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 MODELE RIGOUREUX DE LA POLYMERISATION: NON LINEAIRE !

e T S e pal
Cet article présente une synthése des récents progrés dans le domaine du
développement d'un modéle cinétigue rigoureux de la polymérisation
non lindaire réversible avec un nombre fini de cyclisations intramolé-
culaires. Certains changements ont été introduits afin de pouvoir faire
des calculs des réactions de polyaddition. La procédure pour I'obtention
des distributions & mayenne de "'z" des rayons de giration des molécules
dchaine gaussienne estdécrite. Ladisiribution des longueurs de chaines,
les propriéiés des gels (par exemple la eoncentration de joncrions et de
chaines élastiques) et les rayons de giration moyenne sons calculés pour
le cas de la copolymérisation non radicalaire avee des molécules
disposant d’une ou deux liaisons terminales. Des prévisions des masses
moléculuires moyennes de la copolymérisation radicalaire (avant le
débur de la gélation), ainsi que pour I'homopolymérisation de I'acéiate
de vinyl sont préseniées.

STRENGES MODELL FUR IRREVERSIBLE UNLINEARE

‘ POLYMERISATIONEN
Der Artikel fasst die Durchfithrung einer neuen strengen kinetischen
Methode zum Modeling irreversibler unlinearen Polymerisationen mi
einer bestimmten Zahl von intramolekularen Zyllisierungen zusammen,
Einige Verdnderungen erlaubten wirksamere Berechnungen mit
Polyadditionen. Es gibt eine kurze Beschreibung des Vorgehens, das zir
Darstellung von durchschnitlichen Distriburionen des kreisenden Radius
fir gaussche Kettenmolekiile filhrt. Die Distribution der
Molekiillkenenlinge, die Geleigenschaflen {wie zum Beispiel die
Konzentrationen der elastisch wirkenden Verzweigungen und Ketten)
und die durchschnitntlichen kreisenden Radien wurden fiir die nichs-
radikalartigen Monomercopolymerisation mit einer und mit zwei
Enddoppelbindungen berechner. Es wurde auch diskutiert itber die
Pradiktionen der durchschnitlichen Molekulargewichte vor der
Gelatinierung fiir die nicht-radikalartige Copolymerisation der gleichen
Art von Monomeren und die Homopolymerisation von Vinylacetat.

mofs-clés @ keywords

génie des procédsés » modélisaiion * distibution des masses moléculaires polymérisation » irreversible
chemical enginesring * modslling * molscular weight distribution * polymerization + Ireversible

Thispaper summarizes recent developments of a rigorous
kineric method for modelling of non-linear irreversible
polymerizations with a finite number of inrramolecular
cyclizations. Some changes have been introduced in
order to perform much more efficient computarions with
polyadditions. The procedure for obtaining z-averaged
distributions of gyration radius for gaussian chain
molecules is briefly described. Chain length distribu-
tions, gel properties (such as the concentrations of
elastically active junctions and chains) and average
gyration radii were computed for non-radical
copolymerization of monomers with one and with two
terminal double bonds. Predictions of average molecular
weights before gelationfor free radical copolymerization
of that same kind of monomers dnd vinyl acetate
homopolymerization are also discussed.

S S e LINEAL IRREVERSIBLE
Este articulo presenia una sintesis de los recientes
progresos en el campo de desarrollo de un modelo
cinético rigureso de polimerizacidn no lineal reversible
con un nimero terminado de ciclos intramoleculares, Se
han introducido ciertos cambios con la finalidad de
hacer posible la realizacién de los cdlculos de las
reacciones de poliadicién. Se describe el procedimiento
paralacbiencidn de distribuciones de media * z " de los
rayss de rotacidn de las moléculas en cadena gausiana.
Ladistribucidnde latalla de las cadenas, los propiedades
de geles (por ejemplo la concentracion de uniones y de
cadenas eldsticas) y los rayos de rotacion en media, se
calculan en el caso de la copolimerizacién no radical
con moléculas gue disponen de uno o de dos enlaces
terminales. Se presentan previsiones de masas
moleculares medias de la copolimerizaciénradical (antes
del inicio de la gelacidn), asf como para la
homopolimerizacion del acetato de vinilo,

