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Abstract

In this study, CFD calculations were made in order to analyse the thermal behaviour of yoghurt in a plate heat exchanger, the
yoghurt viscosity being described by a Herschel–Bulkley model.

The influence of Reynolds number on local Nusselt numbers was analysed as well as the influence of entry effects on average
Nusselt number. Numerical runs considering and discarding the influence of temperature on the viscosity were performed and
the impact on average Nusselt numbers was analysed. Transversal variations of viscosity were studied and thermal correlations
including the ratio between bulk and wall viscosities are proposed.

The obtained thermal correlations were compared with the experimental ones (described in the literature) and a very good agree-
ment was found, mainly when considering the effect of temperature on viscosity. Simulations with a non-Newtonian fluid having
lower Prandtl numbers than yoghurt were performed in order to analyse the influence of this variation on the Reynolds number
exponent of the thermal correlation.
� 2005 Published by Elsevier Ltd.
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1. Introduction

Plate heat exchangers (PHE�s) are commonly used on
food industry for tasks including the high-temperature
short-time pasteurization of milk, beer and fruit juices
(Gut & Pinto, 2003a) as well as the cooling of stirred
yoghurt to stop lactic fermentation when a desired acid-
ity is reached (Afonso, Hes, Maia, & Melo, 2003).

PHE�s are extensively used in chemical, pharmaceuti-
cal, biochemical processing, food and dairy industries,
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to name but a few, due to the easy disassembly of the
heat exchanger for cleaning and sterilization, low space
requirement, low fouling tendency and high efficiency
(Gut & Pinto, 2003a, 2003b; Kakaç & Liu, 2002; Repp-
ich, 1999). Process fluid media generally have non-
Newtonian characteristics and the shear thinning or
thickening behaviour of these fluids greatly affects their
thermal-hydraulic performance (Manglick & Ding,
1997).

Due to the broad range of application of this heat
transfer equipment, several experimental and modelling
works have been performed in order to study the
thermal and hydraulic performance of different plate
patterns, fouling tendency, corrosion mechanisms and
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Nomenclature

a constant (–)
b distance between plates (m)
Cp specific heat of fluids (J kg�1 K�1)
DH hydraulic diameter (m)
E activation energy (J mol�1)
F correction factor (–)
k thermal conductivity (W m�1 �C�1)
K1,K2,Kc consistency index (Pa sn)
L effective length (m)
m constant (–)
M mass flow rate per channel (kg s�1)
n flow behaviour index (–)
Nu Nusselt number (–)
q heat flux (W m�2)
R ideal gas constant (J mol�1 K�1)
Re Reynolds number (–)
Pr Prandtl number (–)
T absolute temperature (K)
u mean velocity (m s�1)

U overall heat transfer coefficient (W m�2 K�1)
x,y,z spatial coordinates (m)

Greek symbols

/ area enlargement factor (–)
�_c mean shear rate (s�1)
_cmax maximum shear rate (s�1)
g apparent viscosity (Pa s)
q fluid density (kg m�3)
r shear stress (Pa)
r0 yield stress (Pa)

Subscripts

in inlet
out outlet
w wall
wat cooling water
yog yoghurt

434 C.S. Fernandes et al. / Journal of Food Engineering 76 (2006) 433–439
the optimization of different arrangements and configu-
rations, when leading with Newtonian or non-Newto-
nian fluids (Afonso et al., 2003; Antonini, François, &
Shuai, 1987; Bassiouny & Martin, 1984; Ciofalo, Sta-
siek, & Collins, 1996; Delplace & Leuliet, 1995; Gut &
Pinto, 2003a, 2003b; Kho & Müller-Steinhagen, 1999;
Leuliet, Maigonnat, & Lalande, 1987, 1988, 1990;
Mehrabian & Poulter, 2000; Metwally & Manglick,
2004; Stasiek, Collins, Ciofalo, & Chew, 1996).

