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Abstract — In this paper, a new scheme of fuzzy optimal
control for discrete-time nonlinear systems based on the
Pontryagin’s Minimum Principle is proposed. Using back
propagation from the final co-state error and gradient descent,
a method which allows training an adaptive fuzzy inference
system to estimate values for the co-state variables converging
to the optimal ones is devised. This approach allows finding a
solution to the optimal control problem on-line by training the
system, rather than by pre computing it. Finally, this optimal
approach is applied to nonlinear control benchmark problems.
The results demonstrate the effectiveness of the approach
towards achieving the optimal control objective.

1. INTRODUCTION

In many physical and engineering systems, engineers are
hindered by strong nonlinearity for successful application of
optimal linear control. In many practical situations, an
optimal controller that can minimize (or maximize) certain
performance criterion is desired.

It is well known that exact analytical solutions exists only
for specific classes of optimal control problems, such as
linear systems with quadratic integral cost function. But so
far few results can provide an effective way of optimal
control design for general nonlinear systems.

On the other hand, a numerical solution is possible for
optimal programs or open-loop controls, but it becomes very
difficult for synthesis (feedback) controls if the dimension of
the system is high. In this way, most of the existing results on
optimal control for nonlinear systems are concerned with the
optimality of a single trajectory. Given an initial condition, it
is possible to use one of the many efficient available
computational techniques to calculate an open-loop optimal
control signal. However, these methods when applied to the
mostly real control processes have a weak performance due
to inaccuracies of the mathematical models and unknown
disturbances affecting the systems.

In the past decade, fuzzy inference systems emerged as one
of the most useful approaches to collect human knowledge
and expertise on control and to transform the collected
knowledge into a basis for developing controllers [1]-[3]. A
fuzzy logic controller is usually a fuzzy inference system
establishing a static mapping from the state variables input
values to the actuators output values [3].

Considering that nowadays fuzzy logic represents one of
the important techniques dealing with nonlinearities we
present an alternative approach to nonlinear optimal control
based on fuzzy logic. In this approach, the (adaptive) fuzzy
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inference system can be used to generate actuator values, but
its primary function is to generate estimates of the co-state
variables.

Co-state variables play a key role in finding the optimal
control when using Pontryagin’s Minimum Principle (PMP).

A number of stable and optimal fuzzy controllers were
developed for linear systems by using the PMP with
quadratic cost function. Wang [8] developed the optimal
fuzzy controller for linear time-invariant systems. Based on
the conventional linear quadratic optimal control theory, Wu
and Lin [9] presented a design method of the optimal
controllers for continuous- and discrete-time fuzzy systems.
Later, Wu and Lin [10] developed a design scheme of the
optimal fuzzy controller under finite- or infinite-horizon by
using the calculus-of-variation method. Chen, Tseng, and
Uang [11] introduced a fuzzy linear control design method
for nonlinear systems with a fuzzy linear model that provides
rough control to approximate the nonlinear control system,
and an optimal H-infinity scheme that provides precise
control to achieve the optimal robustness performance.
Moreover, Wu and Lin [12][13] presented local and global
approaches of optimal and stable fuzzy controller design
methods for both continuous and discrete-time fuzzy systems
under both finite and infinite horizons by applying traditional
linear optimal control theory.

Let’s begin by briefly reviewing the concepts of PMP, for
the herein case of interest, i.e. for systems modelled in
discrete time.

Let one consider systems described by nonlinear difference
equations of the kind:

Xt =f* (xk7”k) (D

where x, € R"is the state and u, € R” the control input of

the system at time k7, f'is a vector valued function, possibly
non-linear and time-varying, and T is the sampling period.

One f(x,u):R"xR—>R" is Lipschitz
continuous and that there exists a constant M, >0 such that

|f(x,u)|§Mf(|x|+|u|+l) for all (x,u)eR"xR.

requires that

The control problem is to find the control sequence u, that

minimizes the criterion or cost function J, :

J =0 (Noxy )+ S L (x,0m,) @
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In (2) [i, N] is the prescribed control time interval,
®(N,x,) is the cost on the final state value x,, and

L' (x,,u,) is the cost on both state and command at instant

k<N.
The solution for this problem given by PMP is as follows.
One defines the sequence of Hamiltonian functions H* :

HY =15+ 17 fk 3)

k+1

where 4, eR”

Accordingly to common usage one will designate 4, as the

is a vector of Lagrange multipliers.

co-state variables. The optimal sequence u, that minimizes
the criterion (2) is found by solving simultaneously the
following equations:

State variable equation:

oH*
Xps1 = W

k+1

= 1" (x.u,) 4)

Co-state variable equation:

o' (o' . el
B=Sm | S| Ao )
0ox, 0x, ox,
Stationary conditions equation:
k e\ k
e b ©)
u, ou, ou,

Limit conditions equations:
0 oY
oL + of Al dx,=0
ox, ox,

,
[ ® —ZNJ dx, =0
xy

(7

In general, finding solutions for (4)-(7) is not an easy task,
due to the interdependence of equations (4) and (5), which
implies that forward and backward time sequences should be
used.

