By
construction, Ry, is a rigid rotation in RA;s,. We note that |Sy| = v and [S,11] = 72
Since the circle RS has the reverse orientation with respect to the orientation of S, the

rotation number of Rg, is equal to

Y/ +7) =7v/1+7).

Hence, Rg, is affine conjugate to g,. Since g : S — S is a C'* circle diffeomorphism
then there exist a unique quasi-symmetric homeomorphism 1 : S — S! that conjugates
g with the rigid rotation g, and such that ¢(0) = [0] € S'. Hence, the map m, o
1o 7rg_1| gs is a quasi-symmetric conjugacy between Rg and Rg,. Since Rg, is affine
conjugate to the rigid rotation, we get that Rg is also quasi-symmetric conjugate to

the rigid rotation and so, we conclude that Rg is a C'* circle diffeomorphism. [J

We note that, by Lemma 2.1, the map R : F — F given by R(g) = Rg is well defined.
The marked point 0 € S determines the marked point Ogs = 7,(0) in the circle RS.
Since Rg is homeomorphic to a rigid rotation, there exists a unique map h : S — RS,
with h(0) = Ogs, such that h conjugates g with Ryg.

Definition 2.1 If the conjugacy map h : S — RS is C'* then we call g a C'F fixed
point of renormalization. We will denote by R the set of all C** circle diffeomorphisms

g that are C'* fized points of renormalization.

We note that the rigid rotation g, is an affine fixed point of renormalization, with

respect to the atlas A;,. Hence g, € R.

2.3 Markov map

Let g = (g,S,.A) be a C'" circle diffeomorphism, with respect to a C'* atlas A, and
let H = H(S,g) be the horocycle determined by g. Let A be the atlas on H that is
the extended pushforward of the atlas A. Let m, : S = H be the natural projection.
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Let h : S — RS be the homeomorphism that conjugates g and Rg sending the marked
point 0 of S in the marked point Ogs of RS.

3,(0) 7
v
s
v
v
GOt =X K
g3(0) -
0 - T — -
04

9,(0) g4(0) 3-(0)

(v/5 —1)/2. We represent by 0 the point 0 = 7, (0) and by % (0) the points g7(0) =
Ty, 095(0), forn=1,...,4.

Figure 2.3: The rigid Markov map M, , with respect to the atlas AL where v =

Definition 2.2 The Markov map associated to the C'*® circle diffeomorphism g, is
the map M, : H — H defined by

(x):{wgoh_(x) if xeRS

Wgoh_lowgoga“_kowg_l(x) if eS8l for k=1,...,a

We note that
My(my © g*(0)) = 7y 0 g*(0) = 7y 0 g(0)
for every k € {1,...,a+ 2}. We observe that the identification in H of 7, 0 g(0) with

7y 0 g*(0) makes the Markov map M, a local homeomorphism.

The rigid Markov map M, is the Markov map associated to the rigid rotation g,. The

H
150

rigid Markov map M, is an affine map with respect to the atlas Aj;, (see Figure 2.3).

Theorem 2.1 If g is a C'* circle diffeomorphism then the Markov map M, is a local
O diffeomorphism with respect to the atlas A if, and only if, g is a C'F fized point

of renormalization.
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Proof. Throughout the proof we denote M = M, and m = m,. As in Section 2.1, let
Jir be a (I,r) arc and let J* and J be the connected components of J;, with the
property that J;, = JF U JE and {¢} = JEN JE. Let IF and I be the arcs in S such
that JF = w(IF) and JE® = #(If). For simplicity and without loss of generality, we
can consider that ¢'~'(I}) = It and ¢g'="(I%) = I, for every I, € {1,...,a+1}. Let
(Jus11,Jar11) be a chart in RA = Af|gs € A" and let (J;,, ji,) be the chart in A#
given by

o () Jat1,0 07| © g*ttlo (W][f)_l(x) if velJtcSH
N \Z) =9 . ‘ ,
' Jat1,1 0 7pz 0 giTo (W’If)_l(m) if veJFcsh,

Since J C S, by construction of M, we have

-1 -
M ©Jir |jl,T(JlL) =

o (7T|IZL)_1> © 7T|IZL og @ o (7T|ILH)_1 Oj;—:l,l

-1
— (@] (@] o
<7T|So h™oml og
_ 1 -1
= W‘Saﬂ oh™ o Ja+1,1-

(2.1)

Let J® = M(J- ) € SH. By the construction of the Markov map, we have that
JB = M(J}) for every I € {1,...,a + 1}. Since JF c S C RS, by construction of
M, we have

Mo jzﬁl’jl,luﬁ) =mls, oh™ o gl (2.2)

Let J¥ = M(JEF) ¢ SF. Since JB C S® |, for r > 2, we have

Mo gt om =
= (7]s, 0 B omlg, 0 g™ o (wlpm) ) om0 g o (mlpm) T o gty
= s, 0 Wl omlg, 0 g™ o (7| m) T 0 ity
=7ls,0h” o Rgo ja_—i}l,l

= 7T|S2 © 9‘51 © hil © jajil,l (23)

Let J& = M(JF) c S¥. By (2.2) and (2.3), we have that J* = 70 gon'(J") and
JU = M(JB) forr e {2,...,a+1}. Let J = JYUJR and J = JX U JR. Let the arcs
IY and IV in S be given by JL = 7(I*) and JE = ﬂ(fL). Let (J,7) be a chart in A
and let (J,7) be the chart in A" given by

. Jienlpogto(nlp) (@) if xeJt
/ j(x) if zelJit
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Let us prove that if g is a C'* circle diffeomorphism that is a fixed point of renormal-
ization, then M is a C''* local diffecomorphism. By hypothesis h : S — RS is a C'*
diffeomorphism with respect to the atlases A and R.A. Hence, the restriction M|;,; (s
of the Markov map M to int(S) is a local C** diffeomorphism with respect to the
atlas A”. By (2.1) and (2.2), we have

~ 1 = 1 1
joMoj ’jl_ll(JlR) =jomoh™ 0j, ;.

Hence, M|;,, is a local C'* diffeomorphism (see Figure 2.4). For r > 2, by (2.1) and
(2.2), we have

~ 1 = -1 1
joMo Jir |jl,r(Jl,r) =jomoh o Jat1,1-

Therefore, M|, is a C'* local diffeomorphism (see Figure 2.5). Thus, we conclude
that M is a C'" local diffeomorphism.

Let us prove the converse. By hypothesis, M is a local C'* diffeomorphism. Since
moh g = M, and 7 is a local diffeomorphism onto its image, h™! is a C'*
diffeomorphism in RS with respect to the atlases RA and A. [J

The next remark follows from the proof of Theorem 2.1.

Remark 2.1 For every x € S{T take a small arc J, C Sk containing x. Let I, C
U2tLS; be a small arc with the property that w,(I,) = M,(J,). For everyr € {2,...,a+
1}, we have that

Ty 090 (ml1,) ™" © My(x) = My(g" (v)).

2.4 Circle train-track

Similarly to the horocycle H introduced in Section 2.1 we construct the circle train-
track T. Let (g,S,.A) be a C'" circle diffeomorphism. We introduce an equivalence
relation in S by identifying g(0) with ¢g?(0) and form the oriented topological space
T(S,9) =S/ ~. We call T = T(S,g) the circle train-track and we consider the
quotient topology in T. Let 7p = 7y, : S — T be the natural projection. The point
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3,(0)

Figure 2.4: The charts used to prove that Mg is a local C''* diffeomorphism when
restricted to a (I,1)-arc for [ € {1,...a + 1}. Here, K* = j3,(J&), K% = j3,(Jf),
RE = 5(J5) and K% = (J7).

ér = mr(g(0)) = m1(g%(0)) € T is called the junction of the circle train-track T. For
every k € {0,...,a+ 1}, let S§ = SI(S,g) C T be the projection by 7r of the closed

arc S C S, where the arcs S;, are the same as in Section 2.1.

A parametrization in T is the image of a non trivial interval [ in R by a homeomorphism
a: 1 — H. If I is closed (resp. open) we say that «([l) is a closed (resp. open) arc
in T. A chart in T is the inverse of a parametrization. A topological atlas B on the
circle train-track T is a set of charts {(j, J)} with the property that every small arc is
contained in the domain of a chart in B, i.e. for any open arc K in T and any = € K
there exists a chart {(j,J)} € B such that J N K is a non trivial open arc in T and
x € JNK. ACY atlas B in T is a topological atlas B such that the overlap maps

are C'** and have O™ uniformly bounded norms, for some o > 0.

Let A be a C'* atlas on S in which g : S — S is a C'* circle diffeomorphism. We
are going to construct a C'* atlas AT in the circle train-track that is the extended
pushforward A™ = (m1), A of the atlas A in S.
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N

[ O

UNG0) g

Figure 2.5: The charts used to prove that Mg is a local C''* diffeomorphism when
restricted to a (I,7)-arc for r € {2,...a+ 1} and l € {1,...a+ 1}.

If z € T\{¢r} then there exists a sufficiently small open arc J in T, containing z,
such that 7' (J) is contained in the domain of some chart (I,7) in \A. In this case, we
define (J,i07,") as a chart in A". If 2 = £ and J is a small arc containing &y, then
either (i) w'(J) is an arc in S or (ii) 7' (J) is a disconnected set that consists of a
union of two connected components. In case (i), 7 (J) is connected and we define
(J,iomp') as a chart in AT, In case (ii), 7y (J) is a disconnected set that is the
union of two connected arcs J* and J of the form J® = [¢%(0),d) and J* = (c, g(0)],
respectively. Let (I,i) € A be a chart such that I D (¢,d). We define j : J — R as

follows,

i@ :{ iompl(z)  if @€ mr([g3(0),d))
iogomy(z) if x € mp((c,g(0)])

We call the atlas determined by these charts, the extended pushforward atlas of A and,
by abuse of notation, we will denote it by AT = (1), A.

The Markov map Mt = Mr, associated to a C'" circle diffeomorphism g and to the
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circle train-track T is the map Mt : T — T defined by

hil - T T
MT(x):{WTO (x) if xeS;US,

mrohomrogFonyt(z) if zeSE, for k=1,...,a '

Lemma 2.2 Let g be a C'* circle diffeomorphism. Let M, and My = My, be the
Markov maps associated to g defined in the horocycle H and in the circle train-track
T, respectively. Let A" and A" be the extended pushforward atlases in H and T of
the atlas A, respectively. The Markov map M, is a local C** diffeomorphism in H if
and only if My is a local C** diffeomorphism in T.

Proof. If the Markov map My : T — T, associated to the C'* circle diffeomorphism
g, is a local C'* diffeomorphism then, by a similar argument as the one used in the
proof of Theorem 2.1, we obtain that ¢ is a C'* fixed point of renormalization. Again,
by Theorem 2.1, this implies that M, is a local C'* diffeomorphism in H. Now, let
mr. : T — H be the natural projection from T to H. Then A7 = (77 5)..AT and so,
by the definition of Mt and the construction of AT, we obtain that My is a local C'+
diffeomorphism in T. [J

Putting together Theorem 2.1 and Lemma 2.2, we obtain the following Corollary.

Corollary 2.1 If g is a C** circle diffeomorphism, then the Markov map My is a C*
local diffeomorphism with respect to the atlas A" if, and only if, the diffeomorphism g

is a C'* fized point of renormalization.



Chapter 3
Anosov diffeomorphisms

In this chapter we are going to relate Anosov diffeomorphisms with self-renormalizable
structures and C'** circle diffeomorphisms that are C'* fixed points of renormalization
(see also Pinto, Rand and Ferreira [27,34, 35|).

Let us fix a positive integer a € N and consider the Anosov automorphism G : T — T
given by G, (z,y) = (ax + y, ), where T is equal to R?/(vZ x wZ) with v = (v,1)
and w = (—1,7) and v = 7(a) is as in Section 2. Let 7 : R*> — T be the natural
projection. Let A and B be the rectangles [0,1] x [0, 1] and [—~, 0] x [0, 7] respectively.
A Markov partition M., of G, is given by A = 7(A) and B = n(B) (see Figure 3.1).
The unstable manifolds of G, are the projection by 7 of the vertical lines in the plane,
and the stable manifolds of G, are the projection by 7 of the horizontal lines in the

plane.

A C* Anosov diffeomorphism G : T — T is a C1*® diffeomorphism, with o > 0, such
that (i) G is topologically conjugate to G.; (ii) the tangent bundle has a C*** uniformly
hyperbolic splitting into a stable direction and an unstable direction (see [38]). We
denote by G the set of all such C'* Anosov diffeomorphisms with an invariant measure

that is absolutely continuous with respect to the Lebesgue measure.

