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Resumo

Nesta tese estudam-se as dinamicas geradas pela criagao de ciclos heterodimensionais,
seja do tipo parcialmente hiperbdlicas com folheacoes invariantes e dinamica central
unidimensional, seja associada a produtos torcidos.

Num primeiro cendario, considera-se uma familia, a um parametro, de difeomor-
fismos exibindo um desdobramento de um ciclo heterodimensional associado a duas
selas com diferentes indices e cuja dinamica central ¢ dada por um difeomorfismo
concavo. O estudo da dinamica semi-local desta familia, depois do desdobramento
do ciclo, é entao reduzido a andlise de um sistema iterado de fungoes, obtido pela
composicao de poténcias da aplicagao concava com uma translacao.

Motivado pelo estudo deste tipo de sistemas iterados de fungoes, introduz-se um
modelo mais geral de sistemas parcialmente hiperbdlicos: os produtos torcidos asso-
ciados a aplicacao shift de Bernoulli de n-simbolos.

Em ambos os casos, obtém-se condi¢oes que garantem a prevaléncia de hiperboli-
cidade ou, em sentido contrario, a prevaléncia de nao hiperbolicidade.

No caso dos produtos torcidos e assumindo hipoteses de nao hiperbolicidade, prova-
se a existéncia de uma medida invariante, ergddica e nao-hiperbdlica com um suporte
nao trivial. Encontra-se ainda um limite superior para o crescimento do ntimero de
orbitas periddicas.

Introduz-se ainda uma familia modelo de difeomorfismos, a dois parametros, em
que um dos parametros estd relacionado com o desdobramento do ciclo heterodimen-
sional do tipo descrito acima, e o outro associado a uma funcao concava especial
que fornece a dinamica central. Neste caso é possivel localizar, em funcao dos dois
parametros, intervalos escalonados de hiperbolicidade e de nao hiperbolicidade e em
simultaneo descrever as bifurcagoes secundarias associadas a transicao das regioes de

hiperbolicidade para as de nao hiperbolicidade.
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Abstract

In this thesis we study the dynamics generated by the creation of heterodimensio-
nal cycles, either of the partially hyperbolic type, with invariant foliations and one-
dimensional central dynamics, or associated to skew-product maps.

In the first scenario, we consider a one-parameter family unfolding a heterodimen-
sional cycle associated to two saddles of different indices and such that the central
dynamics is given by a concave diffeomorphism. The study of the semi-local dynamics
of this family, after the unfolding of the cycle, is then reduced to the analysis of a
system of iterated functions, obtained by compositions of powers of the concave map
with a translation.

Motivated by the study of the this kind of iterated systems of functions, we intro-
duce a more general model for partially hyperbolic systems: the skew-product maps
associated to the bernoulli shift of n-symbols.

In both cases we obtain conditions which ensure prevalence of hyperbolicity or, in
the opposite direction, prevalence of non-hyperbolicity.

In the skew-products case and under some non-hyperbolicity hypothesis, we prove
the existence of an invariant ergodic and non-hyperbolic measure with an uncountable
support. We also obtain an upper bound for the growth of the number of periodic
orbits.

We also introduce a two-parameter family model of diffeomorphisms, being one
the parameters associated to the unfolding of a heterodimensional cycle of the type
described above, and the other associated to a special concave function that gives
the central dynamics. In this case, depending on the two parameters, we are able to
identify scalled intervals of hyperbolicity and of non-hyperbolicity, and furthermore
describe the secondary bifurcations associated to the transition from hyperbolicity to

non-hyperbolicity.
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Introduction

Bifurcation theory studies transitions from hyperbolic (stable) to non-hyperbolic (uns-
table) regimes. There are two main sort of bifurcations: loss of hyperbolicity of peri-
odic orbits (saddle node, flip, Hopf bifurcation) and generation of cycles. In this work
we study bifurcations via creation of cycles and how these bifurcations are related to
the loss of hyperbolicity of periodic orbits.

There are two types of cycles: equidimensional cycles involving only saddles with
the same index (dimension of the unstable manifold) and heterodimensional cycles
involving periodic points of different indices. The equidimensional cycles where well
studied since the seventies (see [PT87]) and are associated to homoclinic tangencies.
In this thesis the main emphasis is the study of bifurcations through heterodimensio-
nal cycles.