- MODELIZAGAD RIGOROSA DAS POLIMERIZAGOES
A ... NAO LINEARES IRREVERSIVEIS
Este artigo resume alguns desenvolvimentos recentes de
um métode cinético para modzlizar rigorosamente as
polimerizagbes ndo lineares irreversiveis comumniimero
Sinito de ciclizagbes intramoleculares. Algumas
modificag8es foram introduzidas de forma a melhorar
bastante o desempenho dos cdlculos nas polindicaes.
Descreve-se brevemente o procedimento para obter as
distribuigdes dos raios de giragao moleculares médios z
para moléculas de cadeia gaussiana. Distribuigges de
grau de polimerizacio, propriedades do gel (tais como
as concentragdes de juncdes e cadeias elasticamente
activas) e ratos de giragcdo médios foram calculados
para copolimerizagbes ndo radicalares de mondmeros
com uma e duas ligagdes duplas terminais. Também se
discutem as previsies de massas moleculares médias
antes da gelificagdo para o mesmo tipo de mondmeros ¢
para a homopalimerizacdo do acetato de vinilo.
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Polymer chain length and molecular
weight distributions

A useful treatment of irreversible non-linear
polymerizations with a finite number of intramolecular
cyclizations results of lumping all position isomers with
same numbers of active groups A, ..., A N, 2nd inactive
groups (including repeating units) ). ST Xy, inte
species P(a, x), in which the vectors a = [4, .. ay, ] and
X=[x; .. xy, ] collect those counting variables. In what
follows, mole concentrations of the different species (in
bold) will be denoted by the corresponding italicized
variables.

Most of the times the vectorial discrete trans-
Jorm of the distribution of polymer mole concentrations
with respect to the numbers of active and inactive
groups (the polymer vector chain length distribution
CLD) will be easier to compute than its real-domain
counterpart :

Bz &)= Zaf’l... ch;’:"‘ zﬁlx’...
a =0 a“’d=0

x 0

iﬁ:{;‘*}’(al,...,aNA,xi,...,xNx) m

Zy =0

When the distribution relative to molecular
weight is needed, the following transform is introduced:

F(#)=2#M"‘P(Mm)

:ﬁ(#‘w’“i‘“rp“{.‘wﬂJ#A:rx‘l"‘r#MXNx) (2)

An efficient and accurate numerical inversion of
these transforms is feasible by computing the transform
in some thousands or tens of thousands of evenly spaced
points in a circle or a sphere in complex plane centred at
the origin and using FFT (Costa and Villermausx, 1988).

Average molecular weights

Moments relative to the numbers of groups (or
chain lengths) are obtained by differeritiation of (1) with
respect to the natural logarithms of Laplace parameters
and setting them all to unity.

Performing the same operation with (2), linear
relations between moments with respect to molecular
weight (or any other molecular property linearly related
to the chain: lengths) and moments relative to the vari-
ous chain lengths can be written. Average molecular
weights which are ratios of such moments are thus ob-
tained.

Since in real problems the numbers of different
groups are typically between 5 and 20 (much more if
ring formation is to described, since concentrations of
all ring forming groups must be explicitely followed),
there are often hundreds or thousands of moments with
respect to chain lengths up to order 3 to be computed.

Modelling of polyadditions improves consider-
ably by introducing a set of generalized monomers |, in-
cluding monomers, initiators, transfer agents or by-
products, which are active groups A, with k > N,. Not
only this renders the kinetic description less confusing,
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but also reduces the number of active groups which ap-
pear in the disiributions and therefore decreases the
numbers of moments which need be computed,

Molecular structure

A key point for the usefulness of the approach
proposed by the present authors is its ability to describe
molecular structure and predict some average molecular
properties. For that purpose, along with polymer CLD
already discussed, other structural species are intro-
duced, the bonds V, and the junctions J, which connect
them.