Throughout this thesis we will use the following notation: we use ¢ to denote an
element of the set {s,u} of the stable and unstable superscripts and ¢’ to denote the
element of {s,u} that is not «. In the main discussion we will often refer to objects
which are qualified by ¢ such as, for example, an ¢-leaf. This means a leaf which is a
leaf of the stable lamination if « = s or the unstable lamination if + = u. In general

the meaning should be quite clear.

26
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Figure 3.1: The Markov partition and the dynamics of the Anosov automorphism
G, : T — T, with v = y(2) = (v/5—1)/2. Note that the image G.,(B) of the rectangle
B is the dark gray rectangle and the image G, (A) of the rectangle A is the whole light

gray area.

If h is the topological conjugacy between G, and G, then a Markov partition Mg of
G is given by h(A) and h(B). Let d = d, be the distance on the torus T, determined
by a Riemannian metric p. For ¢ € {s,u}, we define the map G, = G if + = u, or

G, =G 1if 1 = 5. Given z € T, we denote the local (-manifolds through z by
Wiz,e) ={y e T:d(G,"(x),G,"(y)) <e, foralln >0} .

By the Stable Manifold Theorem (see [38]), these sets are respectively contained in

the stable and unstable immersed manifolds

W) = J @ (W (G @), 20))
n>0
which are the image of C'™ immersions Kz : R = T, for some 0 < o < 1 and some
small g > 0. An open (resp. closed) t-leaf segment I is defined as a subset of W*(x)
of the form &, ,(I;) where I; is an open (resp. closed) subinterval (non-empty) in R.
An ¢-leaf segment is either an open or closed t-leaf segment. The endpoints of an t-leaf
segment I = k, ,(I;) are the points x, ,(u) and k, ,(v) where v and v are the endpoints
of I;. The interior of an t-leaf segment [ is the complement of its boundary. A map
c¢: I — Ris an t-leaf chart of an (-leaf segment [ if ¢ is a homeomorphism onto its

image.
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3.1 Spanning leaf segments

One can find a small enough ¢y > 0, such that for every 0 < & < g¢ thereisd = §(¢) > 0
with the property that, for all points w, z € T with d(w, z) < §, W*(w, e) and W?(z, ¢)

intersect in a unique point that we denote by
[w, z] = W*(w,e) N W?(z,¢).

A rectangle R is a subset of T which is (i) closed under the bracket, i.e. z,y € R =
[z,y] € R, and (ii) proper, i.e. it is the closure of its interior in T. If ¢* and ¢° are
respectively unstable and stable closed leaf segments intersecting in a single point then
we denote by [(*, ¢°] the set consisting of all points of the form [w, z] with w € ¢* and
z € £°. We note that [(“ ¢°] is a rectangle. Conversely, given a rectangle R, for each
x € R there are closed unstable and stable leaf segments of T, ¢*(z, R) C W*(z) and
0*(x, R) C W#(x) such that R = [(*(x, R),(*(z, R)]. The leaf segments ¢*(x, R) and

0%(x, R) are called spanning stable and spanning unstable leaf segments, respectively.

Figure 3.2: A basic stable holonomy 0 : ¢“(z, R) — ("(z, R).

3.2 Basic holonomies

Suppose that = and z are two points inside any rectangle R of T. Let ¢*(z, R) and
0°(z, R) be two spanning stable leaf segments of R containing, respectively, = and z.
We define the map 6 : ¢*(x, R) — (*(z,R) by (w) = [w, 2] (see Figure 3.2). Such
maps are called the basic stable holonomies. They generate the pseudo-group of all

stable holonomies. Similarly, we can define the basic unstable holonomies.
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3.3 Lamination atlas

The stable lamination atlas L5(G, p), determined by a Riemannian metric p, is the set
of all maps e : I — R, where e is an isometry between the induced Riemannian metric
on the stable leaf segment I and the Euclidean metric on the reals. We call the maps
e € L° the stable lamination charts. Similarly, we can define the unstable lamination
atlas L*(G, p). By Theorem 2.1 in [30], the basic stable and unstable holonomies are
C'* with respect to the lamination atlas £5(G, p).

3.4 Circle diffeomorphisms

Let G € G be a C'" Anosov diffeomorphism with an invariant measure absolutely
continuous with respect to the Lebesgue measure and topologically conjugate to the
Anosov automorphism G, by a homeomorphism h. For each Markov rectangle R,
let t} be the set of all spanning unstable leaf segments of R. By the local product
structure, one can identify t3, with any spanning stable leaf segment ¢*(z, R) of R.
We form the space Sg by taking the disjoint union tha) L] thp)» where h(A) and h(B)
are the Markov rectangles of the Markov partition Mg, and identifying two points
I €t and J € 3, if (i) R # R, (ii) the unstable leaf segments I and J are unstable
boundaries of Markov rectangles, and (iii) int(I N J) # (). Topologically, the space
S¢ is a counterclockwise oriented circle. Let s, : |—|REMG R — Sg be the natural

projection sending z € R to the point ¢*(z, R) in S¢.

Let Is be an arc in S¢ and [ a leaf segment such that 7g, (1) = Is. The charti: I — R
in £%(G, p) determines a circle chart is : Is — R for Is given by ig o 15, = i. We
denote by A*(Sq, G, p) the set of all circle charts ig determined by charts i in £5(G, p).
Given any circle charts is : Is — R and js : Js — R, the overlap map

jsoigt tig(Is N Js) — js(Is N Jg)

is equaultojgois_1 =jofoi ! wherei=igoms,: ] +Rand j=jsoms,:J =R
are charts in £L°(G, p), and

0 i (is(IsNJs)) — j  (js(Is N Js))

is a basic stable holonomy. By Theorem 2.1 in Pinto and Rand [30], there exists
a > 0 such that, for all circle charts is and js in A*(Sq, G, p), the overlap maps
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Figure 3.3: The arc rotation map gg = g : ms,(I) = 7s.(J). We note that S =
msg (1) = ms,(J) and £(x) = ms,(x) is the spanning unstable leaf segment containing

x.

jsoig! = jofoi ! are C* diffeomorphisms with a uniform bound in the C**@
norm. Hence, A*(Sq, G, p) is a C'T atlas.

Suppose that I and J are stable leaf segments and # : I — J is a holonomy map
such that, for every x € I, the unstable leaf segments with endpoints x and 6(x) cross
once, and only once, a stable boundary of a Markov rectangle. We define the arc
rotation map Og : ms,(I) — ms,(J), associated to 8, by Og(ms,, () = s, (A(x)) (see
Figure 3.3). By Theorem 2.1 in Pinto and Rand [30] there exists a > 0 such that the
holonomy @ : I — J is a C'** diffeomorphism, with respect to the C'* lamination

atlas £*(G, p). Hence, the arc rotation maps O are C'* diffeomorphisms, with respect
to the C''T atlas A(G, p).

Lemma 3.1 There is a well-defined C'* circle diffeomorphism ge, with respect to the

C'* atlas A*(Sg, G, p), such that gIWSGU) = Oq, for every arc rotation map 0. In
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particular, if G, is the Anosov automorphism, then g is the rigid rotation g, with
respect to the isometric atlas A*(Sq,, G, E), where E corresponds to the Euclidean

metric in the plane.

Proof. Let us consider the Anosov automorphism G, and the lamination atlas L;s, =
L(G,, E). Let Ajso = A°(Sq,, G+, E) be the atlas on S, determined by L;s,, where
Se, is as above. The overlap maps of the charts in A;,, are translations, and the arc
rotation maps éGw t Tsq, (1) = Tsq (), as defined above, are also translations, with
respect to the charts in Aj;y,. Furthermore, the rigid circle rotation g, : Sq, — Sq.,
with respect to the atlas A;,,, has the property that gv|7rSG7 (n = éGw' Hence, for every
Anosov diffeomorphism G, let A : T — T be the topological conjugacy between G,
and G. Let g : S¢ — Sg be the map determined by g o 7 o h(x) = g, o g, (z), with
rotation number v/(1 + 7). Since the arc rotation maps fg = s, (1) — 7 (J) are
C*, with respect to the atlas A(G, p) and Ilrs () = 6, we obtain that g is a C*F
diffeomorphism. [

3.5 Train-tracks

Train-tracks are the optimal leaf-quotient spaces on which the stable and unstable

Markov maps induced by the action of G on leaf segments are local homeomorphisms.

Let G € G be a C'* Anosov diffcomorphism. Let h be the homeomorphism that
conjugates G with G,. We recall that, for each Markov rectangle R, t3 denotes the
set of all spanning unstable leaf segments of R and, by the local product structure,
one can identify ¢3 with any spanning stable leaf segment ¢°(z, R) of R. We form
the space T¢; by taking the disjoint union & ,) |_|th(3), where h(A) and h(B) are the
Markov rectangles of the Markov partition M¢ and identifying two points I € t3 and
J € t%, if (i) the unstable leaf segments I and J are unstable boundaries of Markov
rectangles and (ii) int(/ N J) = (). This space is called the stable train-track and it is

denoted by T¢. Similarly, we define the unstable train-track T¢.

Let s, : |_|R€MG R — T% be the natural projection sending the point x € R to
the point (“(z, R) in Tf. A topologically regular point I in T¢ is a point with a
unique preimage under 7rs, (i.e. the preimage of I is not a union of distinct unstable
boundaries of Markov rectangles). If a point has more than one preimage by s, then

we call it a junction and we denote it by j7°. Hence, there is only one junction.
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A chart ¢ : I — R in £5(G,p) determines a train-track chart it : Iy — R for Ir
given by ir o mps, = i. We denote by A°(T¢, G, p) the set of all train-track charts ir
determined by charts ¢ in £°(G, p). Given any train-track charts iz : Ir — R and
Jr - Jr — Rin A*(TE, G, p), the overlap map

jT o Z;l : iT(IT N JT) — jT(IT N JT)

is equal tojToi}1 :joeofl,wherei:iTowTE I —>Rand j=jromr, : J >R
are charts in £L(G, p), and

0 i (ir(Ir N Jr)) — § 7 Gr(Ir O Jr))

is a basic stable holonomy. By Theorem 2.1 in Pinto and Rand [30], there exists
a > 0 such that, for all train-track charts ir and jr in A*(TE, G, p), the overlap maps
jroip' =jofoi~! have C1** diffeomorphic extensions with a uniform bound in the

C norm. Hence, A*(T§, G, p) is a C'T atlas on T§,.

3.6 Markov maps

The (stable) Markov map mgs = msq : TE — T¢ is the mapping induced by the
action of G on spanning unstable leaf segments and it is defined as follows: if I € T,
then my(I) = mps,(G(I)) is the spanning unstable leaf segment containing G(I). This
map my is a local homeomorphism because G sends short stable leaf segments home-
omorphically onto short stable leaf segments. Similarly, we can define the (unstable)

Markov map m,, = my g : T — T¢.

A stable leaf primary cylinder of a Markov rectangle R is a spanning stable leaf segment
of R. For n > 1, a stable leaf n-cylinder of R is a stable leaf segment I such that
(i) G™I is a stable leaf primary cylinder of a Markov rectangle R'(I) € Mg; (ii)
G" (0*(z,R)) C R'(I) for every x € I, where (“(x, R) is an spanning unstable leaf

segment of R.

For n > 1, a n-cylinder is a subset C' of T¢, or T% such that, for ¢ € {s,u}, m!'C is
in A" =t} 4 or in B* =t} ) and m;" is a homeomorphism of int C" onto int m;'C'.
Hence, a n-cylinder is the projection into Ty of a t-leaf n-cylinder segment. Thus,

each Markov rectangle in T projects in a unique primary ¢-leaf segment in T,.

Given a topological chart (e,U) on the train-track T and a train-track segment
C C U, we denote by |C|. the length of e(C). We say that m, has bounded geometry
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in a C'* atlas B, if there is x; > 0 such that, for every n-cylinder C; and n-cylinder Cj
with a common endpoint with C, we have x;' < |C1]./|Ca|e < K1, where the lengths
are measured in any chart (e, U) of the atlas B such that C; UCy C U.

Lemma 3.2 Given a C'* Anosov diffeomorphism G € G, with respect to a C'+

atlas A, the Markov map my = m g is a C* local diffeomorphism and has bounded
geometry with respect to the C'* atlas A*(T%, G, p).

Proof. Let Ir be an arc in T{ and let I be a leaf segment such that WTE(]) = Ip. Let
Jr = mg(I7) and J be the leaf segments such that G(I) = J. Let ip : I — R and
Jr : Jr — R be the charts given by iromre, =4 and jromrs, = j. Since jrom oz';l =
joG loi™! we obtain that jrom,oiy' is a local C'* diffeomorphism and so m; is a
local C'* diffeomorphism with respect to the atlas A*(T%, G, p). Furthermore, since

G~ is uniformly expanding along stable leaves, m, has bounded geometry. []

3.7 Exchange pseudo-group

Suppose that I and J are stable leaf segments and let # : I — J be a basic stable
holonomy. The map 6 : WTSG(I ) — WTsG(J) given by fp o Trs, = Trs, © 0 is a stable
exchange map. The set of all stable exchange maps is the stable exchange pseudo-group
and will be denoted by Eg.