Let M be a compact, connected and boundaryless n-dimensional Riemannian
manifold and f : M — M a diffeomorphism having a pair of hyperbolic periodic points
P and @ with different indices. The diffeomorphism f exhibits a heterodimensional
cycle associated to P and @ if the stable manifold W*(P, f) intersects the unstable
manifold W*(Q, f) of @, and the unstable manifold W"(P, f) of P intersects the
stable manifold W*(Q, f) of Q. In this thesis, we consider the codimension one-case,
that is, the index of @, index(Q), is equal to index(P) + 1.

Typically, heterodimensional cycles generate two transitive sets containing saddles
of different indices. These sets are homoclinic classes of periodic points. The homo-
clinic class of a (hyperbolic) saddle P of a diffeomorphism f, denoted by H(P, f),
is the closure of the transverse intersections of the orbits of the stable and unstable
manifolds of P. Two saddles P and () are homoclinically related if the stable man-
ifold of P, W*(P, f), intersects transversally the unstable manifold of Q, W*(Q, f),

and the unstable manifold of P intersects transversally the stable manifold of Q). We
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Figure 1: A heterodimensional cycle

observe that two saddles homoclinically related have the same index and their homo-
clinic classes coincide. In fact, we can define the homoclinic class of a saddle P as the
closure of the saddles homoclinically related to P. Recall that if a homoclinic class

contain saddles of different indices, then it is not hyperbolic.

We consider a family of diffeomorphisms ( f;)icj-11], with fo = f, unfolding a hete-
rodimensional cycle at ¢ = 0, associated to the periodic saddles P and ), and we
assume that the arc has a first bifurcation at t = 0, that is, f; satisfies Axiom A and
the no-cycles condition for every ¢ < 0. The goal is to describe the dynamics of the
diffeomorphisms f; in (0, €) for a “large set of parameters” (a set of nonzero Lebesgue
measure with positive relative density at the bifurcation ¢ = 0).

We assume that the cycle associated to P and @ is “generic”, that is,
o W*(P, f)NnW*(Q, f) is non-empty and transverse,

e the intersection W*(Q, f) N W*(P, f) is quasi-transverse, i.e.
dim(TxW*(P, ) + TxW*(Q, f)) =n — 1,

for all X € W*(Q, f) N W™(P, f).

Following the approach in [PT93] the idea is to study the dynamics in a neigh-
borhood of the cycle, that is, an open set W containing all the elements of the
cycle: the periodic points @@ and P, the intersections W*(P, f) N W*(Q, f) and
WP, f)yNW?*(Q, f) between their invariant manifolds. The objective is to describe
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the resulting non-wandering set,
Q(f) =Q(fi)) nW, for small t > 0,

where Q(f) is the set of non-wandering points, associated to the unfolding of the
cycle, that is, to characterize the dynamics of Q(f;)’.
Let t > 0 small. We omit the dependence of the periodic points on the parameter

t. We say that the homoclinic classes of P and @ are intermingled if

H(P, fi) N H(Q, fi) # 0.

Thus, since P and @ have different indices, f; is non-hyperbolic (unstable). We

consider the sets
e B(s)={te(0,s): H(P, f,) N H(Q, f;) # 0} and
o H(s)={t e (0,s): f;is Q-stable }.

In [DR92], [D95], and [D95b] are obtained open sets of arcs (f;)c—1,1) such that
H(P, f;) = H(Q, f;) for all small ¢ > 0. Thus, in this case, there is ¢y so that (0, ty] =
B(tp) and we say that the cycle is robustly non-hyperbolic (after the bifurcation).

However, [DRI7] gives open sets of arcs arcs with density of hyperbolicity close
to 1. Given any € > 0 there is an arc (ff)ic[—1,1) with density of hyperbolicity larger
than 1 — € at the bifurcation, that is,

H
lim inf —| (s)]

>1—¢,
s—0t S

where |A| denotes the Lebesgue measure of A. On the other hand it was shown that

lim inf |B(s)l

s—0t S

>0,

thus the bifurcation value is not a point of full density of hyperbolic dynamics. In
fact, in [DRO1] it is proved that the occurrence of non-hyperbolicity has persistent
character in the unfolding of heterodimensional cycles, i.e., the set B(s) has always
positive relative density at ¢t = 0 for all s > 0.

Typically H(s) is given by a collection of disjoint intervals. For all t € H(s) the
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homoclinic classes of P and @) are hyperbolic and disjoint. Understand the boundary
of H(s), that is, the transition from hyperbolic to non-hyperbolic dynamics, is one of

the goals of this work.