However, looking at the problem on fuzzy logic grounds,
the co-state variables appears to behave like the output of an
expert system that knows which sequence of values will
minimize the cost function. This means that one may devise a
control strategy based on an adaptive fuzzy inference system
which generates at each time £, in the control time interval,
an estimated value for the co-state variable at time £ +1.

Let one define a training iteration as a sequence of control
actions from k=0 to k=N. Then, along successive
training iterations the fuzzy inference system rules may be
changed in order to generate estimates converging to the true
optimal values of the co-state variables. This will imply that
the state variables values will also converge to the optimal
ones.

Changing the rules of the fuzzy inference can be made by

means of a learning algorithm which takes as its input the
final error between state and co-state variables. In fact, it can
be proved that, under the quadratic version of criterion (2), if
this error goes to zero then the state and co-state trajectories
will converge to the optimal ones.

This idea will be explored along the following sections.
Firstly, in section 2, a brief introduction to the fuzzy
inference systems used is made. The quadratic version of the
optimal control problem considered and the fuzzy logic
approach to its solution are described in section 3. Section 4
presents the learning algorithm. Two illustrative simulation
examples are presented in section 5. Finally, the main
conclusions are outlined in section 6.

II. THE Fuzzy INFERENCE SYSTEM

Fuzzy systems modelling provide a framework for
modelling complex nonlinear relations, using a rule-based

methodology. Consider a system y = f (x); y is the output
(or consequent) variable and x=(x,-,x,) €R” is the
input vector (or antecedent) variable. Let U =U, x---xU, be

the domain of the input vector x € R” and V the output
space.

A linguistic model relating variables x and y can be written
as a collection of rules that link terms 4;, €U,, j=1,....M,
i=l,...,n, and B, eV, where A,-,i(xi) and B, (»),
respectively, represent the descriptor sets associated to
variables x;, i=1,...,n and y. In fuzzy systems modelling,
this relationship is represented by a collection J of fuzzy IF—
THEN rules

R, :IF x,is A, and --- x, is A,, THEN y is B, (®)

where j is a index of rule. The linguistic connective “and” of
antecedent rule (8) will be defined as a t-norm operation, *,
where an aggregated fuzzy set 4, can be viewed as the fuzzy

X, A
4, (x)= 4, (x, ) *4, (x,) . The fuzzy implication of each

intersection  set with membership function

Ji

rule j, R; A, > B, is a fuzzy set in product space U xV
which is defined as R, , ., (x,y)=4,(x)®B,(y), where

“®?” is an operator rule of fuzzy implication, usually min-
max inference [1-2] or arithmetic inference [3].

For each rule j, the effective output value B; is calculated
using sup-star composition:

B', (v) =sup[ A'(x)*R,.,n.p (x.9) ]

The final fuzzy set B, which is determined by all the rules
in the base, is obtained by the combination of the B; and their
associated membership functions.

In many situations, namely in series prediction and
modelling applications, it is desirable to have a crisp value y*
for the output of a fuzzy system, instead of a fuzzy value
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B(y). The defuzzifier performs a mapping from the fuzzy sets
in V' to crisp points in V.

The fuzzy inference system used in this study is based on a
product inference engine, singleton fuzzifier, and centre-
average defuzzifier. So, the fuzzy logic inference system can
be represented by:

_ ZZIEA./‘ (x)
/) Zj'/[:IAj(x)

where A4, (x)=]], 4,(x) is the input membership

©)

function and y, is the centre of the output membership

function.

There are three main reasons for using this fuzzy system as
a basic building block for adaptive fuzzy controllers or
identification systems:

—It has been showed in other works [4-7] that fuzzy logic
systems given by (9) are universal function approximators;

—These fuzzy logic systems are constructed from fuzzy /F-
THEN rules using specific fuzzy inference, fuzzification, and
defuzzification strategies, which allow the incorporation of
information from human experts into controllers;

—The functional form of (9) can be represented as a three-
layer feedforward network. Therefore, it is possible to apply
back-propagation learning methods or other neuro-fuzzy
techniques, for adjusting the parameters of the membership
functions of the rules [4], yielding an adaptive fuzzy system.

An adaptive fuzzy system is defined as a fuzzy logic
system equipped with a learning algorithm where the fuzzy
system is constructed from a set of fuzzy IF-THEN rules
using fuzzy logic principles, and the learning algorithm
adjusts the parameters of the fuzzy system based on the
training information.