Lemma 3.3 The elements of the exchange pseudo-group Eq are CY* diffeomorphisms
with respect to the C'* atlas A*(T%, G, p).

Proof. Let I and J be two stable leaf segments and let § : I — J be a basic stable
holonomy. Let Iy = re (1) and Jp = 7re (J). Let i: I — R and j: J — R be two
charts in the stable lamination atlas £5(G, p) and let it : I+ — R and jr : Jp — R the
charts in A*(T¢, G, p) given by ipomps, =i and jromrs, = j. By Theorem 2.1 in Pinto
and Rand [30] the map jofoi~" is a C'* diffeomorphism. Since jpofpoizt = jofoi~!
we get that the stable exchange map fr mrs, (1) — mps, (J) is a ' diffeomorphism.

O
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3.8 Self-renormalizable structures

A C' structure S = S(T%,) on T%, is a maximal set of charts on T, such that all the
charts are C'* compatible. Let B be a C'™ atlas of S, for some o > 0, and let Bls,
be the set of charts in B that are also charts in Sg.We note that a C*** atlas B in T

determines a unique C'* structure S(T%, B) on T%,.

Definition 3.1 A C'* structure S(T¢, B) on T is a stable self-renormalizable struc-

ture if it has the following properties:

(i) The Markov map ms = msq is a C'™* local diffeomorphism, for some a > 0,

and has bounded geometry with respect to B.

(ii) The elements of the exchange pseudo-group Eg are C'* diffeomorphisms with
respect to the C'* atlas B.

We observe that the elements of the exchange pseudo-group Eg are C'* diffeomor-
phisms with respect to the C'* atlas B if, and only if, the map gg is a C' local

diffeomorphisms with respect to Bls,..

Lemma 3.4 The map G — S(T§, A*(TE, G, p)) associates to every C'F conjugacy

class of C'* Anosov diffeomorphisms a C'* self-renormalizable structure.

Proof. By Lemma 3.2, the Markov map m, = m, ¢ is a C'" local diffeomorphism and
has bounded geometry with respect to the C'* atlas A*(T%, G, p). By Lemma 3.3,
the elements of the exchange pseudo-group Eg are C'* diffeomorphisms with respect

to the C''* atlas A*(T%,, G, p). O

Let h be the topological conjugacy between G and the Anosov automorphism G.,. The
map h induces a unique homeomorphism hy : Tg, — T¢  given by hr(x) = h(z) and

a unique homeomorphism hs : S¢ — S¢., given by hg(z) = h(x). Furthermore,
hromg,ag=msq, ohr and hsomsg=msqa, o hs.

Hence, every C'* self-renormalizable structure S(T%, B) on T%, determines a unique
C't self-renormalizable structure S(T¢, . (hr).B) on Tg  that is the pushforward
structure of S(T¢;, B) by hr. Hence, the map S(T¢, B) — S(T¢, . (hr).B) determines
a one-to-one correspondence between C'" self-renormalizable structures on T¢, and

C'* self-renormalizable structures on TZ, -
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3.9 Circle diffeomorphisms and self-renormalizable struc-

tures

Let ¢ = (g9,S,A) be a C'* circle diffeomorphism. Let h : S — S! be the conjugacy
map between ¢ and the rigid rotation g,. Let A, = h,A be the pushforward of the
atlas A by h. Hence, by construction (g, S, .A) is C'* conjugate to (g,,S', A,). Hence,
every C'' conjugacy class of a circle diffeomorphism (g,S,.A) contains a C'* circle

diffeomorphisms of the form (g,,S', A,).

Remark 3.1 We note that S = Sa.,, Ty, = T . 9y = gc, and mg, = mg,.

By the above remark, every C''* circle diffeomorphism (g,,S', A) determines a C'**

atlas A" in T, = Tg and a corresponding C'* structure S(Tg_, A”).

Theorem 3.1 The map (g,,S', A) — S(TEW,AT) induces a one-to-one correspon-
dence between C'F circle diffeomorphisms that are C** fized points of renormalization

and C'* self-renormalizable structures.

Proof. Given a C'* circle diffeomorphism (g,,S", A), by Section 2.4, this determines a
circle train-track Ty, = T¢_ and an atlas A" on T . Since, (g,,S',.A) is a C'* fixed
point of renormalization then by Lemma 2.2 the Markov map m,, = mg, isa C * Jocal
diffeomorphism with respect to A”. Conversely, if S(T g,) isaC I+ gelf-renormalizable
structure, then my, = mg, is a local C'*e diffeomorphism with respect to a C1*¢
atlas A" of S(T,, ). Hence, by Lemma 2.2, g, is a C'* circle diffeomorphism that is a

C1* fixed point of renormalization with respect to the atlas AT|gi. O
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HR Structures

A C'* conjugacy class of Anosov diffecomorphisms of the torus is determined by its
HR-structure, where HR stands for Holder ratios. These associate an affine structure

to each stable and unstable leaf in such a way that these vary Hoélder continuously
with the leaf (see Pinto and Rand [31]).

An affine structure on a leaf is equivalent to a ratio function r(z,y, z) which can be
thought of as prescribing the ratio of the size of the segment between y and z to that
between x and y for all points =,y and z in the leaf. We can restrict the domain of r
to those triples such that x < y < z. A ratio function is positive, continuous in z, y

and z and satisfies the following equalities:

r(z,y,2) =r(z,y,2) tand r(w, x,2) = r(w, z,y)(1 +r(z,y,2)). (4.1)

For « = s and u, let T* be the set of all triples (x,y, z) which are contained in some

extended (-leaf segment and are such that r <y < 2.

Let d, be the metric on T¢ defined as follows: if &,n € T¢, d,(&,n) = 27" if, for
0 <i<mn, G¢ and G'n are both in A or both in B while for i = n this is not true.

We say that r* : T* — R is a t-ratio function if (i) r* is continuous in 7*; (ii) r* is

invariant under the Anosov map G, i.e. r'(x,y, 2) = r*(Gz, Gy, Gz) for all (z,y,z) € T*

and (iii) for every basic t-holonomy maps € between the leaves ¢ and 7,

rt(0z, 0y, 0z)
r(z,y, z)

where the constants « € (0,1) and ¢y € R only depend upon 7 and not on the points

log < cody(§,m)" (4.2)

(x,y,z) and (0z,0y,0z) or on & and n. Inequality (4.2) and the invariance of r* under

36



CHAPTER 4. HR STRUCTURES 37

the Anosov map implies

’lo rt(0z, 0y, 6z)

iy ) | = alde(&mdie,2))” (4.3)

where d,(z, z) is the d, distance between the leaf segments in T¢, containing x and z
and the constants o € (0,1) and ¢y € R only depend upon r and not on the points
(x,y,z) and (0x,0y,0z) or on & and n. By Proposition 3.4 of [31] this implies that r*
is Holder continuous along leaves. We call r* : T — R™ a stable ratio function and

r“:T% — R* an unstable ratio function.

Definition 4.1 A HR-structure is a pair (r®,r*) consisting of a stable and an unstable

ratio function.

4.1 Basic holonomies and the atlas associated to a

ratio function

We will use the notion of a bounded atlas on T%. This is a set of charts of a C'F
structure on T% with the following two properties: (i) the charts are C'**-compatible
for some o € (0,1) and their overlap maps are uniformly bounded in the C'*® norm
and (ii) m, has bounded geometry in these charts. Any C*** structure with bounded

geometry contains a bounded atlas by compactness of T¢..

We now define the bounded atlas A,.. This is a set of charts of a C'* structure on

- which is determined by a ¢-ratio function r*. Suppose that J is a segment in T,
with endpoints x and z with x < z. If £ is any extended (-leaf segment, let A\, : J — ¢
be a continuous map such that A\y(y) is an intersection of the ¢/-leaf segment y with
¢. Since ¢ is an extended leaf segment, there might be two choices for \,. A ratio
function r on ¢ determines a unique homeomorphism j, : ¢ — [0, 1] which preserves

the affine structure of ¢ determined by r and a mapping 4,5, : J — R defined by
ir,70(2) = jo o Ae(y).

Now if r* is any ¢-ratio function, the atlas A,. consists of all charts of the form i, ;.
By Proposition 4.1 below all these charts are C1*® compatible for some o € (0,1) and
the atlas is bounded.

Proposition 4.1 Suppose that r is a t-ratio function. Then there is o € (0,1) such

that all basic t-holonomies 0 : £ — (' are C'** diffeomorphisms for some o € (0,1)



CHAPTER 4. HR STRUCTURES 38

as mappings between the af on ¢ and ¢' defined by r. Moreover, the C1*® norm of the

induced maps 0 is uniformly bounded in A,.

Note that when we say that the C'™ norm of the mappings 6 is uniformly bounded
in A, we mean that where defined the maps j* 0 6 o i are uniformly bounded in the

O norm for all charts ¢ and j contained in A,.

Proof. We must check that j~'ofoi is C* for some a > 0. Take a sequence z,, € ¢
converging to x. Let I,, be the image by i of the segment in ¢ between z,, and x and
let J, = jofoi'(I,). By inequality (4.3),
|Jn+1|
|]n+1|

|

€ (1 O(L )7,

(4.4)

for some 0 < 8 < 1 which only depends upon r. Thus |J,|/|I,| converges to a limit
as n — oo which is #'(z). The convergence is exponentially fast i.e. 6'(x)|L,|/|J.| €
1 + O(|1,,)%) whence ¢ is Holder continuous with exponent « for all 0 < a < 8.
The uniformly boundedness in A, follows because the bound in inequality (4.4) just

depends upon r. []

4.2 Realized HR structures

Let G be a C'" Anosov diffeomorphism in G, and let £*(G, p) be an unstable lam-
ination atlas associated to a Riemannian metric p. If I is an unstable leaf segment
then by |I|, we mean the length of the unstable leaf containing I measured using the
Riemannian metric p. Let hg : T — T be the topological conjugacy between the
automorphism G., and the Anosov diffeomorphism G. Using the mean value theorem
and the fact that G is C**® uniformly hyperbolic, for some o > 0, for all short unstable
leaf segments K of G, and all leaf segments I and J contained in K, the unstable

realized ratio function r¢ given by

B (e e 2 E))]
el D) = G e )

is well-defined (see Lemma 3.6 in [31]). Similarly, we have the definition of stable

(4.5)

realized ratio function r¢.

Theorem 4.1 The map G — (rg,rd) determines a one-to-one correspondence be-
tween C'F conjugacy classes of Anosov diffeomorphisms G and pairs of stable and

unstable ratio functions.
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See proof of Theorem 4.1 in [31].

4.3 Self-renormalizable structures and ratio functions

Theorem 4.2 The map S — r% induces a one-to-one correspondence between C

self-renormalizable structures S on T¢ and t-ratio functions r.

See also Pinto, Rand and Ferreira [34-36].

Proof. Let 8 be a C'* self-renormalizable structure on Tk, and let A be a bounded at-
las for S. Let (zg, x1,22) € T*. Let 2} = (G,) "z and suppose they are not contained
in the -boundary of A or B. Let 2z = m,x}. Then m"(z}') = z. Consequently, the
points z{, 2] and z3 are at most a distance apart which is O(v"™) for some v € (0,1).
Thus if (4,U) is a chart in A such that U contains z{, 2" and 2} and we define

(20,21, 23) = i(23) — i(28)|

then r,(z, 27, 28') is independent of the chart in A up to multiplication by an error
term that is 1+ O(v#") for some 3 > 0. But m, is smooth in the atlas A and therefore

r(zo, x1,x2) = Um r, (27, 27, 25)
n—oo
exists and is approached exponentially fast i.e.
r(zo, x1,22) € (1 £ O(K"))rn(zy, 21, 25)

for some x € (0,1). If for some n > N, z} is contained in the (-boundary of A or B
then we have two choices z}! and h(z}) for the points m,(z}), but since h is smooth
the ratios (2, 27, 25) and r,(hz{, hz], hzl) converge to the same limit. Thus r is

well-defined and it is Holder continuous in (zg, x1, ) with respect to the metric d,.