Some bonds are long chains (i.e., amenable to
length changes and therefore contributing to molecular
entropy) already present in monemers, others are
formed by reaction between a pair of active groups (and
5o have a fixed length) :

A +TA —k'"-—>J-va+

Bonds have a positive and a negative sense,
unless they are formed by reactions of identical groups,
as in the silanol condensation.

To each kind of bond are associated the chain
length and molecular weight distributions of :

*  one sided pendant chains

V,;(al,...,aN‘\,xI,...,xNx)
o+
and V. (al,...,aNd,xl,....xNx) :
*  two sided pendant chains
- - + + - —~ - +
Vm(a] ,...,aNd,a] Gy HNA,xl ....,.J-Nx,x] ,...,):Nx).

Junctions are the loci where 3 or more chains
meet. They are already present in the monomers and
shall be distinguished according to the numbers of
groups aJ and xJ and bonds v- and v* to which they are
connected to,

¥ J ¥ I - + +
Jn(al peenn AN X e X Ve VL Y ...,va)

being such a species.

Extinction probabilities are the fractions of finite
pendant chains, normalized 0-th order moments of chain
length distributions of one sided pendant chains (lyisa
vector with N one’s):

e Vallydy,)

Uy = (3)

m
They allow the evaluation of the transform of

distribution of mole concentrations of junctions T, con-
nected to z infinite chains :

T(e 8% ¢)=T[o ¢ + g1y, ),

w1y, -u*) 0

Network properties

Elastically active network junctions EANT are
connected to 3 or more independent infinite chains, so
that overall EANJ concentration L, becomes :



. | = aﬁ(INA’le’gn

lazﬁ(lw,ulrvx'g)l i

o= T (15, 10,.1) = T, (1y,.1y,.0)

n=1

Elastically effective network chains EANC

connect two EANJ, and total EANC concentration v, is
therefore :

__.Z (1NA le c)l _aix(INA:le,gﬂ
= |§=1 oL |(=_=0
azﬁ(1NA:1NT:§)| i
¥ e

These variables can be computed knowing the
first moments of the T, and the extinction probabilities.

Average molecular radius of gyration of
polymers with gaussian chains

The average radius of gyration 52> of a tree-
like molecule m with gaussian chains 1s refated to the
molecular masses of the two fragments which result

from breakmg each bond (its average squared length
being b2 i)

Ny
ﬂl b
( Sz) = =1 i @)
m M;

When the contributions of all isomers with al
possible chain lengths are added, the following expres-
sion results for the transformed z-MWD of average gy-
ration radius of all molecules:

MMZP M, [ 2\
- 2

Ny

dlogu~dlogp™

v
}., T ——
W=y =p

oc | 2 a2 [
£=0 ¢=0

The reaction which forms a bond V, (examples
being propagation, termination by combination, and so

on), with a rate k,Ag Ag , is the process :

N, N,
Yo A, [Saa Yla i
R R
i 70 S )¢

i=t i= i=1

N, :
2(“? + Vi )A-.:"'}
- +[ =
J7vJ ,’vxl £ X"
El(xf + VXH} i
The first N, bonds are supposed to come from
reactions between active groups belonging to polymers,
while the next N are formed by reactions between
such a group and a generalized monomer and, finally,
the last Ny bonds result from reactions involving gen-
eralized monomers.