[II. THE OPTIMAL CONTROL ALGORITHM

In this section, a method for the optimal control of systems
described by (1) under a quadratic version of criterion (2) is
presented. The method is based on the ideas and framework
sketched above.

Consider the rewriting of the nonlinear discrete dynamic
system in (1) as:

X =g () +h(x, )u, (10)

where g:R" > R" and 4#:R" — R™™ are continuous over

R". Assume that g, +#A,u, is Lipschitz continuous on a set

U eR" containing the origin, and that system (10) is
stabilizable in the sense that there exists a continuous control
on U that asymptotically stabilizes the system. It is desired to
find a sequence of u;, which minimizes the cost function:

| & 1 A
Jy :Ez(xk_rk)TRk(xk_rk)+EZukTQkuk (1D
= k=0

where 7, is the desired state at k sample, R, and Q, are
matrices that allow to weight attainment of the desired state

versus control effort.
Now, (4)-(7) can be rewritten:

A =42, R, (xk_rk)7 (12)
Uy :_Q;lBk/lkH’ (13)
Ay =Ry (xy —ry) (14)

where 4, =(2f*/ox,) and B, =(of* [ou,) .

Given (10), (13) allows one to write the control variable at
time k as:

u, ==0; ' h(x ), - (15)

This equation may be taken as an optimal feedback control

law, if the optimal value of the co-state variable, 4, is
known at time k.
Now the approach proposed in this paper may be made

explicit. One takes A, as the output of a fuzzy inference
system A that at instant k generates an estimate of A, ,,
having as inputs the observed state x, and the time to go
N—k:

Ay = hi = A N k). (16)
This gives the feedback control law
u, = =0, h(x,)A(x,, N —k) a7

which by incorporation of the % function into the fuzzy
inference system can be streamlined to:

w, = =0 A (5, N —k) (18)
From equation (10) and (17) we have
X =& —H A, (19)

where H, = h(x,)Q,'h" (x,)

If, by adaptation or learning of the fuzzy inference system,
along successive runs or training iterations of the system
from k=0 to N, the estimates are made to converge to the
optimal ones, then any of the control laws (17) or (18)
becomes optimal.

That this indeed can be done is the subject of the next
section.

IV. THE LEARNING ALGORITHM

To solve the equations resulting from framing a discrete
optimal control problem under PMP, an off-line optimization
method is usually applied. Here, one proposes a learning
algorithm based on an approximate gradient descent method
that, during the training iterations, progressively refines the
accuracy of the co-state fuzzy estimator. This strategy
reduces the necessary computing time and memory, avoiding
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the calculations of the exact adjoin and the directional
derivatives of the cost functional. Below the first algorithm
of this method is given in the theoretical form. The
implementation of the algorithm will be described in future
work.

From (14) it follows that for optimal trajectories one must

necessarily have 4, =R, (x, —ry) so 4, =R, (xN -7y )
Let E=X,—-R,(xy—ry) be the error or difference

between the end value of the state and the co-state variable
trajectories, as exemplified in Fig. 1 (where without loss of
generality we considered that »y= 0 and R, =1). As noted

above, for optimal trajectories x (k) and A'(k), it is a
necessary condition that A, =R, (xN —rN) orE=0. It is
also possible to prove that this is a sufficient condition. If
E—0, then x, > x, and 4, — 4, , i.e. the trajectories of

the state and co-state variables converge to the optimal ones.
Fig. 1 graphically depicts the idea for one state and co-state
variable.

It follows that to attain optimal state trajectories, it is
necessary that the error £ converge to zero. This objective is

achieved by adjusting the final A, co-state variables in order
to minimize:

E’ = (/’iN - Ry (xN —Ty ))T (/’iN Ry (xN —Ty )) .

The gradient descent algorithm was employed to determine
the adjustments to the final co-state value:

OE*

A =8 —2aE" (20)

q
N

where, ¢ =0,1,2,...1s the training iteration number and « is
a scalar step-size variable.
For all g one has that:
OF I_R Oxy

o, Voa,

2]

where / is the identity matrix.

The summands at the right side of (21) can be solved
iteratively as:

axlwl =4 6xk -H aﬂkﬂ (22)
A, rea, oA
0k _ Ok Ok, 3
Oy 0, Oy

with dx, /04, =0and 04, /04, =1.
From (12) and (19), the equation (23) can be rewrite as:

oA

k+1

oA

oA, .
M‘ =(I+RH,) 4,

N

N

Fig. 1. Trajectories of optimal (-) and non-optimal (--) state (blue line) and
co-state (green line) variables

From the new value of A% a new backward co-state

N

trajectory is computed trough equation (12). With the new
value of co-state Variablel,f”, for k=1,.,N, a new state

trajectory is also computed. As far as E — 0 the trajectories
of the state and co-state variables converge to the optimal
ones.