Now we must check that r depends Hoélder continuously on the leaf. Suppose that
(20,21, 72) € T* lie in the leaf ¢ € T and

(If)ax/uxé) = (bzo, 0x1,0x,)

is the image under the basic holonomy 6 from £ to n € Té. Assume that £ and 7 are in

a common n-cylinder of T%. Then, for all 0 < i < n, 2%, = (G,)"'zy, and z¥ = (G,) "'z},
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are either both in A or both in B. Therefore, if 2z} = 2% and 2} = m,2¥, 2 = 2V for

0 < i < n. Consequently,
r(zo, x1,x2), r(0xg,011,012) € (1 £ O(K"))rn(z), 21, 25)

for some 0 < kK < 1 independent of the triples and leaf segments ¢ and 7. It follows

that
r(0zg, Oxq, 0xs)

T(‘r07 €, SUQ)

as required. A similar argument applies if 2, 1 and x5 are not contained in a single

< O(K")

log

leaf segment but are all contained in an extended leaf segment.

The converse follows from Proposition 4.1. For § we take the structure determined by
the atlas A, defined above. [J



Chapter 5
Solenoid functions

Let sol” denote the set of all ordered pairs (7, J) of unstable spanning leaf segments of
the Markov rectangles A and B of G, such that the intersection of I and J consists of
a single endpoint. Since the set sol” is topologically a finite disjoint union of disjoint
intervals, i.e. the disjoint union of a primary stable leaf of A and a primary stable leaf

of B, it has a natural topological structure (see Pinto and Rand [28]).

We define a pseudo-metric dgop+ : sol” x sol” — R on the set sol” by

duore (1,7), (I, J')) = max {d (I, I') ,d (J, J')} .

Similarly, we define the sol® and the pseudo-metric dgs : sol® x sol® — R*.

Let G be a C'* Anosov diffeomorphism in G. We call the restriction ré|sol” of an
unstable ratio function r¢ to sol, the wunstable realized solenoid function and we
denote it by og = r¢|sol”. Similarly, we call the restriction r&|sol® of an unstable
ratio function r¢ to sol, the stable realized solenoid function and we denote it by
og = ri|sol®. By construction, the restriction og of the unstable ratio function to
sol" gives a Holder continuous function satisfying the matching condition and the

boundary condition, as we now proceed to describe (see Theorem 6.1 in [31]).
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5.1 Holder continuity of solenoid functions

The Holder continuity of solenoid functions means that for all t = (I,J) and t' =

(I',J") in sol = sol",
oc(t) — oc(t')] < O ((dsar (£, 1)),

for some a > 0.

5.2 Matching condition

Let (I,J) € sol. Suppose that there are pairs
(lo, 1), (11, 12), - ., (In—2, In1) € sol
such that G, I = (JiZ) [; and G, J = {J/Z; I;. Then

GJ] > 1| _ S T 15l /i |
G Il Sl 1+ S T 5/ i

Hence, the realized solenoid function og must satisfy the matching condition (see

Figure 5.1) for all such leaf segments:

n—1 7 .
. 10 Ii— . ]z
G(I : J) ijk =1 G’( 1 )

_ izt . (5.1)
1+ 25:11 g:l Ug([i_l . [z)

aG(G7I.-G7J)
GI G, J

N2 AN 2 NN

on~(Iy1;) on(1;:1,) on(1,1,) oa(yl))
G G G 3 4

Figure 5.1: The matching condition for the solenoid function o with £ = 2 and n = 5.
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Lemma 5.1 Let og : sol — R" be a realized solenoid function. For a € N, the
matching condition holds for og if, for every (K1, K3) € sol, the following conditions
hold:

(i) if K1, Ky € A, then

a+1 2a+1 J

1+ ) oIy : [

Ug(Kl : KQ) = HUG(Ik : Ik+1> ZJ*Z—FQ h=at2 G( il k+1) . (52)
1+>05, [T oa(li : Tri)

k=1
where I, ..., Inao are such that G,(K;) = UL, GL(Ky) = UZEE,1 and
(I;,I;41) € sol forie {1,...,2a+ 1}.

(i1) if Ky € A and Ky € B, then

a+1 -1
oa(Ky : Ko) = [[oa(i : In) (1 + Z H oIy : sy ) (5.3)
k=1

7j=1 k=1

where Iy, ..., I, o are such that G, (K,) = U I;, G, (Ks) = L,4o and (I;, I;11) €
sol fori e {1,...,a+ 1}.

(i17) if K1 € B and Ky € A, then

oa(K1: Ka) = oa(ly : ) (1 + GZH Iy [k+1)) (5.4)

where Iy, ..., 1,19 are such that G,(Ky) = I, G,(K3) = U2 and (I, Iiy) €
sol fori e {l,a+1}.

Proof. 1f (K1, K») € sol then (K7, K») satisfies either condition (i), (ii) or (iii) above
(see Figure 7.3). Let us check that the formulas (5.2), (5.3) and (5.4) correspond to
the matching condition (5.1) for og.

(i) If Ky, Ky € A then there exists (I;, [;11) € sol, for i = 1,...,2a + 2, such that
G»Y(K1> = Il U---u Ia+1 and G»Y(K2> a+2 U---u Iga+2. Furthermore,

a a+1 2a+1 |I |
Gy (K)o, | ﬁmm <1+2J T s ff:l>

GRS L0\ 1+ S T,

k=1

Hence, equality (5.2) follows from equality (5.1).
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(i) If Ky € A and K, € B then there exists (I;, ;1) € sol, fori =1,...,a+ 1, such
that G, (K1) =1 U--- U141 and G (K3) = I,49. Furthermore,

GL(KS)| ayal 57 e [T
= 1+
TS R S e

k=1 ]1k1|k’

Hence, equality (5.3) follows from equality (5.1).

(iii) If K3 € B and K, € A, then there exists (I;, [;+1) € sol, for ¢ = 1,2, such that
G,(K1) =1 and G,(K3) = I, U--- U I,o. Furthermore,

Gy (K)| _ 35555 L] _ | %ﬁmm.
|G ()] |11 |11 | Ik |

=2 k=2

Hence, equality (5.4) follows from equality (5.1). O

5.3 Boundary condition

Let (1;, I;+1), (Jj, Jj+1) € sol, for each i € {0,...,m} and each j € {0,...,n} with the
following properties: (i) Io = Jo, (ii) U, [; = UJL, J; and (iii) [; # J; for all i > 1 and

all 7 > 1. Then the following two ratios are equal

Ll JUZ L] U, ) | Jj]
ZH il o | Jol ZH | Jjal

=1 j=1 i=1 j=1

We observe that the unstable spanning leaf segments Iy, ..., I, and Jy,...,J, must be
boundaries of Markov rectangles. Thus, a realized solenoid function og must satisfy

the following boundary condition for all such leaf segments:

ZHO’G (Ij—l : I]) = ZHO‘G (Jj—l : J]) . (55)

i=1 j=1 i=1 j=1

Let Ki, Ky and K3 be the unstable spanning leaf segments as defined in Section 7.
Let Ky be the unstable spanning leaf segment in A such that Ko N K; = {yo}. Let
the unstable spanning leaf segment [; be the right boundary of the Markov rectangle
B and the unstable spanning leaf segment I, be the right boundary of the Markov
rectangle A (see Figure 5.2).
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Lemma 5.2 Let og : sol — RT be a realized solenoid function. The boundary

condition holds for og if the following conditions hold
oa(Ko: K1) (1+06g(Ky: Ky)) =06(Ko: I)(1+ o¢(ly : I)); (5.6)

and
Og(Kg . KQ)(l + Ug(KQ . Kl)) = U(;(Kg : [2)(1 + O'G'(IQ . Il)) (57)

Proof. Since I} and K, are the unstable boundaries of the Markov rectangle B and
I, and K are the unstable boundaries of the Markov rectangle A, then the boundary

condition (5.5) corresponds to

| 5| (1 ’Kzf) _ KUK [LUL[ L4 (1+@)
| Kol | K | Ko | Ko | Kol Inya

and K. K Ky UK LHUI I I
\2\<1+’1’):’1U 2\:’1U2\:’2’(1+ﬂ).
| /5] | 1, | | K] | K] | K] | 12|

Hence, the boundary condition for o is given by (5.6) and (5.7). O

5.4 Solenoid functions

Definition 5.1 A function o : sol — R" is a (unstable) solenoid function, if the
following conditions hold: (i) o is Hélder continuous; (ii) o satisfies the matching
condition given by the equalities (5.2), (5.3) and (5.4); and (iii) o satisfies the bound-
ary condition given by the equalities (5.6) and (5.7).

By Theorem 6.1 in [31], we have the following equivalence:

Lemma 5.3 The map r — r|sol gives a one-to-one correspondence between ratio

functions and solenoid functions.

Theorem 5.1 The map G — (r&|sol®, ri|sol") determines a one-to-one correspon-
dence between C** conjugacy classes of Anosov diffeomorphisms G and pairs of stable

and unstable solenoid functions.

See the proof of Theorem 5.1 in [31].
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Figure 5.2: The Boundary condition for the realized solenoid function og.



Chapter 6

SRB and Gibbs measures

Pinto and Rand [31] proved a one-to-one correspondence between C'T conjugacy
classes of Anosov diffeomorphisms on surfaces and pairs of stable and unstable ratio
functions. Given an Anosov diffeomorphism, the corresponding ratio functions r* and
r* are dual if, and only if, the Anosov diffeomorphism has an invariant measure that
is absolutely continuous with respect to Lebesgue measure. In Theorem 6.4, it is
proved an equivalence between C'* Anosov diffeomorphisms whose SRB measure is
absolutely continuous with respect to two dimensional Lebesgue measure and C'*+

self-renormalizable structures (see Pinto, Rand and Ferreira |36]).

6.1 Duality of train-tracks

In this section we show how T% can be regarded as the dual of T, where, as before,
¢/ denotes an element of the set {s,u} that is not . The dual of T, is defined as a

quotient space ¥/ ~ and we will denote it by (T¢)*.

Recall from Section 3.6 that a n-cylinder is a subset C' of T, such that m]'C' is A* or
B* and m] is a homeomorphism of int C' onto int m]'C'. A point £ = (;)2, of ¥ is
a backward orbit of cylinders in T¢, i.e. Iy is A* or B* and m, sends the i-cylinder I;
onto the (¢ — 1)-cylinder I;_;. There is a natural Markov map m,, on ¥ defined by
m,.«((1;)) = (K;) where K; is the i-cylinder containing I; ;.

For ¢+ € {s,u} let j* denote the junction of T%. There are four special points j', ..., j*

in ¥ two of which are given by the backward orbits (I;) for which the junction j* € I;

47
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for all 4 > 0 while the others are given by the backward orbits (K;) such that K is
adjacent to I; and contained in I for all ¢ > 0. Here I is the (i —1)-cylinder containing

the i-cylinder I;. These points will all be identified to give the junction j* of (T )*.

We define special subsets ¥,, of ¥ on which we carry out identifications. A point

x = (I;) is in X, if one of the following two equivalent properties is true:

(1) mp.(x) = j* but mj 7 (x) # j*.

Ly

(ii) there exists a point y = (K;) € 3 such that (a) K,,_y = I, and (b) either
int h(I,,) C int K, # 0 or int I, C int h(K,,) # 0 for all m > n. In this
case we denote y by y(z) or x by x(y) respectively.

Note that the points j', ..., j* are the only points in ¥, and we can choose their order

such that y(j%) = j', y(j%) = j* and y(j*) = j.

Definition 6.1 The dual train-track (Ti,)* is the quotient space of ¥ in which the four
points in the junction are identified and each of the pairs x,y(x) € 3, is identified in

a single point.

We call y : U,>0X, — Up>0X, the identification map. It gives a local order on
the n-cylinders of ¥ by saying that the cylinder containing y(x) follows the cylinder

containing x. This in turn induces a local order on the train-track (T¢)*.
The map m, . : ¥ — X induces a Markov map of (T¢)* which we also denote by m, ..

We also define a map h, . : (Tg)" — (Tg)* as follows. If & = (I;) and & = (J;) are
in (Tf)* such that for all i, I; and J; meet in an endpoint and I; < J;, then we write

& = h,«(&). The map h, . is one-to-one except at the junction where is one-to-two.

For a n-cylinder C' in TY, define C* and CT by
C*={¢=(L):I,=K} and C'=m,0G"or *(C).

The subsets C* are the n-cylinders of (T%)* and C* and CT are called the duals of C
(see Figure 6.1).

Note that a backward orbit (C}) of cylinders of (Tf)* under m,, corresponds to a
nested sequence of cylinders C; in Tf, and therefore (C*)* is naturally identified with

C.
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Figure 6.1: The geometric relation between a cylinder C' in T¢ and its dual. This
is obtained by taking the ¢-leaf segments in C' and applying a power of G, to get a
rectangle that is the union of (-leaf segments. Note how a nested sequence of cylinders

corresponds to a backward orbit of cylinders in the original train-track.