The heterodimensional cycles were first considered by Newhouse and Palis in [NP73]
and were studied systematically in the series of papers [D95, D95b, DR97, DROI,
DR02, DS04, DRO7]. Results show a wide variety dynamic behaviors associated with
the unfolding of the cycle, depending in particular on the central eigenvalues and on
the geometry of the intersection of W#(P) N W*(Q). In this work we consider the
simplest case, in particular we assume that the central eigenvalues are real and the
cycle is connected: the intersection W* (P, f) N W*(Q, f) has a connected component
~ that is f-invariant. Moreover, in our case, v is a curve tangent to the central
direction F¢ and whose extremes are the saddles P and Q).

The heuristic principle in [D95, D95b, DR02] (see also [BDV05, Chapter 6]) is that
the dynamics after of the unfolding of a heterodimensional cycle is mainly determined
by the action of f in v, called central dynamics. In this thesis, in very rough terms,
we assume that the restriction of f = fy to 7y is a concave function.

To be more precise we consider a one-parameter family (f;)ie[—e,q of diffeomor-
phisms unfolding a heterodimensional cycle at ¢t = 0 associated to hyperbolic fixed
saddles @ = (0,0,0) and P = (0,1/2,0) of indices 2 and 1, respectively, and we

assume that the semi-local dynamics satisfies the following properties.

(P1) In the cube C = [-2,2] x [—1,1] x [—2,2], the diffeomorphism f, = f has the
form

f(z,y,2) = Az, F(y), \u2),

where the map F' is strictly increasing with F” strictly decreasing and has two
fixed points in [0,1/2], 0 and 1/2. We assume that

As < F'(y) < Ay, forally € [—1,1].

(P2) There are kg € N and a small neighborhood U of (0,1/2,—1) € W*(P, f) such
that for small € > 0, the arc (f;); satisfies f; = f in the cube C, for all t € [—¢, €],
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and the restriction of £/ to i is of the form

1
tk°($,y,z) = (:B— 1,y — §+at,z— 1> = fko(:v,y,z)+(0,at,0),

with a € R\ {0}.

Motivated by the construction in [DHRS09], for each a > 0, we exhibit a two-
parameters model family (fo:)tc[—e,q, replacing the map F' (defining the central dy-
namics) in the one-parameter family defined above, by the map

_ "y
- 2ety + (1 —2y)

9a(y)

Observe that g,(0) = 0 and g¢,(1/2) = 1/2. So each value of a determines such a
family as in (P1) and (P2). This construction allows us to give a rather transparent
explanation of the dynamics in the unfolding of the cycle and to describe secondary
bifurcations generated by the unfolding of the cycle. Moreover, these families have a

variety of behaviors that reproduces the ones obtained in several papers (see Figure
2).

Theorem 1. The dynamics of f,: in the neighborhood of the cycle W, satisfies the

following properties:

(A) Robustly non-hyperbolic dynamics: for a € (0,log2), there is to(a) > 0
small, such that the homoclinic class H(P, for) and H(Q, fa:) coincide, for all
t € (0,to(a)], and so they are not hyperbolic. Moreover,

Noe = () fieWa) = H(Q. fur).

neL

(B) Persistence of non-hyperbolicity: for a € (log2,log4) there are to(a) > 0,
a sequence t, = t,(a) € (0,to(a)] converging to zero as n — oo verifying

lim,, oo tpst/tn = e~ and a sequence of intervals

J(a,t,) = [tn(a) — aat,, tn(a) + aas,]

such that Aoy = H(P, for) = H(Q, far) fort € J(a,t,).
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(C) for a>log4, there are to(a) and i, € (tni1,tn) N (0,t0(a)] such that

(C1) Hyperbolic dynamics: for every parametert € (u;tn, tn), the resulting
non-wandering set of f,; is hyperbolic and equal disjoint union of the (non-

trivial) homoclinic classes of P and Q.

(C2) Collisions of homoclinic classes via saddle-node bifurcations: the
diffeomorphism fq . ., has a saddle-node Sat, such that the intersection

of the homoclinic classes of P and Q) is exactly the orbit of Sy, .

a——400 \ n—oo tn — Un41

tn — 1y
(C3) Moreover lim (lim ﬁ) =1.