Heat transfer in a PHE is strongly dependent on geo-
metrical properties of the chevron plates, namely on cor-
rugation angle, area enlargement factor and channel
aspect ratio. When dealing with a non-isothermal flow
of a non-Newtonian fluid, the rheological behaviour of
the fluid will enhance local variations of physical prop-
erties in the PHE, being computational fluid dynamics
(CFD) calculations useful in order to understand the
flows in the complex geometries of PHE�s, more accu-
rate described by implementing 3D channels (Kho &
Müller-Steinhagen, 1999).

Nusselt numbers, Nu, are normally described by
empirical correlations, the most common being the
Dittus–Boetler type (René & Lalande, 1987):

Nu ¼ aRemPr0.3; ð1Þ

where Re is the Reynolds number and Pr the Prandtl
number. For Newtonian fluids, a and m are constants
dependent on the flow regime and geometrical charac-
teristics of the PHE plates (Kakaç & Liu, 2002). How-
ever, when the processed fluids exhibit a strong
dependence of viscosity with temperature, the PHE in-
duces changes in velocity fields and normally a Sider
and Tate correction is introduced on Dittus–Boetler cor-
relation to describe this effect (Antonini et al., 1987;
René & Lalande, 1987):

Nu ¼ aRemPr0.3 g
gw

� �0.14

; ð2Þ

being g and gw the apparent viscosity of fluid in the bulk
and on the wall, respectively.

Stirred yoghurt is a non-Newtonian fluid and during
the manufacture is submitted to a cooling process that is
usually carried out in a PHE. Afonso et al. (2003) made
an experimental thermo-rheological study of yoghurt
during this process and found a Herschel–Bulkley
behaviour type. Based on the results of that work, sim-
ulations were performed with a 3D channel in order to
study, viscosity, shear rate and fanning friction factor
(Fernandes et al., 2005).

The aim of the present work is to study numerically
the thermal behaviour of yoghurt during cooling in a
PHE.
2. Problem description

2.1. Mathematical formulation

Mathematically, the problem was described by a set
of equations that comprises the governing and constitu-
tive equations. The problem could be divided in two
problems of heat conduction in the plates and one of
laminar non-isothermal flow inside the channel, the gov-
erning equations being Fourier�s law, to describe the
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heat conduction in the plates and the Navier–Stokes
equations, that include the conservation equations for
mass, linear momentum and energy, to describe the
flow.

The constitutive model used to describe the rheo-
logical behaviour of stirred yoghurt under the condi-
tions of the present study was that from Afonso et al.
(2003):

r ¼ r0 þ K1 _c for r < 6.7 Pa; ð3aÞ
r ¼ K2 _cn for r P 6.7 Pa; ð3bÞ

r0 being the yield stress, K1 and K2 consistency indices
and n the flow behaviour index.

Experimentally, we found in a previous work that the
wall shear stress was always higher than 6.7 Pa for the
considered operation conditions (Fernandes et al.,
2005), which implies that the velocity profile is mostly
parabolic, with the exception of the small region very
near the centreline, where it is plug-like, which does
not alter the data significantly (Fernandes et al., 2005).
Thus, the constitutive equation used in the present work
was based in Eq. (3b), the influence of temperature being
introduced by a term of the Arrhenius type:

gðT Þ / eE=RT ; ð4Þ
where T is the absolute temperature, E the activation en-
ergy and R the ideal gas constant. Rheological parame-
ters assume the values K2 = 3.65 Pa s0.42, n = 0.42 and
E = 94785 J mol�1 (Afonso et al., 2003).

2.2. Numerical resolution

The problem was numerically solved using the finite
element method package POLYFLOW and the simula-
tions were performed using a Dell Workstation PWS530
with 1GB of RAM.

Simulations were performed for the Pacetti RS 22
PHE, the operation conditions being those referred in
previous works (Afonso et al., 2003; Fernandes et al.,
2005).

The geometrical domain, Fig. 1, represents half of a
single 3D Pacetti RS 22 channel with 0.19 m length,
0.036 m width and a distance between plates, b, of
2.6 mm. This simplification was possible since the PHE
had a parallel arrangement (Afonso et al., 2003). Uni-
form distribution of the total flow rate in the various
channels was admitted, uniform flow was considered in-
side each channel and, due to the geometrical properties
Fig. 1. Geometric
of the plates, a symmetry axis was established (Fernan-
des et al., 2005).