Lemma 6.1 There is a natural identification of (T%)* with TY, which identifies m, .
with m,s, h, . with h, and C* with C1 for all cylinders C'.

Proof. If £ € (T4)*, then & corresponds to a point (I;)°, of ¥. But then I c I,
and therefore this defines a point z = x(&) of T4 by & = Nisol]. By construction of

the identification map, we have that z : (T%)* — T% is a homeomorphism. O]

Note that any such holonomy map induces a map 6:U C Ty — T¢ defined by
0(m,p) = m,0(p). This map 0 is the identity if £ and ¢ are both contained in one of the
rectangles A or B. If one is contained in rectangle A and other in rectangle B then

is the map h.

6.2 The SRB measures and their ratio decomposition

Suppose that S is a C'* self-renormalizable structure on T%. Let A be a bounded
atlas for it. Fix a point £ € ¥. Then & = (I;)°, corresponds to a backward orbit
of cylinders in T¢,. Each [; is an i-cylinder. For ¢ > 1 let I] be the (i — 1)-cylinder
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containing [;. Let the scaling function o be defined by

o(§) = lim |4

e |1

(6.1)

where for large 7 the ratios |I;|/|I]| are measured in a chart of the atlas A containing
I!. Because the atlas is bounded, as ¢ — oo the ratio becomes independent of the
chart up to a multiplicative error of the form 1+ O(|1{|*) which is exponentially close
to one. Thus, since m, is a local diffeomorphism with bounded geometry in S, the
approach to the limit is exponentially fast in . Moreover, if £ and n are in a common
n-cylinder then o(€)/o(n) € 1 £ O(k™) for some 0 < x < 1 independent of the leaf
segments £ and 7. Thus o is Hélder continuous in the metric d,;. Finally, note that o

does not depend upon the atlas chosen because the charts are C'* compatible.

The duality between the identification map in (Tf)* and the holonomy in T, implies
that o : (Ty)* = Té — RT is a continuous map, except at the junction where it is

multi-valued.

Let p* be the Gibbs state on Té whose potential is o. That is, p* is the unique

m,-invariant probability measure on T% such that for all n-cylinders
p*(C) € [d, d] exp(S,o(C)) (6.2)
where d > 1 is a constant which is independent of C' and n and

527(C) = max(o(€) + -+ + o (m3'¢).

Let i = ps be the probability measure on T, such that u(C) = p*(C*) for all cylinders
C. Note that p is a measure because p* is invariant and p is invariant because p* is

a measure.

Proposition 6.1 A C'* self-renormalizable structure S on Tk, determines a unique
measure |1 = ps which is m,-invariant and absolutely continuous with respect to the
lengths determined by any bounded atlas of S. In particular, for this measure and
such an atlas the ratios p(C')/|C| are uniformly bounded away from 0 and oo for all
cylinders C' in Tt where the length |C| is measured in any chart of the atlas which

contains C'.

Proof. From inequality (6.2) and the Holder continuity of o, the ratios u(C)/|C| =

u(C*)/|1C| are uniformly bounded away from zero and infinity. p is m,-invariant
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because p* is a measure. It is unique because there is at most one invariant measure

which is absolutely continuous with respect to Lebesgue measure. [

We will call i = pis the SRB measure of T, for the self-renormalizable structure S.
It has the following important property: for every Borel subset A in T¢,
lim A(m, "A) = u(A)

n—oo

for every probability measure A equivalent to Lebesgue measure (e.g. Theorem 1.2
of [17]). This implies that if A is a bounded atlas for S and F is any interval in T},
then

p(E) = lim 3 |Ec| (6.3)
C

where the sum is over all n-cylinders C, Ec = C'N'm; "E and |E¢| is measured in any

chart of A containing F¢.

Lemma 6.2 Let I, J and K be three intervals in A* or B* with K containing both [
and J. Then
()

I ayy I
) € 1 +OUKI) (6.4)

for some 0 < a < 1 independent of I,J and K. Here |I|, |J| and |K| are measured in
any bounded atlas of S. Consequently, the inverse of the potential o is the Jacobian
of the Gibbs state p* i.e. 1/o is the Radon-Nikodym derivative d(p* om, ) /du*(€).

Proof. By equation (6.3),
pl) - Sl

= lim
p(EK)  noee 30 [Kol
where the sums are over the same ranges as in equation (6.3). However, since I and

K¢ are preimages of m]' and m, has Holder continuous derivative in a bounded atlas

of S,
[c|
| Kol

for some 0 < a < 1 independent of I and K. Thus,

c(1+ oum&»"%‘|

) Sl
) € 1 OUK )

This proves equation (6.4).

Now let &, I; and I] be as in the definition (6.1) of o. Then, by (6.4), we have

L)/ () € (1% (L))o (€)-
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Taking the limit

In this we are using the fact that, since I} is the (i—1)-cylinder containing the i-cylinder
L, m(IF) = I*. O

Suppose that we are given a t-ratio function r. This determines an affine structure on
the t-leaves (. For any two segments [ and J in a common ¢-leaf ¢, we define (1 : J) as
the ratio between [ and J determined by the affine structure on ¢. If I; is any family
of intervals in a ¢-leaf which are disjoint on their interiors then we define r(U;1; : J)

to be > (I« J).

Lemma 6.3 For all open subsets C of T¢,

u(C) = / (Ot (de)

where 1¢(C) = r(a7lO N E ¢ €), the integral is over all leaf segments & € T% and
re(C)=04fEnT IC=0.

Proof. It I C Tf is an interval and C' is a n cylinder then, as above, let I be the

connected component of m; (1) which is contained in C. Then

p(I) = lim Y u(le)
= Jim Y 0wl
= (1£007) Y e, (D (C)

n—oo

— [ retnuria)

for all choices of £ € C*. In this, all sums are over the set of all n-cylinders C' and
nle)/n(C) = (1+0w"))|Ic|/|C| by Lemma 6.2. O

Lemma 6.4 The ratios i(C)/r¢(C) where C is a cylinder in T, and £ € TY, is such
that €N 1C # O are uniformly bounded away from 0 and .
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Proof. By Lemma 6.3

MO~ [

But r,(C)/r¢(C) is uniformly bounded away from 0 and oo by the Holder continuous

dependence of the ratio function upon the leaf segment. [J

Now we construct a 2-dimensional measure p%. If C'is a cylinder in T4 let C¢ = 7, 'C
be the union of all the leaf segments in C. We define p%(C*) to be p(C). We call R a
cylinder of G if for some n, G™"R is of the form C° for some cylinder C' in T;. We
define

ps(R) = ps(C°) = u(C).
This defines a G-invariant probability measure on T.

We will see later that pj is the SRB measure of the C'* conjugacy class of G, giving

rise to the self-renormalizable structure on T¢..

Suppose that @ is any open subset of T. Let r¢(Q) denote the ratio r*(QNE : §) where
we adopt the convention that 7¢(Q) = 0if N Q = 0.

For simplicity, assume that ) C T is a small connected set. Hence, there is an open
connected set D C T4 with the following properties: (i) for every ¢ € D there is a
unique extended leaf £’ extending ¢ so that £'NQ) is connected and (ii) @ = Ugep(£'NQ).

Theorem 6.1 (Ratio decomposition of 2-dimensional SRB measures)

o5(Q) = /5 @)

Proof. Tt is sufficient to prove this for the case where () is a cylinder of G i.e. where

for some n, G™"Q is of the form C¢ = 7, 'C"* for some cylinder C* in T,

Let C* denote the projection 7,Q of @ into Té. Then C* is a n cylinder of Té. Let
C’;/’k denote the (n + k)-cylinders of T¢, contained in C*'. Let Q% = QN (WEIC]L-/’k) SO
that @ = U;Q%.

We first note that
p(@QN) = (LEOW"™)) re(Q)p*(CY ) (6.5)

for all £ € C;/’k where v € (0,1) and the constant of proportionality in the O(v"**)
term is independent of j, k, n, () and £. The proof of this is as follows.
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Let P = QF, PY = C]L-,’k and S = 7,'P". Then G="HP and G="**S are
respectively of the form 7, ! D* and 7, ' E* for some cylinders D* and E* in T4 with D*
contained in E*. Moreover, the d,-length of E* is not greater than 2-"**) Therefore,

by inequality (4.3) for all £ and 7 in A**
€ (1L 0wW"h)) (6.6)

for some v as above and where r¢(D* : E*) = r{(( N D' €N LEY) Here AVF €
{AY, BY} is m,(G~("*R) P). But then

pP) _ pP) _ p(m D)
p*(P) p(r;'PY)  p(nEY)
_ DY) [re(DYpr(ds) [ re(D: Bre(E)pt(dE)
u(EY) [re(B)pr(de) frs (E*)px(d€)

where the integrals are all over A“**. By (6.6), we have

Jre(D 2 E)re(E")p(d€)
Jre(E)pe(d€)

for all n € AYF. But if £ € C’;”k then n = m"»™¢ € AYF and r¢(Q) = r,(D" : E*) by

G-invariance of the ratio function. Thus we deduce (6.5) as required.

e (1£0W"™)ry(D" : E*)

Now we can complete the proof of the theorem by noting that
Q) = Zp =D (1£0"™) re, (Qu(C)
j
c (1 +OW" ™)) Y re (Qur(C; ).
J

It follows that

6.3 The dual affine structure on the stable lamination

We have seen above that a self-renormalizable structure S on T, determines an affine
structure on the (-lamination given by a ¢-ratio function and the 2-dimensional measure

ps on T. We now construct a dual affine structure on the ¢/ lamination. These two
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Figure 6.2: This figure shows schematically the form of the various sets used in the

proof of Theorem 6.1.

affine structures determine a C'* conjugacy class and p% is the SRB measure for this
conjugacy class and is absolutely continuous with respect to two-dimensional Lebesgue
measure. Thus our strategy inverts the usual approach in that, instead of taking the
given smooth structure and trying to find a a measure that is absolutely continuous,
we fix the measure and then construct the smooth structure in which it is absolutely

continuous.

Let (z0,21,22) € T" be three points in an extended ¢ leaf segment z. We can regard
x as an element of T¢. Let C, be a n-cylinder containing x. Let ¢,(xq,x1,22) be
the segment in x determined by the three points. If £ is a t-leaf segment then let
Cy (&) be the segment in ¢ that projects under m, onto C,. Let A, (xq,x1,2z2) (resp.
B, (z9, 1, x2)) be the union of the C),(£) where £ is a ¢ leaf segment passing through
a point in £, (xg, x1,x2) between xo and 1 (resp. x; and z3) (see Figure 6.3). Define

" (zo, 21, T2) = nh_)rgo T (zo, 1, T2) (6.7)

where

Theorem 6.2 r“* is a (/-ratio function which we call the dual ratio function to r*.

The dual of r* is r*. Furthermore, r* is affine if, and only if, r* is affine.
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Figure 6.3: This figure shows how the dual ratio function is calculated. The three

points are in the leaf x and their ratio is given by taking the limit of the ratios
Ps(Bn)/ps(An)-

Proof. Let p denote p5. The main thing to prove is that, in the notation above,

p(Bni1) s P
oA € HEOVD

for some 0 < v < 1 which is independent of n and (zo, 21, x2).

(6.8)

Let us consider the case where A,, and B,, are both contained in A or both in B. Since
C), is a n-cylinder of m,, G'A,, and G]'B,, are both unions of ¢-leaf segments. Let a,
and b,, be the segments in Té consisting of these leaf segments. Then by Theorem 6.1,
P(An+1) fa Té(Dn)N*(dQ
= —= €e(1+0W"))r,(Dy)
oA plany  C OV
where 7 is any element of a,,, D,, is the cylinder 7,(G"A,,11) and 0 < v < 1 is as above.
This is because 1¢(D,,)/r,(D,) € (1 £ O(v")) for any £,1 € a,.

A similar inequality holds for p(B,1)/p(Bn+1) and therefore (6.8) holds.

The existence of the limit in (6.7) and the Holder continuity of r“* between leaves
(inequality (4.2)) follows immediately from (6.8). The invariance of r“* under G

follows immediately from the G-invariance of p.

To see that the dual of » = r“* is r* consider three points z, y and z on a «-leaf £. To
check that r(z,y, 2) = r*(x,y, z) in general, we may restrict to the case where x, y and
z are all contained in a single element of {A, B}. Let 2™ = G~z and let y™ and 2™

be similarly defined. Let A/ (resp. B!) denote the union of all leaf segments through
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the points on £ between 2™ and y™ (resp. y™ and z™) and let o/, = 7,(A") and
v, = 7,(B). By the following Lemma 6.5, ;* is the SRB measure on T%, corresponding

to r. Therefore, p = pis = p2" and

r(@y,2) = nh_)rgo p(AL)  n—oo p(al)

n

as required. [J

Recall the definition of 7¢(C) in Lemma 6.3 as 7*(C°N ¢ : §). Similarly, we define the
ratios 7*(C) as 7*(C, N : x) where C is a cylinder in T%, C, is the union of all the

leaf segments ¢ in C' and =z € T, .