The next figure summarizes these results.

a
log 4 SN
I SN-+SC
0 ettt SN+-5C
. J(17t'rz Ja’7tn+1 77777
NH
Al == e SN+SC
ar T
ag = log 2 ( """""""""" SNHSC
NH
to(a) t
H - Hyperbolicity NH - Non-hyperbolicity
SN - Saddle-node SC - Secondary-cycle

Figure 2: The dynamics of f,;

A key ingredient in the proof of the theorem is to reduce the dynamics in the
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neighborhood W, of the cycle to one-dimensional dynamics. We observe that if
X € C then Df, (X) uniformly contracts in the X-direction and uniformly expands
in the Z-direction, and if X € U (recall that U is a small neighborhood of (0,1/2, —1))
then D ff%(X ) is the identity. These remarks and the partial hyperbolicity of f,: in
C imply that Ayy = (N;ez fi (W) is partially hyperbolic: the X and Z- direction are
hyperbolic and dominate the (central) Y- direction.

Thus, for each a > 0, the dynamics of f,; in A, is mainly determined by the study
of one-dimensional one-parameter families of systems of iterated functions, §, ¢, which
describe the central dynamics. These one-dimensional maps are obtained considering

suitable compositions of g,, and the quotient
1
Fi;:[1/2—-0,1/2+ ] - R, where Flvt(:v):x—§+t,

of the restriction of ff?t to U, (see property (P2)), defined for small ¢ > 0. For exam-
ple, for each a € (0,log4), to prove the inclusion H(P, fo:) C H(Q, fa+) it is enough
to show that the system §,; satisfies a certain expanding property. The inclusion

H(Q, far) € H(P, fa.) then follows using symmetric properties of g,.

Motivated by the fact that, roughly speaking, the construction of §,; is a skew-
product over a shift with two symbols and that many sequences of 0’s and 1’s forbid-
den, we introduce the skew-products. More precisely, we consider a family of a special
sort of partially hyperbolic systems called step skew-product maps, (G¢)ie[-1,1], asso-
ciated to the shift o of n-symbols and diffeomorphisms go¢, ..., gn-1¢, git : K — K,
for each i = 0,...,n — 1, with K = [~1,1] or K = S', defined by

Gt : Z]n x K — Zn X K7 Gt(f?@/) = (U(f)agﬁo,tay)a

where £ = (&);ez. The space ¥, is the base of this product, while the set K is the
fiber.

Assume that for ¢ = 0, the map g is a concave function on [—¢,1/2 + (], for some
v > 0, with two fixed points, a repeller 0 and an attractor 1/2. Thus, the map Gy = G
has two hyperbolic fixed points Q = (0%, 0) expanding and P = (0%, 1/2) contracting,
and assume that there is X € ¥, x K such that X € W*(P,G)NW*(Q, F’). Therefore,
Go has a heterodimensional cycle associated to the fixed points P = (0%,1/2) and
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Q = (0%,0) of different indices. The set
{07} x [0,1/2) € W*(P, Go) N W*(Q, Gy)

is called the connection of the cycle. We say that the orbits of X and {07} x [0,1/2]
are heteroclinic intersections of the cycle. The precise notions are given in Section
1.3.

A neighborhood of the cycle associated to the heteroclinic intersections (of the
cycle) is a open set V = V(X, {07} x [0,1/2]) containing the orbits of the closure of
{07} x [0,1/2] and of X.

Although the study of the skew-product maps appear as a modulation of heterodi-
mensional cycles, their study is important by itself. The role of the skew-products is
similar to the one of the shift for the study of the horseshoe. As in heterodimensional
cycles, the fiber dynamics are given by a system &, of iterated functions. In fact, this

is an important tool of this work.

Inspired in the central dynamics of the family of diffeomorphisms f,;, we construct,

for each a > 0, the one-parameter family of skew-product maps as

Gar: Yo X (— — Yo xR, with t € (0,¢) and a > 0,

such that go; = g, and g14(x) = b(x — 1/2) +ct, for all x € [1/2 —(,1/2 + (]. Note
that, for each a > 0, G, has a heterodimensional cycle associated to the fixed points
P =(0%,1/2) and Q = (0%,0).

Set T :={t > 0: W"(P,Got)"W?*(Q, Gqor) # 0}. We observe that the parameters
t € T corresponds to secondary cycles, that is, parameters ¢t > 0 such that G,; has a

heterodimensional cycle associated to P and Q.

Theorem 2. Consider the arc of skew-product maps (Gqz)ie[-1,1) above. The dynam-

ics of Go satisfies the following properties:

(A) For each 0 < a < log?2 there is tyg = to(a) > 0 such that

HV(Pa Ga,t) - HV(Q> Ga,t>7 Vi € (O,to]
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Moreover, if t ¢ T then Aoy = ez Gat(V) = Hu(Q,Gay), where V is a
neighborhood of the cycle.