Boundary conditions and physical properties of
yoghurt were established according to experimental data
(Afonso et al., 2003). In particular a heat flux, q, was
imposed in the plates as the thermal boundary condi-
tion, its value being determined by a linear form of the
expression (Fernandes et al., 2005):

qðxÞ ¼ UF T yogin
� T watout

� �
� exp 2ULF /x

1

MwatCpwat

� 1

MyogCpyog

 !" #
; ð5Þ

where x is the dimension on the main flow direction, U is
the overall heat transfer coefficient, F the correction fac-
tor M the mass flow rates per channel, Cp the specific
heat and / the area enlargement factor (Kakaç & Liu,
2002), which is given by:

/ ¼ Effective area

Projected area
; ð6Þ

and, for the present PHE, assume the value 1.096.
In all the simulations slip at the wall and heat losses

to the surroundings were neglected.
3. Results and discussion

Despite the complex flow developed in the present
PHE and for the present yoghurt (Afonso & Maia,
1999; Afonso et al., 2003) and experimental operating
conditions, the velocity profiles along the channel exhi-
bit approximate Poiseuille flow characteristics, as in par-
allel plates, and this can be an explanation to the
relation found by Fernandes et al. (2005):

�_c ¼ n
nþ 1

_cmax. ð7Þ

Eq. (7) means that although the mean, �_c, and maximum,
_cmax, shear rates in the PHE where higher than those ob-
tained in parallel plates, they were related by a typical
expression for parallel plates in laminar flow. On
Fig. 2, acquiring several profiles for different lines with
z = const., the obtained profiles have almost all a
approximately parabolic-conical (Manglick & Ding,
1997) shape although the maximum velocity will change
due to variations of cross section area offered to the
fluid. This pattern is also observed for different planes
with x = const. along the channel.
al domain.



Fig. 2. Velocity local distribution in the plane x = 0.05 and for Re = 0.31.

Fig. 3. Temperature local distribution in the plane x = 0.05 and for Re = 0.31.
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The irregularity of temperature distribution in the
planes of x = const. can be observed in Fig. 3. Concern-
ing temperature there�s no typical profile in planes of
z = const. and that can be explained by the fact that
although laminar flow occurs under the present operat-
ing conditions, elements of fluid with lower temperature
coming from the walls mix with hot fluid in the bulk,
and vice-versa, due to the 3D behaviour of the flow.

Local distribution of temperature allowed average
values of yoghurt and plate temperatures along the
channel on planes of equation x = const. to be deter-
mined, as shown in Fig. 3. One example of the resulting
temperature profiles along the channel is shown in
Fig. 4.

These profiles, in conjunction with heat flux expres-
sion, were used in the calculation of local convective
heat transfer coefficient, h(x), that can be defined as:

hðxÞ ¼ qðxÞ
ðT yog � T wÞðxÞ

; ð8Þ

where q(x) was calculated by Eq. (5) and Tyog and Tw

were given by POLYFLOW.
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Fig. 4. Distribution of yoghurt temperature (�), plate temperature
(n) and difference between yoghurt and plate temperatures (j) along
the channel for Re = 12.34.
Consequently, local Nusselt numbers were deter-
mined taking in account the following definition:

NuðxÞ ¼ hðxÞDH

k
; ð9Þ

where k is the thermal conductivity and DH is the
hydraulic diameter, defined as:

DH ¼ 2b. ð10Þ
Fig. 5 represents the local Nusselt numbers for three

different Reynolds numbers. Yoghurt assumes high Pra-
ndtl numbers in the present short length PHE (Afonso
et al., 2003), resulting in important entry effects, mainly
in higher Reynolds numbers (Ciofalo et al., 1996; Sour-
lier, Devienne, & Lebouché, 1987). Observing the evolu-
tion of Nusselt number for lengths higher than 0.05 m, it
was possible to find a sinusoidal behaviour which, in
turn, is consistent with the continuous x direction sinu-
soidal behaviour of viscosity, shear stress, temperature
and velocity. These local variations were induced by
the PHE corrugations (Fernandes et al., 2005).