V. EXPERIMENTAL RESULTS

In this section, we shall design the optimal controllers for
two nonlinear dynamical systems. Simulation results show
that the proposed optimal fuzzy controllers can effectively
drive the dynamical systems to the target trajectory in an
optimal way.

Example 1: For illustrative purposes, the method described
was implemented to regulate the plant:

Xie1 = Xk +T'f(xk’”k) 24
with:
l—e™
f(xk,uk)zlo —+u, (25)
I+e ™™

In this case, r, =0. The plant (25) is unstable if no control
action exists:

uk:O/\xk>0—>xk+l—xk=101_e >0

1+eﬂ. (26)
uk:O/\xk<O—>xk+]—xk:101_ef <0

l+e™

A sampling time of 7' =0.1s and N = 30 (i.e. TN = 1
second) was used.

For each trajectory generated the algorithm above was
used to adjust the values of the co-state variable. At the end
of this process, the results were stored in a fuzzy inference
system.

Fig. 2 shows the values of the co-state variable outputted
by the fuzzy inference system as a function of the inputs state
position and time remaining to end.

This function may be linguistically interpreted as follows:

—When the initial state equals the final state, the co-state
value is zero everywhere.
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—The system symmetry corresponds to one co-state
symmetry.

—Because the system is unstable, less energy consumption
is obtained if the control system drives the state variable to
the equilibrium point (x =0) as soon as possible — and with
more strength the shorter is the remaining time.

These conclusions could be achieved before the training
process, by analysis of the system model. Incorporating them
in the fuzzy inference system would result in a faster
convergence process.

Fig. 3 shows test responses, comparing the described
method (curve of e points) and the obtained by numerical
nonlinear optimization technique (Quasi-Newton method
with a mixed quadratic and cubic line search procedure)
(curve of x points).

.10 0 Time remaining - s
Fig. 2. Surface map of co-sate with respect to state and time position.

Example 2: Consider the following harmonic oscillator

model:
0= 5 g0+ b0

Perhaps the one simple method to solve the ordinary
Differential Equation x(¢)= f(x(¢),u(r)) is based on

27

Taylor series approximation to the solution of initial
value x (7). If X7 (¢) is continuous, then Taylor's formula

gives

Xy =X+ [ (1, ) htor f0Y (tk,xk)%+h0(h”)

(p-1)
where hO(h”) o A (fk,x(fk ))h— ,with 7, <& <t .
p!
The result of this approach is a discrete equation of the
system, which can be used for optimal control strategy. In
this paper we use # = 0.0345 second and p = 3, trying to

minimize the linear quadratic regulator index

N 1 0
J = xk{ }xk +u;
o 01

1
o8 ™ ]
x
0.6 .
<° x
0.4 * b
%
%
0.2} * |
x
L
x
0 \ ‘ ML LETPEPTPTTTY
0 0.2 0.4 0.6 0.8 1
Time (second)
30F N
%
25+ B
%
20 x 1
x
< 151 i
x
%
10} x 1
x
*u
5 i
"x,
L.
0 . . X% % % % x
0 0.2 0.4 0.6 0.8 1
Time (second)
Or PR EELLELEE
an ¥
¥
™
2t " J
x
x
al » 1
- x
=
x
6l |
x
8l x 1
%
-10 . . \ .
0 0.2 0.4 0.6 0.8 1

Time (second)

Fig. 3. Example of one trajectories of state, co-state and control variable:
through numerical nonlinear optimization method (x) and co-state optimal
fuzzy system (o).

Fig. 4 shows state, co-state and actuation response of the
plant with the optimal controllers under initial condition

x,(1)=[1 -1 (points ). The obtained results from the
nonlinear optimization method are represented by x points,
which values are very near to the ones of the proposed

method. Obviously, the states of both systems converge to 0
in an optimal manner.
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1
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0.4} 1
Sy bl
0.2+ i
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x
-0.2f % 1
0.4 L L L L
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Fig. 4. Example of optimal trajectories of state (x; and x;), of co-states (A,
and 2,), and control variable u;: by nonlinear optimization method (x) and
by co-state optimal fuzzy system (e).

V1. CONCLUSION

In this paper the implementation of the non-linear
quadratic optimal control is described using a fuzzy logic
methodology upon Pontryagin’s Minimum Principle. A
learning algorithm interactively adjusts the co-state variable
values in an optimal way. The found values are saved in a
fuzzy inference system. The proposed methodology allows

attaining on-line and in close-loop calculation of the optimal
control actions. This fact should make possible to design
feedback strategies more robust than standard off-line open
loop optimal ones, with respect to the inaccuracies of the
process model and unpredictable disturbances. Moreover, it
should allow tracking process changes.
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