Some other reactions do not create bonds :
= DBimolecular group exchange (transfers, termination
by dismutation), with rates k;'Ag;_ Ag;.+ ; the first
NZ* concern reactions between active groups be-
Tonging to polymers, as before the next Ny are re-
actions between such a group and a generalized
monomer, the next N reactions involve general-
ized monomers and the last N are reactions between
an active group in polymer with a generalized
monomer creating a new polymer molecule at the
side of the previcusly extant
generalized monomer (an example is
transfer to a vinyl monomer) ;

ZM,%, 3

m=]

ZM:: P,
m=1

Kinetic modelling

The crux of this description is the introduction of

the stoichiometric coefficients for the reactions among
active species.

'I‘ransforme‘a' rate equations

Unimolecular reactions (spontaneous
termination, initiations), with rates
k, A, ; as above, the first Ny con-
'cern reactions of active groups be-
longing to pelymer and the last N} reactions are
unimolecular reactions of generalized monomers.

(8 *

Using the principle of equal reactivity, rate equations for the various chemical species, such as polymer

molecules, pendant chains and junctions can be written :

Rp(w.§)=zk, oy 9P 3P __JF

Zk‘ 31 ( / 1)

t dlog o, dlog o, dlog Q. aloga
Ll 1
Ne+Np 3 Np+Np+Ng
aP T R id R
* 2 ke +(v1'v,“—1 + kA _A VY
i &loga B ) !=N§V§+: oo
Na+Ny+Ng o -
dP e .
+ ZLIA A v, Vi +2k a———-—A ! ni)-;-a—PAS.._(v, *—i)
I=Np+Np+1 =1 log .. dlogar ...
NE +Ng" = Ny +N.
Ld ) aP —e 4 T sk —"il
+ K Ez_—Agr'*(V’ ~1) D KA ALY ©)
=N} +1 08 O puu- 1= Ny +1

ENTROPIE n°212/213 e 1998 47



Ny LN v Ny v Ny ot
vi=Ted][&™  aow v —Ho: Hij % (10b) Vit =] e T[T aog
k=1 j=1 k=1 J=1

}—e":" (OE_, g—’ a+,§+)=§31 Ct' g ot f Zkl{a og [ (I_, ‘5_)‘1“’_?(0{*"&“‘)8!;14, “Ag?_J
74

a7 B Loam [, 9B
+9!ogag I (a’ & ) ( s )Bloga;_ _A37J+3[oga;+ [v, (a 6 )v; (a ' +)5'Zogo:;+ —Agrj,

oV, —_h o g oP 1| Yo B b miles 5,
+Blogo.';. -vr (a 6 )Vf+(a+'§+) :?!ogo:;_ —ASFJF’-I:%'::IA??{BI@&;, [Vf (a 1 )Vf (a ,g+)—1]

97, o % [ ow AR
+3!ogct [ (cc 3 ) ( 4 ) }} ;’kl{aloga;. [VI (a 6 )_-1]‘*. 5!oga;. [VI+(EI+'§ )—I]}

Ny . 917m o 5~ B N
>k {A&.q Thogar- [vl (o€ )—1]+A3r_'+ Vm; [Vz *(a',g")—l]
]

{
V., - : v, .
dlog .., [Vl ane )h1]+ 8 8[033’;-.+[ (e ) 1]}
i
Ny +Ng" . avm L af{n o
+I=~2;4+1k1 Agr"r{a[oga“r_ [VI (C\C 5 )"1}+3!oga;‘l.._ {Vl (C!+,§+)—1J} (11a)
[ it ot 9F 9P ,
k¥ (o, & )vf’(wj&)aloga;_ os o if 1<I<N,
ﬁwr(a-’g-,a+'¢+)=<k;‘ﬁ;(a‘,é')wr(m,&)aloi};_ A i Np+1SISNg+Np (11b)
ar

o
.z
<|
3
—_—

A CAT R I A aa VI if Ng+Ng+1<ISNg+Nj+N2

o e
10, if Np+ Np+ Np<l
Nn Tt e ¥ +
e Y dloga cE'Iogozgf+ & | diga dlog o &
ezl IV &, avt
+ 2 kA (Vv 1)+ Y =L (v -1 (12a)
ey & alogcxg', g]f divgar . )
L7y + 7t Ny -
av: ... ovE & oVE
A A Sga () A B (T ) Y kA Sioge %~
I=1 & g 7 I=Ng +1 a5
- OF
ki if 1<igSN
. 8lagczg= & B
1
Ry (@ §)=Jk,'17ngl_Agr. i Np+1SIS Ny + Ny + Ny (12b)
0, if Np+ Ng+ Ng=<l