Average values of Nusselt number were calculated
for the simulations performed and for the studied
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Fig. 5. Local Nusselt number for different Reynolds numbers.
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PHE, yoghurt and present operation conditions, and a
Dittus–Boetler correlation was determined:

Nu ¼ 1.808Re0.449Pr0.3; R2 ¼ 0.987; ð11Þ
the dimensionless numbers being given by:

Re ¼ quDH

g
; ð12Þ

Pr ¼ Cpg
k
; ð13Þ

where the apparent average viscosity was determined by
POLYFLOW.

Additionally, simulations disregarding the tempera-
ture effect on viscosity (E = 0 J mol�1) were performed,
the following correlation being found:

Nu ¼ 1.878Re0.463Pr0.3; R2 ¼ 0.985. ð14Þ
The results above compare well with the experimental

correlation presented by Afonso et al. (2003), as can be
observed in Fig. 6:

Nu ¼ 1.759Re0.455Pr0.3. ð15Þ
The best agreement with the latter correlation was

achieved taking into account the effect of the tempera-
ture on viscosity (maximum deviation of 3.6%). How-
ever, the results without this effect are still quite
satisfactory (maximum deviation of 8.9%), with the
advantage that the required computational time was
about 1/3 of that when the effect of temperature on vis-
cosity was considered.

For laminar flows of Newtonian and non-Newtonian
fluids, an m of about 1/3, i.e., lower than that obtained
in the present study, can be found in the literature
(Kakaç & Liu, 2002; Leuliet, Maigonnat, & Lalande,
1988). This fact could be related with the impact of
the entry effects, Fig. 5, on the average Nusselt numbers
determined on the present short length PHE. The PHE�s
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Fig. 6. Thermal correlations of convective heat transfer coefficient for
stirred yoghurt with E = 94785 J mol�1 (- - -), E = 0 J mol�1 (—) and
Afonso et al. (2003) (—). (d) are the numerical results for stirred
yoghurt with E = 94785 J mol�1 and (n) numerical results for stirred
yoghurt with E = 0 J mol�1. (h) are the numerical results for cloudy
apple juice and (––) the thermal correlation for the juice.
used by Leuliet et al. (1988) had about 50 and 64 cm
length, i.e., about three times longer that the used in this
study. From Fig. 5 it seems reasonable to infer that
expanding the geometry in the x direction, the average
Nusselt number and m would decrease and that using
only the lower Reynolds numbers to determine a corre-
lation of the type of Eq. (1), will also decrease m. Con-
sidering only the six lowest Reynolds numbers,
E = 94785 J mol�1 and E = 0 J mol�1, it can be found
that m assumes values of 0.334 and 0.335, respectively,
witch are in much better agreement with the result of
Leuliet et al. (1988) for non-Newtonian fluids and with
the results presented by Kakaç and Liu (2002).

In order to further clarify the exponent m, additional
simulations, Fig. 6, where performed considering the
rheological parameters of a power-law fluid similar to
a cloudy apple juice (Steffe, 1996): Kc = 0.0499 Pa sn,
E/R = 3065 K and n = 0.5. The obtained correlation
was:

Nu ¼ 1.809Re0.347Pr0.3; R2 ¼ 0.993. ð16Þ
Since the present cloudy apple juice have a lower con-

sistency index than yoghurt, the Prandtl numbers ob-
tained (between 45 and 106) were lower than the
obtained by Afonso et al. (2003) (between 581 and
1867) and in consequence the constant m decreased
due to the lower entry effects. The order of magnitude
of the constant a is confirmed since n are similar in the
two cases. Constant a is higher than the typical values
for Newtonian fluids and this is related by the shear
thinning behaviour of the fluids. Manglick and Ding
(1997) when studying Nusselt numbers of power-law flu-
ids in a channel with b = 90� concluded that Nusselt
number decreases with the increase of n.

Since laminar flow was observed and yoghurt exhibits
a viscosity dependency on temperature, a correction of
Sieder and Tate (Antonini et al., 1987; René & Lalande,
1987) on the Dittus–Boetler correlation was included in
the analysis.