(B) For a € (log2,log4) there are to(a) > 0 and a sequence t,(a) € (0,to(a)] con-

verging to zero as n — 400 and a sequence of intervals

J(a,t,) = [tn(a) — agy,, tn(a) + aas,]

such that Hy(P,Gayt) = Hy(Q,Gay) fort € J(a,t,), and Ny, = Hy(Q,Gay)
forte J(a,t,) \T.

Note that the sequence (¢, ), remains fixed throughout the work. The reason why,
for G+, we need to consider ¢t ¢ T to conclude that A,; = H(Q, G,,) is the following:

for the family of skew-product maps (Gy)se[-1,1), we have
(WH(P,G) NW*(Q,G)) N Hy(Q,Gy) = 0

and W*(P,G;) N W*(Q,G;) C Ags. This is not true for heterodimensional cycles, as
we can observe in Theorem 1.

After a first chapter, where we introduce some notations and definitions on he-
terodimensional cycles and skew-product maps, in Chapter 2 we construct, for each
a > 0, the arcs of skew-product maps (Ga)te[—e,q and of diffeomorphisms (fa.¢)se[—c q-
First, we analyze the system of iterated function &, for t > 0 and a € (0,log2),
then we prove (A) of Theorem 2 and we study the system &, ; for a € (log2,log4),
obtaining the non-hyperbolicity for ¢t € J(a,t,). Moreover, under an expanding con-
dition (EC), one also gets H(Q,G;) C H(P,G,). Finally, using similar arguments,
we conclude (A) and (B) of Theorem 1.

In Chapter 3, we consider the one-parameter family of skew-product maps (Gy);=o
and the arc of diffeomorphisms (f;)i~o (see (P1) and (P2) above). The same results
are obtained for these two families. First we prove that the periodic points of G; in
Ay are contained in Hy (P, Gy) U Hy(Qy, Gy), which implies that G|, has at most
two homoclinic classes. Then, we state a sufficient condition to prove the existence
of dense orbits for the system &,.

An open subset K of Diff' (M) has a super-ezponential growth for the number of

periodic points if for every arbitrary sequence of positive integers a = (a,,)22 ;, there
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is a residual subset R(a) of K such that
= oo, for every diffeomorphism h € R(a),

where Per,(h) denotes the number of isolated periodic points of period n of h. In
[BDFO08] it is proved that there is a residual subset S(M) of Dif f'(M) of diffeo-
morphisms h such that, for every h € S(M), any homoclinic class of h containing
hyperbolic saddles of different indices has super-exponential growth of the number of

periodic points. In the opposite direction, we prove the next result.

Proposition 1. For all t > 0 small enough, there is mg = my(t) such that
Per,,(fila,) <2™, for all m > my.

In particular, for each a > 0 and ¢ > 0 small enough, the number of periodic
points of period n of f,; in A,; grows at most exponentially fast. Recall that, for
(a,t) € (0,log2) x (0,tg(a)) or (a,t) € (log2,log4) x J(a,t,), both homoclinic classes
H(P, f;) and H(Q, f;) contains points of indices 1 and 2, being non-hyperbolic.

In [DGOY] it is proved that there is a residual subset S € Dif f1(M) such that,
for every h € S, any homoclinic class of h containing saddles of different indices also
contains an uncountable support of an invariant ergodic non-hyperbolic (one of the
associated Lyapunov exponents is equal to zero) measure of h. We see that the skew-
product maps G,; (and the diffeomorphisms f,;) have a non-hyperbolic invariant
ergodic measure with an uncountable support, for (a,t) € (0,log2) x (0,%y(a)) or
(a,t) € (log2,log4)xJ(a,t,). Moreover, under Non-hyperbolicity hypothesis, one also
gets the same conclusion. In fact, the maps considered above satisfy these conditions.

This is de main result of Chapter 4.

Theorem 3. For every t > 0 small enough, if Gy satisfies the Non-hyperbolicity
hypothesis, then the map Gy has a non-hyperbolic invariant ergodic measure with an

uncountable support.