Lemma 6.5 The ratios 1i*(C)/r;,(C) where C is a cylinder in T and x € Ty, and

x € Tt 1s such that x N 7TL_,IC # 0 are uniformly bounded away from 0 and co.

Proof. Let A, € T¢, be a decreasing sequence of n-cylinders containing z. Let C. be
the union of the leaf segments ¢ in C' and A be the union of the leaf segments y in
A,,. Let B, be the intersection of C, and A¢. Then

71l =l e

and, by Theorem 6.2, 7, (C)~" x (ps(Bn)/p5(AS)) € 1+ O(k") where £ € (0,1) is a
constant independent of C' and n. It follows that

r2(C) = O(ps(B1)/ps(A1)).
But p(By) = p*(C) and p(AS) is bounded independent of A{ whence
r:(C)/1(C)

is bounded away from 0 and oco. [

6.4 The absolute continuity of the 2-dimensional SRB

measure

Let S be a self-renormalizable structure on T¢,. By Proposition 4.2, this determines the
affine structure on the (-lamination given by the (-ratio function r*. By Theorem 6.2,
the measure ps determined by S in turn determines the affine structure on the /-

lamination given by the (/-ratio function r**.
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Theorem 6.3 The HR structure (r*,r"*) determines a unique C'* conjugacy class of
Anosov maps with the property that it gives (r*,r"*). Furthermore, the SRB measure

ps 1s absolutely continuous with respect to two-dimensional Lebesgue measure.

It follows from the proof of Theorem 6.3 that the HR (r® ") determines a canonical
O structure on T. Furthermore, this canonical C** structure on T has the property
that the basic holonomies have the highest degree of smoothness in its C''* conjugacy
class. The SRB measure ps is in fact proportional to two-dimensional Lebesgue
measure in the sense that if A is a bounded atlas of the structure and F a Borel
set of T then the ratio of p5(E) to the Lebesgue measure of E in any chart of the atlas
is bounded away from 0 and oo with the bounds only depending upon the atlas and
not on the set E.

Proof. By Theorem 5.1 of [31], the HR structure (r*,r“*) determines a unique C**
conjugacy class of Anosov maps with the property that it gives (r*,r**). The smooth
structure is defined as follows. Recall the definition of the local product structure
map. Suppose that, for y € T, ¢-(y) is the e-neighbourhood of y in the -leaf through

x in the metric d,. Then, for € > 0 small there is a well-defined map
[]: €2(w) x £Z(x) = T

where [y, 2] is the unique intersection point of £5_(y) and ¢4_(z). For z € T, let x, denote
the endpoint = < z, of ¢-(x). There are unique embeddings ¢, : (.(z) — [0,1] € R
such that ¢, preserves the affine structures on ¢:(z), sends x to 0 and z* to 1. Now
define

i l3(x) x £(x) — R?

by i([2s, 2u]) = (cs(2s), cu(zy)). This chart maps leaf segments to either a horizontal or
a vertical line. This defines an atlas and gives the smooth structure of the theorem.
This atlas is canonically associated with the HR structure. According to Theorem 5.1
of [31], G is a diffeomorphism in this structure. Thus the structure determines a C'*
conjugacy class with the required properties. Furthermore, the atlas maximises the
smoothness of the holonomy maps amongst the C'* equivalence classes follows from

Theorem 5.3 of [31]. Now we show that pj is smooth.

Suppose that R is a cylinder of GG as defined in Section 6.2. We have,

oy (R) B TL(WLR)
g /7rL/R :(WLR)

(7R p(dg) = O™ (mv 1))
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because r¢(m,R) = O(u(m,R)) by Lemma 6.4. Consequently,
ps(R) = O(u(m, R)p* (m, R)).

Combining this with Lemma 6.4 and Lemma 6.5, it follows that
ps(R) = O(rg(m R)r;, (mv R)).

Therefore, if R is contained inside a chart i : U — R? of the atlas A above, ps(R)/A(i(R))
is bounded away from 0 and oo uniformly for all such R. This proves that p is smooth.
O

6.5 Absolute continuity implies duality of the affine

structures

Lemma 6.6 Ifthe SRB measure p of f is absolutely continuous with respect to Lebesque

measure then r° is the dual of r*.

Proof.  Let (z,y,z) € T® and let A,, B, and C,, be the sets used in the definition
of the value of the dual ratio function at (x,y,z). Let us consider the case where
the points x, y and z are all contained in either A or B. Then G"A, and G"B,
are both unions of leaf segments because C), is a n-cylinder of m,. Let a, and b,

be the sets in T¢, consisting of these leaf segments. Then by the invariance of p,
p(An)/p(By) = p(ayn)/ps(by,) and therefore

w\ * _ 1m /’Ls(an)
(7’ ) (QZ,y,Z) _nl—>oo /vbs(bn)

Since p is absolutely continuous with respect to Lebesgue measure, we obtain that p
is the SRB measure for both G and G™! in §. Thus, the projection p* of p onto T%, is
absolutely continuous in the structure §* on T¢,. Thus p* is the SRB measure for the

Markov map mg. Hence, by Lemma 6.2 applied to S?,
nlgIOlO 1 (an) /1 (by) = nlggo |an|/[bn]

where the lengths are measured in the submanifold structure of the stable leaves.
Therefore (r*)* =rs. O
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Figure 6.4: This figure shows the construction of the sets a, and b, in the proof of

Lemma 6.6.

Theorem 6.4 (Flexibility) The map G — S(G) determines a one-to-one correspon-
dence between C'T Anosov diffeomorphisms whose SRB measure is absolutely contin-
uous with respect to two dimensional Lebesque measure and CY* self-renormalizable

structures.

Proof. Given a C'* Anosov diffecomorphism, by Lemma 6.6, if the SRB measure p
is absolutely continuous with respect to Lebesgue measure then r* is the dual of r*.
Furthermore, by Lemma 3.4 the map G determines a unique C'* self-renormalizable
structure S(G) on Tk. Conversely, by Proposition 4.2 a C'" self-renormalizable
structure S on T¢ determines a t-ratio function r*. By Proposition 6.1 the self-
renormalizable structure § on Ty determines a unique measure g = ps which is
m,-invariant and absolutely continuous with respect to the lengths determined by any
bounded atlas of S. By Theorem 6.2, r* determines a dual ¢/-ratio function r** and by
Theorem 6.3, the HR structure (r*,r%*) determines a unique C'* conjugacy class of
Anosov maps with the property that it gives (r*,r~*). Furthermore, the SRB measure

p's is absolutely continuous with respect to two-dimensional Lebesgue measure. [

By Theorem 3.1, there is a well defined map g — S(g) that determines a one-to-
one correspondence between C'T circle diffeomorphisms that are C1* fixed points of
renormalization and the induced C** self-renormalizable structures. By Theorem 6.4,
there is a well defined map S — G(S) that determines a one-to-one correspondence be-

tween C''* self-renormalizable structures and the induced C'* Anosov diffeomorphisms
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with SRB measure absolutely continuous with respect to two dimensional Lebesgue
measure. Putting together Theorem 3.1 and Theorem 6.4 we obtain the following

corollary.

Corollary 6.1 The map g — G(S(g)) induces a one-to-one correspondence between
C™* fized points of renormalization g and C'* Anosov diffeomorphisms G(S(g)) with

an invariant measure that is absolutely continuous with respect to Lebesgue measure.

Putting together Theorem 4.2 and Corollary 6.1 we obtain the following corollary.

Corollary 6.2 The map G — r¢ determines a one-to-one correspondence between

C'* conjugacy classes of Anosov diffeomorphisms G in G and unstable ratio functions.

Let SOL be the set consisting of all (unstable) solenoid functions. The set SOL has
a natural metric. Combining Lemma 6.2 and Lemma 5.3, we obtain the following

corollary.

Corollary 6.3 The map G — rg|sol determines a one-to-one correspondence between

C* conjugacy classes of Anosov diffeomorphisms G in G and solenoid functions rg|sol

mn SOL.



Chapter 7
Tilings

In this chapter we link Anosov diffeomorphisms with a certain type of sequences of

natural numbers that we will call y-sequences.

As in Chapter 2, let us fix a positive integer a € N and let v = (—a + Va? +4)/2 =
1/(a+1/(a+1/...)). We recall that the key feature of « is that it satisfies the
relation ay +v? = 1. We consider the Anosov automorphism G, : T — T given
by G.(z,y) = (ax + y,z), where T is equal to R?/(vZ x wZ) with v = (v,1) and
w = (—1,7). Recall from Chapter 3 that a C'" Anosov diffcomorphism G : T — T
is a Ot diffeomorphism, with a > 0, such that (i) G is topologically conjugate to
G.; (ii) the tangent bundle has a C'** uniformly hyperbolic splitting into a stable
direction and an unstable direction. We denote by G be the set of all such C'* Anosov
diffeomorphisms with an invariant measure absolutely continuous with respect to the
Lebesgue measure. The eigenvalues of the Anosov automorphism G, are 4~ = —v and
ut =1/v. Let m: R? — T be the natural projection of R? in T. As in Chapter 3, a
Markov partition M., of G is given by A = w(A) and B = 7(A), where A and B are
the rectangles [0, 1] x [0, 1] and [—7, 0] x [0, 7] respectively. The unstable manifolds of
G., correspond to the projection by 7 of the vertical lines of the plane, and the stable

manifolds of G, are the projection by 7 of the horizontal lines of the plane.

Let Wy be the positive vertical axis of R%. Hence W = 7(Wj) is the unstable leaf of
G, with only one endpoint yo = 7(0, 0) that is the fixed point of G,. The unstable leaf
W passes, firstly, through all the unstable boundaries of the Markov rectangles A and
B. Let the unstable spanning leaf segment K be the left unstable boundary of the

Markov rectangle A (see the definition of spanning leaf segment in Section 3.1). Let

62
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the unstable spanning leaf segment K, be the left unstable boundary of the Markov
rectangle B. Let K3, Ky4,... € W be the unstable leaf segments defined, inductively,
as follows: (i) K; is an unstable spanning leaf of a Markov rectangle, for every i > 3;
(ii) K; N K;41 = {y;} is a common boundary point of both K; and K;,;, for every
t > 2. We note that W = U;>1 K;.

Let h = hg : T — T be the topological conjugacy between the Anosov automorphism
G, and the C'" Anosov diffeomorphism G. Let M., be a Markov partition of G,. We
observe that the rectangles h(A) and h(B) form a Markov partition Mg of G.

Theorem 7.1 (Flexibility) There is a well-defined map G — (ac.i)ien that associates

to each C'* Anosov diffeomorphism G € G the y-sequence (ag.i)ien given by

|G (R(K)]
“Ci = LG (K|

where |I| is the length of the unstable leaf segment I with respect to a Riemannian
metric on T. Furthermore, this map determines a one-to-one correspondence between

smooth conjugacy classes of Anosov diffeomorphisms in G and ~y-sequences.

Later, in Definition 7.2, we give the precise definition of y-sequence and the proof of

Theorem 7.1 is given in Section 7.7.

Let the ~y-Fibonacci sequence (F,)nen be the sequence of natural numbers defined

recursively by

=1 F,=a+1, and F,o=aF, 1+ F,, forn>1.

We observe that if a = 1, then (F});cn is the well known Fibonacci sequence. For any
natural number i € N, we define the finite sequence F,,, F,,, ..., an as follows: (i) Fj,
is the largest term in the ~-Fibonacci sequence that is less or equal to 4; (ii) inductively,
if Fno + o+ Fnkﬂ < % then Fnk is the largest term in the y-Fibonacci sequence that
is less or equal to i — (Fp, + - + Fnk—l)' We observe that there is a natural number

q € N and a term in the y-Fibonacci sequence such that i = Fno +---+ an.

We observe that if @ = 1 then any term of the y-Fibonacci sequence (F},),en appears
at most once in the sequence anﬁnp e ,F‘nq. Hence, setting F,,, = F‘nk for k €

{0,...,q}, we have
i=F, +F,+ +F,
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and, in this case, we call (F},,, Fy,,...,Fy,,) the Fibonacci decomposition of i € N
(see [25]). If @ > 1 then any term of the y-Fibonacci sequence (F,,),en repeats at most

a times in the sequence Fm, Fm, e ,an, for any natural number i € N.

We define the finite sequence of y-Fibonacci numbers F,, F},,, ..., F,,, with p < g,
such that
0= Qpg by + -+ + an, Fryps

where a,, € {1,...,a}, for every k € {0,...p}.