48 ENTROPIE n°212/213 e 1998



EJ'“(O{J' 6;, @, (P ZLI

ogo:

;Z g‘algcr[ (o &)

+zk s alagf;t - [Vf“(oﬂ,r’; ) ]+A "—L

Ny +Ng* =
Y kA —a aly [v;“-
Iy l 08 0L .-

Insertion of these rate expressions in mass
balance equations in ideal reactors lead to 1st order non-
linear partial differential equations, which can be solved
by the method of characteristics (Costa and Dias, 1994).

Practical issues of computations

The problems which can be treated using this
approach can be classified in two very different levels
of difficulty :

1) Average MW and average gyration radii
before gelation
Leads to initial value ODE system, with
hundreds or thousands of equations, according to the
number of required moments.

2} CLD prediction and prediction of average

properties after gelation

Non-linear two-point boundary value problems
with N | equations are repeatedly solved for each value
of ﬁnalAume Integration along the characteristics of the
same initial value problem as before gelation is per-
formed after convergence of 2-point BVP is achieved.
Convergence difficulties are overcome by a continua-
tion procedure. Parallel shooting is generally needed
(except for some polycondensations).

Case study I : living polyaddition of a
mono- and a difunctional monomer in a
batch reactor

A theoretical reanalysis of these kind of systems
has been recently performed by Tobita (1994) using an-

410° — 4107
== C=k/k =0.001
Kt 1 rp -
ot F310%
T i 3
i | =
2 2107 -2 107 -0
5 =
S 8
11074 1ot =
0 10° t==r=mrrrer— J @Mo 10’
10' 107 10’ 10*
Number of Monamer Units
Fig. 1 CLD in the polyaddition withour termination of a

mono- and a difunctional monomer in a batch reactor at gel

time, showing the effect of slow relative initiation rate
constant C,
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Fig. 2 Comparison between predictions of EANF
concentratiorl vs. conversion of initial functionalities in the
polyaddition without rermination of a mono- and a
difunctional monomer in a batch reactor, showing the huge
error incurred by straightforward application of the Theory of
branching Processes TBP.

100 L1

1 | = — Instantaneous
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= — C=k/k =0.001
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'<f 1 \ —-— - -
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Conversion Of Initial Functionalities

Fig. 3 - Predicted normalized z-average radius of gyration
vs. conversion of initial functionalities in the polyaddition
without termination of a mono- and a difunctional monomer in
a batch reactor, showing the effect of initial mole fraction of
Junctionalities in difunctional monomer p, and relative
initigtion rate constant C..

alytical and Monte Carlo methods. The approach here
described is an efficient alternative method of comput-
ing CLD (see fig. 1) even with complex kinetic
schemes. Moreover, prediction of elastic properties is
readily performed (fig. 2) as well as z-average radius of
gyration (fig. 3).
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Fig. 4 Predicted weight-average degree of polymeri-
zation vs. monomer conversion in batch bulk radical
polymerization of methyl methacrvlate and ethylene glycol
dimethacrylate for different initial weight fractions of
difunctional monomer, according to pseudo-kinetic methed (L
et al, 1989) and present approach,

Case study II : bulk radical
copolymerization of methyl methacrylate/
ethylene glycol! dimethacrylate

A reanalysis of experimental results and mod-
elling by Li, Hamielec and Crowe (1989) was per-
formed. If the same parameters as that reference are
used, a slight shift of the approximate pseudo-kinetic
method predicted curves of average molecular weight
vs. time is observed relative to our more exact calcula-
tions (fig. 4), specially with low amounts of difunctional
monomer. Thus, lower deviations between predicted
and experimental gel conversions can be achieved (fig.
5), even without a new fit of parameters.