For the case where the effect of temperature on vis-
cosity is considered, (g/gw) is given by:

g
gw

¼
K�_c

n�1
exp E

RT yog

� �
K _cn�1

w exp E
RT yogw

� �

¼ nþ 1

n

� �1�n

exp
EðT yogw

� T yogÞ
RT yogw

T yog

� �
; ð17Þ

since, �_c and _cmax are related by Eq. (7) and _cw ¼ _cmax.
Neglecting the effect of temperature on yoghurt vis-

cosity (E = 0 J mol�1) implies that the viscosity varia-
tions are due to the shear thinning behaviour of
yoghurt only, Eq. (17) being reduced to:

g
gw

¼ nþ 1

n

� �1�n

. ð18Þ
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Considering in Eq. (17) that the temperature of the
yoghurt at the wall is equal to the wall temperature,
(g/gw) was analysed along the PHE, Fig. 7. The inlet
temperature of yoghurt was similar in all simulations
and is the typical yoghurt fermentation temperature
(around 43 �C). After the zone were entry effects are evi-
dent, for the higher Reynolds numbers the ratio (g/gw)
had approximately a constant sinusoidal behaviour
and remained in a value around 1.6–1.7. For lower Rey-
nolds, where higher variations of yoghurt temperature
occur and higher viscosities are obtained, this ratio
had a similar sinusoidal behaviour but with a tendency
to increase along the channel.

Resorting to the local values of (g/gw), average values
of the referred ratio were calculated for the different
Reynolds numbers, Fig. 8. On the same figure it can
be observed the good agreement between numerical cal-
culations and Eq. (7) in the present case.

Tacking in account the average values of (g/gw) for
the different Reynolds numbers, for E = 94785 J mol�1

the following correlation was found:

Nu ¼ 1.691Re0.448Pr0.3 g
gw

� �0.14

; R2 ¼ 0.988. ð19Þ
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different Reynolds numbers and E = 94785 J mol�1. (—) represents
Eq. (7).
and for E = 0 J mol�1,

Nu ¼ 1.701Re0.462Pr0.3 g
gw

� �0.14

; R2 ¼ 0.985. ð20Þ

Comparing these correlations, with Eqs. (11) and (14)
it can be observed that m is similar and that the constant
a decreases, as expected.

For shear thinning fluids it�s consensual that Nusselt
numbers are higher than for Newtonian fluids. With the
present PHE and fluids, that increase was translated in
the thermal correlations by the increase of constant a,
remaining constant m, tacking in account the results for
the cloudy apple juice, on the typical range for Newtonian
fluids with different corrugation angles (0.326–0.349)
(Kakaç & Liu, 2002). Considering the processing of the
present fluids on a PHE with a different corrugation angle
than 30� it�s reasonably to admit that wall and bulk shear
rates will be different and necessarily different viscosities
and ratios between bulk and wall viscosities will be ob-
tained. Viscosity affects not only Prandtl numbers but
also Reynolds numbers and for a PHE with a corrugation
angle different than 30� the increase of Nusselt numbers in
relation to Newtonian fluids can be translated by changes
not only on the constant a from the thermal correlation
but also by changes on the constant m.
4. Conclusions

The objective of this work was to study local and glo-
bal thermal properties of yoghurt flow in a PHE.

Simulations have been performed considering the
influence of temperature on viscosity and discarding this
effect. It was observed that in the present case, i.e.,
yoghurt processing, the obtained results were similar
and the CPU time was drastically reduced when the
effect of temperature was neglected.

The local results of Nusselt number for the present
short length PHE allowed a better understanding of
the impact of entry effects on Reynolds number expo-
nent of thermal correlation and simulations with a
power-law fluid having lower Prandtl numbers than
yoghurt conduced to a lower Reynolds number expo-
nent. Higher Nusselt numbers than the typical for New-
tonian fluids were obtained witch is explained by the
shear thinning behaviour of the studied fluids.

Transversal variations of viscosity along the PHE and
with Reynolds number were studied and thermal correla-
tions tacking in account these variations where proposed
for the present yoghurt, PHE and operating conditions.
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