We call the sequence (anyFry, - - ., an, Fy,) the y-Fibonacci decomposition of i € N. We

observe that every natural number ¢ € N has a unique y-Fibonacci decomposition.

Definition 7.1 The rigid y-sequence (a.;)ien is defined as follows: For everyi € N,
with y-Fibonacci decomposition (GpgFry, - - ., an, Fy,), we define
(i) ar; =", if one of the following conditions is satisfied:

n, =1, ap =1 and n,_; 1s odd;

n, =1, a, =2 and n,_; 1s even.
(it) a,; ="y, if one of the following conditions is satisfied:

n, =1, ap =1 and n,_ is even;

n, > 2 and n, s odd.
(iii) a,; =1, if one of the following conditions is satisfied:

n, =1, a, =2 and n,_; 1s odd;
n, =1, a, > 2;

n, > 2 and n, is even.

Remark 7.1 If a = 1 then the Fibonacci decomposition of a natural number i € N
is (Fnys Fry, -, Fy,). Hence, a, = 1 and the rigid y-sequence (a.;)ien is defined as
follows (see [25]):

(i) ay; =~""if either (n, =1 and ny_y is odd) or (n, =2 and n,_; is even);

(it) a,; =y if either (n, =1 and n,_; is even) or (n, > 2 and n, is odd);

(iii) a,; =1 if either (n, =2 and n,_y is odd) or (n, > 2 and n, is even).
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In Theorem 7.1 it is proved the existence of an infinite dimensional space of well-

characterized ~-sequences. However, we are only able to explicit the rigid y-sequence.

Theorem 7.2 (Rigidity) Every Anosov diffeomorphism G € G with a Cl+=vgmund

complete system of unstable holonomies determines a rigid y-sequence (ac.;)ien-

The definition of a C'*2¥9mund complete system of unstable holonomies and the proof

of Theorem 7.2 are given in Section 7.8.

7.1 Realized ~y-sequences

the unstable leaf segments K;, Ks,..., and the unstable leat W = U;>;K;. By
construction, the set
£ - {(Kza Ki+1) y 7/ c N}

is contained in sol and it is dense in sol.

Recall that h : T — T is the topological conjugacy between the Anosov automorphism
G, and the C'* Anosov diffeomorphism G.

Lemma 7.1 There is well-defined map G — (ag,i)ien that associates to each o

Anosov diffeomorphism G in G the sequence (aq;)ien given by

L G )|
w2 G (K|

ag.i

where |I| denotes the length of the unstable leaf segment I with respect to a Riemannian

metric on T.

Proof. By Lemma 5.3 and by equation (4.5), we get that og(K; @ Kip1) = ré(K; -

K1), where

g G
et ) = B e )|

is well-defined. Since, by construction, ag; = r&(K; @ Kip1), we get that ag, is
well-defined and a¢g; = o¢(K; : K;41). O

Lemma 7.2 For every i € N with vy-Fibonacci decomposition (anyFr, - - ., an, Fy,) the

following conditions hold
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(i) K; € B and K,41 € A, if either (n, =1, a, =1 and ny_y is odd) or (n, = 1,

a, =2 and n,_y is even);

(1) K; € A and K,y € B, if either (n, =1, a, = 1 and n,_, is even) or (n, > 2

and n, is odd);

(iii) K;, K;+1 € A, if either (n, =1, a, = 2 and n,_y is odd) or (n, > 2 and n, is

even,).

Proof. 1f a = 1 see the proof of Lemma 7.2 in [25]. Let us consider an integer a > 1. Let
7 : R? — T be the natural projection, where T = R?/(vZ x wZ). Let S = R/[1 + +]|Z
be the clockwise oriented circle with the metric induced by the Euclidean metric on

R. Let mg : R — S be the natural projection. The projection 7s has the property that
ms(z) = ms(z +1+7),

for every x € R. Let is : S — T be the natural inclusion. The inclusion ig has the
property that

m(x,0) = is o ms(x),
for every x € R. Recall that K is the unstable spanning leaf segment such that
Ko N K1 = {yo}, where yo = 7(0,0), and let K;, Ks,..., be the unstable spanning
leaf segments such that W = U;>1 K;. For every i € Ny, (i) let y; € T be the point
given by {y;} = K; N K;y1; (ii) let z; = ig " (y;); and (iii) let w; € [~1,7] be such that

ms(w;) = z;. Hence, for every ¢ € Ny (see Figure 7.1),

(i) if w; € (—7,0) then K; € A and K, € B;
(i) if w; € [-1,—27) U (0,7] then K;, K;11 € A,

(iii) if w; € (=27, —7) then K; € B and K, € A.

Let g : S — S be the rigid rotation with rotation number /(1 + «). The map g has
the property that

goms(z) = ms(x +7),

for every z € R. Since G, : T — T is the Anosov automorphism, we obtain that
9(z;) = zi11, for every i € Ny. Let us denote by £(yo, y;) the leaf segment with endpoints
yo and y;. Since G, : T — T is the Anosov automorphism, if the leaf ¢(yy,y;) contains

m., spanning leaf segments of the Markov rectangle A and mp spanning leaf segments of
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the Markov rectangle B then G, (€(yo,y:)) = ¢(yo, G(y;)) contains am.,+mp spanning
leaf segments of the Markov rectangle A and m., spanning leaf segments of the Markov
rectangle B. Hence, by induction, we have that G, (yr,) = yr,,,, where Fy, Fy, ..., is
the y-Fibonacci sequence. Thus, for every ¢ € N, we have that Gi‘l(yl) = yp,, and,
so, d(yo,yr,) = 7" and 7((—v)",0) = yr,. Thus g% (29) = 2r, = ms((—7)?). Since g is
the rigid rotation, we have that

9" (ms(x)) = ms(z + (—7)"), (7.1)

for every x € R and ¢ € N. Hence, for every i € N with v-Fibonacci decomposition
(aoFry, - - -, apFy,), we obtain
2 = gi(Z()) _ gaan0+..-+apan (ZO)

Thus, by equality (7.1), we have that

p
gaanO+"'+apan (ZO) = TS (Z (lz(_’Y)m) :
1=0

Noting that > 7% 7% = (1 —~4?)~' = 47!, we obtain

i=0
p .
doa(=) <Yy eyt =y
i=0 >0
and
p -
ai(—7)" > Y —ay'V = 1.
i=0 >0
Therefore, taking w; = >°7_a;(—7)™ € [~1,7] we obtain that ms(w;) = z;. Now,

there are six distinct cases to consider depending upon the vy-Fibonacci decomposition
(a0Fngs - - - apFy,) of i (see Figure 7.2):

(i) if n, =1, a, = 1 and n,_; is odd then w; € (—(y +~?),—7) and so K; € B and
K1 € A;

(ii) if n, = 1, a, = 1 and n,_; is even then w; € (—v,—?) and so K; € A and
Ky € B;

(iii) if n, = 1, a, = 2 and n,_; is odd then w; € (y3,~?) and so K;, K;,1 € A;

(iv) if n, = 1, a, = 2 and n,_; is even then w; € (—27?, -2y ++?% and so K; € B
and K, 1 € A;
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(v) if n, > 2 and n, is odd then w; € (—?,0) and so K; € A and K;,, € B;

(vi) if n, > 2 and n,, is even then w; € (0,7?) and so K;, K, € A.

U
Y1
I 2l T
l I I
| I I
:B_:_I | |
| I I
T L
Y1 . l ¢ + 2 4 ¢
g * T 1 T 1
S R B
I | N
. B
- %
| 1K I |
|| | |
|| | |
|A | l I
%2
W
7S 7|[-1,7]x{0}
R _'27 S 0 RX{O}
Figure 7.1: The map g o 7.
7.2 The ~v-Fibonacci shift
For every i € N, let (anoFr, - - -, an,Fr,) be the 7-Fibonacci decomposition associated

to 7, i.e.

0= Upg Ly + -+, Py,

We note that in what follows if @ = 1 then F; has the properties of 2F; (and not the
properties of F,, for n > 2).
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Figure 7.2: The location of the point y; depending upon the Fibonacci decomposition

of 3.

The ~-Fibonacci shift o : N — N is defined by

np—1 1S €vell,

0(i) = anogFrgr1 + -+ an, Fry_ 41 + F1, if ny, = 1, a,, = 1 and n,_; is odd;

0(1) = angFrgr1 + -+ + an, Fry_ 11+ F, if n, =1, a,, = 1 and n,_; is even;

U(i) = anano-I-l 4+ .4 aonnp,1+1 + Canan+1, if ny > 1.

The inverse of the v-Fibonacci shift o' : N — N is defined by

i) o71(i) =0,ifn, =1, a,, = 1 and n,_; is odd;
P D P

0(i) = anoFrgs1 + -+ an, oy 11 + (an, — 1) + F1, if ny, = 1, ap, > 2 and

(ii) 07 (i) = angFrg-1 + -+ an, Foy_ -1 + F1, if ny, =1, a,,, = 1 and n,_y is even;

iii) o71(i) =0, if n, =1, a,. > 2 and n,_; is even;
(ii) o7'(i) =0, if ny, =1, ay, ? ;

(iv) 07Mi) = apy Frg_1+ -+ + Oy Py —1 + Ay Frypy—1, if 1y > 1
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Remark 7.2 We observe that for F, = Fy the definition of the y-Fibonacci shift is
somewhat unnatural. This is due to the fact that we consider, for simplicity, the -
Fibonacci sequence Fy =1, Fy, = a+1,... instead of the sequence Foy =1, F} =1, F, =
a+1,.... If we consider the sequence Fo =1, Fy =1,Fy, =a+1,... then we have to
change the ~v-Fibonacci decomposition of the number i accordingly with the following
rule: Suppose that I, _, > Iy and i — (an,Fog + ...+ an, I, ,) =b < a;

Np_2
1. Zfb > 1 then (b — ].)an + an = (b — 1)F1 + F(),'
2. if b=1 and n,_y is odd then F,,, = Fy; and

3. ifb=1 and n,_ is even then F,, = F}.
For every i € N, we define 0(i) = Fop1 + -+ Foy 141+ Fop11. We get that if n, >0
then o' (i) = Foyo1 + -+ + F 1, and if n, = 0 then o7 '(i) = 0. We claim that for

this new vy-Fibonacci decomposition all the statements in this chapter will hold with

the corresponding simple alterations.

7.3 Matching condition

We say that a sequence (a;),. satisfies the matching condition if, for every i = a,, F,,+

-+ +ay, I, , the following conditions hold (see Figure 7.3):

(i) If either (n, =1, a, =1 and n,_; is even) or (n, > 2 and n, is odd), then

(ii) If either (n, =1, a, = 1 and n,_ is odd) or (n, = 1, a, = 2 and n,_; is even),

then '
a J
U (i) = G <1 +> 11 aoé>_k> :

j=1 k=1

(iii) If either (n, =1, a, = 2 and n,_; is odd) or (n, > 2 and n, is even), then

. . —1
a J a J
k=1

j=1 =1 k=1
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Lemma 7.3 The sequence (ag;)ien satisfies the matching condition.

Proof. By Lemma 7.1, we have that ag; = o¢(K; : Kit1), for every i € N. Hence

Lemma 7.3 follows from putting together Lemma 5.1 and Lemma 7.2. [J

Remark 7.3 Every sequence (bi)ieN\o(N) determines, uniquely, a sequence (a;);cy Sat-
isfying the matching condition as follows: for every i € N\o(N), define a; = b; and,
for every i € o(N), define a,u) using the matching condition and the elements a; of
the sequence with

je{j:2<j<o(i)vjeN\o(N)}.
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Figure 7.3: The matching condition for the sequence (ag ;)ien for the three possible
cases when a = 1: condition (i) corresponds to I;_; € B and I; € A; condition (ii)
corresponds to I;_; € A and I; € B; condition (i) corresponds to I;_1 € A and [; € A;
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7.4 Boundary condition

A sequence (a;),y satisfies the boundary condition, if the following limits are well-
defined and satisfy the inequalities:
(1> leeroo aE¢1+2 (1 + aE¢1+1) # 0

(11) lim ar, (1 + ClFi+1) 7é 0

1——+00

Lemma 7.4 The sequence (ag;)ien satisfies the boundary condition.