It was not yet possible to obtain predictions after
gel point for this system because of severe numerical
problems: parallel shooting was not yet implemented
with “stiff” systems of ordinary differential equations.

Case study III : homogeneous radical
polymerization of vinyl acetate in bateh
and continuous stirred tank reactors

In spite of the fairly large experimental and theo-
retical researches on this system, many inconsistencies
have subsisted concerning values of kinetic parameters
in different situations such as different solvent concen-
trations, different initiators and even between batch and
continuous stirred tank reactors.

Several simplifications have been used in the
past [Nagasubramanian and Graessley (1970),
Chatterjee (1977), Verlaine (1982), Tobita (1994b)]
which have a deleterious effect in the predictions of the
reaction behaviour, such as the neglect of existence of
poly-radicals, neglect of kinetic terms due to initiation,
neglect of inhibition reactions and primary radical ter-
mination, use of a closure condition for the rates of
moments. A detailed discussion is for the moment
available only in Dias (1996), along with a brief report
in Dias and Costa (1996). Present approach is specially
convenient, because it eliminates the need of that kind
of simplifications, leading always to a (closed) system
of ordinary differential equations for the moments,
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Fig. 5 Predicied vs. experimentally monomer conversion
at gel point in batch bulk radical polymerization of a methyl
methacrylate and ethylene glycol dimethacrylate using
pseudo-kinetic method (Li et al,, | 989) and present approach.

verifying initial conditions. A new fit of kinetic
parameters has been performed, and agreement with
experiment is excellent in all available data (figs. 6,7
and 8).
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Fig. 6 Predicied vs. experimentally measured weight av-

erage molecular weight as a function of monomer conversion
in batch bulk, solution (several initial mole ratios of t-butanol
3) and suspension radical polymerization of vinyl acetate us-
ing present approach and newly fit kinetic parameters,
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Fig. 7 Predicted vs. experimentally measured

(Nagasubramanian and Graessley, 1970} monomer conver-
sion and weight average molecular weight as functions of time
in batch solution (initial mole ratio of t-butanol § = 2) radical
polymerization of vinyl acetate using present approach and
newly fit kinetic parameters.
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Fig. 8 Predicted vs. experimentally measured (Verlaine,

1982) monomer conversion and weight average molecular
weight as functions of time for solution (initial mole ratio of t-
butanol S = 2) radical polymerization of vinyl acetate in a
transient CSTR using present approach and newly fit kinetic
parameters.

Current problems under study

1)  Ring formation
A systematic procedure is being prepared in
order to define in an automated way the fragments
and their stoichiometric coefficients when
intramolecular reactions are present.

2) Post-gel reaction and CLD prediction in
non-linear radical polymerization
A parallel shooting routine for two point
boundary value problems with stiff ODE is being
implemented.

CONCLUSIONS

For the simulations which could be successfully
performed up now (free radical polymerizations before
gel point, polycondensations, non-radical polyaddi-
tions), the proposed method of polymerization mod-
elling has required only reasonable computation re-
sources. Kinetic modelling of complex irreversible
polymerizations can be done with less severe simplify-
ing assumptions than current approaches, and leads to
better predictions of average polymer and network
properties.

More exact results concerning radical polymer-
ization (presence of multiple radicals, no need of
pseudo-steady state hypothesis) could thus be obtained.

This method has been developped with the aim
of providing an automated way of dealing with complex
kinetic schemes. It can be accepted that such goal is
now close to be achieved.

Further improvements in basic numerical meth-
ods are still needed to cope with some aspects of radical
polymerization.
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