Proof. We observe that d(Kr,, Ko) = 7", d(Kg,,,,+1,11) = ¥, d(Kpy,, 142, [2) =
Y d(Kpy i1, K1) = 9", d(Kpy,p2, K2) = 7*" and d(Kp, 3, K3) = 7" (see Fig-

ure 7.4). By continuity of o, we have that
lim ag p,, (1 +ag,p, 1) =

= lim 0¢(Kp, : Kpypi1)(1 + 06(Kpy i1 Kpy,12))

n—o0

= Ug(KO : Kl)(l + Jg<K1 . KQ))
and
nh_)rgo AG, Fop 41 (1 + aG,F2n+1+1) -

= lim O-G(KFZn+1 : KF2n+1+1)(1 + UG(KF2n+1+1 : KF2n+1+2))

n—oo

= Ug(KO . Il)(l + Ug(]l . IQ))

Hence, by equality (5.6), we obtain that the sequence (ag;)ien satisfies the boundary

condition (i). By continuity of og, we have that

Ji—g}owc,&nw)_l(l +(ag,p,41) ") =

= lim 0¢(Kpy, 13 : Kpyq2) (1 + 06(Kpyv2 ° Kiyyy1))

n—o0
=o0¢(K3: Ko)(1+ o0¢(Ky : Ky))
and
7L1i—>n;olo<aG,F2n+1+2)il(1 +(ag 1)) =
= nh_)rgo 0G(Kpyii+3 t Krpy42) (1 + 06(KRyr42 0 Kpppyi41))

=o0¢(Ks: L)1+ o0c(lz: 1h)).

Hence, by equality (5.7), we obtain that the sequence (a¢;)ien satisfies the boundary
condition (ii). O
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Figure 7.4: A ~y-sequence (a;)eL.

7.5 Exponentially fast y-Fibonacci repetitive prop-
erty

A sequence (a;),cy is said to be exponentially fast vv-Fibonacci repetitive, if there exist

constants C' > 0 and 0 < g < 1 such that
@ik, —ai < Cp™,
for every m > 5 and 3 <i < F,,_; and, also, for i € {1,2} if m is even.

Lemma 7.5 The sequence (ag;) satisfies the exponentially fast ~-Fibonacci repetitive

property.



CHAPTER 7. TILINGS 75
Proof. For every m > 5, we have that either m = 2n or m = 2n + 1 for some n > 2
(see Figure 7.5). Recall that K; N K; 11 = {y;}, for every i € Ny.

(i) Case m = 2n. For 1 < i < Fy,_1, the unstable spanning leaf segments K;, K;,1,
Kiir,, and K; 1., belong to G**(A). Hence, we obtain that

d(Ki, Kivr,,) < Colyi — Yivrn | < Cov™",

for some Cy > 1 and 0 < v < 1. By Holder continuity of the solenoid function, there
exist constants C' > 1 and a < 1 such that

lagi — agirm,| = loa(Ki: K1) —0a(Kitr, : Kit11m,)|
< C (72”)a
C (v*)™.

(i) Case m = 2n+ 1. For 3 <1 < Fy,, the unstable spanning leaf segments K;, K; 1,

Kiip,,,, and K;i14p,,,, belong to G**(B). Hence, we obtain that
A(Ki, Kivrpr) < Colyi — Yirmanin | < Cov™™H,

for some Cy > 1 and 0 < v < 1. By Holder continuity of the solenoid function, there
exist constants C' > 1 and a < 1 such that

lag; — acitrony,| = loa(Ki: Kiy1) — 06(Kiyroyy @ Kigi4Foniy)|
< C (72n+1>04

Oy (v*)*".

Hence, the sequence (a¢ ;) satisfies the exponentially fast v-Fibonacci repetitive prop-
erty with = ~. U
7.6 ~-Tilings

A tiling T = {I; CR : i € N} of the positive real line is a collection of intervals I;,
with the following properties:

(i) the intervals are closed,;

(ii) any two distinct intervals have disjoint interiors;



CHAPTER 7. TILINGS 76

/7\‘
ng )_ on+1 2n+2 2n+1
‘r(y1 o1 G7(y1) Yo io G‘Y(y1) Yo rs G7(y1) “Yronss
o -
I I
I I I I
oni1 2n+2
G (y1)=y P | | I G,(y1)=
od Fontio _ LYV,
T_1 G’y(yI) —yFQn : I 2n o
I G (y1)=y,
L o & T
I | Gy (1) YPont1 A(¥1) Yranre | I
ly, I ly
; U
z F + == _*- _______ *yi F *- _______ ‘ -T=-=
+F, +1| o . I +F, 7'+F2n+1| | 1| 7‘+F2n+2
@) Gn | | ¢'n) s
1 LA T | | 6B | GB) 1
2n Yy 2n+41 2n-1 N iz oy 2n+1
Gy, ):sznH G, ()  G(vi)=vp, G (y1)=Yp,, 1 G (yy) 0 G (y1)=Yp,, »

Figure 7.5: The exponentially fast y-Fibonacci repetitive condition.

(iii) the union U;ey I; is equal to the positive real line;

(iv) for every i € N the intersection of the intervals I; and ;1 is only a point, which

is an endpoint, simultaneously, of both intervals.

We say that two tilings 73 = {I, CR: i€ N} and 75 = {J; CR: i€ N} of the
positive real line are in the same affine class, if there exists an affine map h: R — R
such that h (I;) = J;, for every i € N. Thus, every positive sequence (a;);.y determines
a unique affine class of tilings 7 = {[; C R: ¢ € N}, such that a; = |[;11] /||, and

vice-versa.

Definition 7.2 A 7-sequence (a;),.y 5 an exponentially fast ~y-Fibonacci repetitive
sequence that satisfies the matching and the boundary conditions. A tiling T =
{I; CR: i € N} of the positive real line is a ~-tiling if the corresponding sequence

(ai = |LIiz1]/11i]);en s @ y-sequence.

We say that a y-tiling 7, is rigid if its associated 7-sequence is rigid (see Definition
7.1).

Putting together Definition 7.2, and Lemmas 7.3, 7.4 and 7.5 we have that the sequence

(ag;) is a y-sequence.
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7.7 Proof of Theorem 7.1

By Lemma 7.1, the map G — (ag.;)ien determines a correspondence between Anosov
diffeomorphisms G in G and ~y-sequences such that ag; = og(K; : K;41). Putting
together Lemma 7.3, Lemma 7.4 and Lemma 7.5, we get that (a¢;)ien is a y-sequence.
By Corollary 6.3, any two C'* Anosov diffeomorphisms, G; and G, that are C'*+

smooth conjugate determine the same solenoid functions og, = 0¢,. Hence, by Lemma

7.1, (ag,i))ien = (aGyi)ien-

Conversely, given a y-sequence (a;);eny We construct a solenoid function o, in sol as
follows. Recall that L = {(K; : Ki11),7 € N} is a dense set in sol. We define o, (K :
Kii1) = a;, for every (K; : K;11) € L. Since the sequence (a;);en is exponentially
fast Fibonacci repetitive, similarly to the proof of Lemma 7.5, we get that o,|L is
Holder continuous. Hence, using that L is dense in sol, we define o, in sol as the
unique Holder continuous extension of o,|L to sol. Now, it is enough to check that
the Hoélder continuous function o, in sol satisfies the matching and the boundary
condition. Since (a;);en satisfies the y-matching condition, similarly to the proof of
Lemma 7.3, we have that o,|L satisfies the matching condition in L. Hence, using
that o, in sol is a continuous function, we get that the o, in sol, also, satisfies the
matching condition. Recall, from the introduction of this chapter, the definition of Ky,
K, K5 and K3. Recall that the spanning leaf segments I and I are, respectively, the
right boundaries of the Markov rectangles B and A, as in Section 5.3. We observe that
d(Kr,, Ko) = 7", d(Kpypir1, 1) = 77 d(Kpypa42, 12) = 72, d(Kpy,11, K1) =
Y2, d(K gy, 12, K2) = v** and d(Kp, 13, K3) = ™. By continuity of 0., we have that

oy (Ko K1) (1 +0y(K : Ky)) =
= lim 0,(Kr,, : Kpy,41)(1 + 0y(Kpyq1 0 Kpy,i0))

n—o0

= lim ap,,(1+ ap,+1)
n—o0
and

oy(Ko: L) (140, : L)) =

= lim O_’Y(KFQn+1 . KF2n+1+l)(1 + O—’Y(KF2n+1+l : KF2n+1+2))

n—o0

= mm aF2n+l<1 +a’F2n+1+1)'
n—o0

Hence, by the boundary condition (i) of the 7y-sequence (a;);en, We obtain that o,



CHAPTER 7. TILINGS 78

satisfies equality (5.6). By continuity of o.,, we have that

O'A/(Kg, : KQ)(]. + 07(K2 . Kl))
= lim Uw(KF2n+3 : KF2n+2)(1 + O-’Y(KFQnJrZ : KF2n+1))

n—oo

= lim a3} 1+ azt
n—o0 F2n+2( F2n+1)

and

0y(K3: L)1+ 0y(I2: I)) =

= nh—{ElO O—'Y(KFQnJ,—l"F?’ : KF2n+1+2)(1 + U’V(KF2n+1+2 : KF2n+1+1))

o ~1 ~1
- nh_{ilo &F2n+1+2(1 + aF2n+1+1)‘

Hence, by the boundary condition (ii) of the 7y-sequence (a;);en, we obtain that o,

satisfies equality (5.7). Therefore, o, is a solenoid function. [

7.8 Complete set of holonomies

Let M., = {A, B} be a Markov partition of the Anosov automomorphism G,. Recall
the topological conjugacy h = hg : T — T between G, and the C'* Anosov diffeo-
morphsm G. Let Mg = {h(A),h(B)} be a Markov partition of G. Suppose that M
and N are Markov rectangles, and x € int(M) and y € int(N). We say that x and
y are stable holonomically related, if (i) there is an stable leaf segment ¢*(x,y) such
that 00" (x,y) = {z,y}, and (ii) ¢“(z,y) C €“(x, M) U £*(y, N). Let P = Py be the
set of all pairs (M, N) such that there are points « € int(M) and y € int(N) unstable

holonomically related.

For every Markov rectangle M € Mg, choose an unstable spanning leaf segment
l(x, M) in M for some x € M. Let T = {ly; : M € M}. For every pair (M,N) € P,
there are maximal leaf segments K?M’ N C Cor, K(CM’ N C (n such that the unstable
holonomy A, Ny : E(DM’ Ny 68\/1, N is well-defined. We call such holonomies Ay, ny :
58\4, Ny é(CM ) the unstable primitive holonomies associated to the Markov partition
M. The complete set of unstable holonomies H¢ consists of all stable primitive
holonomies and their inverses. In Figure 7.6, we exhibit the complete set of unstable
holonomies

—-1 -1 —1
He = {h(A,A)7 h(AVAy h(A7B)7 h(A,B)? h(B,A)a h(B,A)}

associated to the Markov partition Mg.
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Figure 7.6: A complete set of unstable holonomies H associated to the Markov

partition Mg.

A diffeomorphism 6 : I — J is said to be C'+#v9mund if 9 is C! and the derivative 6’

satisfies the zygmund condition, i.e. for all points x,y € I,

9%@+9m»—29(x;y>

= xo (ly — =),

where the function xy is such that xs(f) — 0 when ¢ — 0. In particular, a C*h
diffeomorphism, with 3 > 0, is a C1+#¥9mund diffeomorphism. The importance of this
smooth class follows from the fact that it corresponds to maps that distort cross-ratios

of quadruples of points in I by an amount that is o(|/]) (see [21]| and [37]).

A wunstable lamination atlas L = L*(G, p), determined by a Riemannian metric p, is
the set of all maps e : I — R, where e is an isometry between the induced Riemannian
metric on the unstable leaf segment I and the Euclidean metric on the reals. By
Theorem 2.1 in [30], the basic unstable and stable holonomies are C'* with respect to

the lamination atlas L.

Definition 7.3 A complete set of unstable holonomies He is C'H=v9mund if qll the

holonomies in Heg are CYF=99mund yyith respect to the atlas L5(G, p).
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7.9 Proof of Theorem 7.2

By Lemma 7.3 and Theorem 1 in [29], if G has a C1+#¥9mund complete system of
unstable holonomies then o = o,. By Lemma 7.2, for i« € N with ~-Fibonacci

decomposition (anyFry, - - -, n,Fr,), we have that the following conditions hold:
(i) If either (n, =1, a, =1 and n,_; is odd) or (n, =1, a, = 2 and n,_, is even),
then K; € B and K; 1 € A. Hence, a; = 0,(K; : Kj1q1) ="

(ii) If either (n, =1, a, = 1 and n,_; is even) or (n, > 2 and n,, is odd), then K; € A
and K41 € B. Hence, a; = 0(K; : Ki11) =17.

(iii) If either (n, = 1, a, = 2 and n,_; is odd) or (n, > 2 and n, is even), then

KZ‘, Ki+l c A Hence, a; = O',Y(KZ' . Ki+1) =1.

Thus, from conditions (i), (ii) and (iii), we conclude that (a,;)ien is the rigid -

sequence. [
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