It is important to refer that, to prove the hyperbolicity for the arc (f, ;) before the
unfolding of the saddle-node, we use the existence of a filtration (see Definition 1.3)

that allows us to control the dynamics of f,; after the first bifurcation at ¢ = 0. In
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fact, to get the hyperbolicity of the resulting non-wandering set it is not enough to see
that the homoclinic classes of P and () are disjoint sets. Thus, under some conditions
on the global dynamics of the family G, and putting the fiber S' instead of [—1,1],
in the last chapter we construct a new family of skew-product maps (émt)
unfolding a heterodimensional cycle at ¢ = 0 and we prove the hyperbolicity tgf[itlﬁle]:

non-wandering set for t € (u},, ,t,), with u , as in Theorem 1.



Chapter 1
Preliminary definitions and results

In this chapter we give relevant background definitions and concepts concerning basic
notions in dynamical systems that play an important role in our study of heterodi-
mensional cycles.

First, we review some properties about spectral decomposition, hyperbolicity and
structural stability. Then, we describe a special family of diffeomorphisms unfolding
a heterodimensional cycle and present the one-dimensional map F' giving the central
dynamics. Afterwards, we construct a one-parameter system of iterated functions
describing the central dynamics after the bifurcation. Finally, we introduce a special
sort of partially hyperbolic systems, called skew-product maps, exhibiting heterodi-

mensional cycles.

1.1 Hyperbolicity and stability

In this section, we present fundamental concepts of the dynamical systems theory such
as spectral decomposition, hyperbolicity, topological conjugacy, structural stability,
and filtration.

Throughout this work, let M denote a compact, connected, and boundaryless

n-dimensional Riemannian manifold, and f : M — M a diffeomorphism.

Definition 1.1. A point P € M 1is periodic under f if there exists some m € N,
called the period of P, such that f™(P) = P and f(P) # P for0 < j <m. If P

has period one, then it is called a fixed point.

12
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We say that a periodic point P of f is a hyperbolic fixed point of f if f(P) = P
and if D f(P) has no eigenvalue of norm 1. If P is a hyperbolic fixed point and there
are eigenvalues A\, 3 of D f(p) satisfying |3| > 1 > |)A|, then P is called a saddle.

For a hyperbolic fixed point P and a neighborhood U of it, the local stable and

the local unstable manifolds are defined respectively as:

WE (P, f)={z€U: fi(x) €U for all j € N} and
We (P, f)y={xze€U: f7(x)€eU forall j €N}

The stable and unstable manifolds are respectively:

=|J 7 (Wi.(P,f)) and

>0
WP f) = Wep, f7) = Wik (P.1)).
>0

According to the Invariant Manifold Theorem (see [HPS77]) the sets W*(P, f) and
W*(P, f) are injectively immersed submanifolds of M, with the same differentiability
of f, and with dimensions equal, respectively, to the number of eigenvalues of D f(P)
with norm smaller, bigger, than one.

A point X # P is called homoclinic to P if X € W*(P, f) N W*(P, f), that is, if
X # P and leinoo fUX) = P. If W3(P, f) and W*(P, f) intersect transversally at X,
ie. if

TxM = was(P, f) @TXWU(P> f)7

then X is called a transverse homoclinic point. One can give the corresponding
definitions for periodic points of f, because they are fixed points of f*.

The homoclinic class of a hyperbolic saddle P, denoted by H (P, f), is the closure of
the transversal homoclinic points of f associated to P. A homoclinic class is trivial if it
consists of a single orbit, and two hyperbolic periodic orbits are homoclinically related
if the stable manifold of each point intersects transversally the unstable manifold of
the other. Using this homoclinic relation introduced by Smale, we can also define the
homoclinic class of a periodic saddle P as the closure of the set of saddles which are
homoclinically related to P. We observe that two saddles which are homoclinically

related have the same Morse index, that is, the same dimension of the unstable



1.1 Hyperbolicity and stability 14

manifold, denoted by
index(P) := dim W*(P, f).

Thus, the set of saddles of the same index as P is dense in the whole homoclinic class
of P.

We observe that, for a hyperbolic fixed point P, there is a D f- invariant splitting
TpM = E*@ E", where E® and E* denotes the eigenspaces of D f(P), corresponding
to the eigenvalues whose norm is less than 1 and greater that 1, respectively. Thus
Df

f-invariant compact set A C M.

gs 18 contracting and D f|g. is expanding. Next, we extend this notion to an

An f-invariant compact set A is called hyperbolic if the tangent bundle over A
admits a continuous splitting TyM = E* @& E*, preserved by Df, and there exists
numbers C' > 0 and A < 1 such that for all n € N

max {|| (Df[g«)" I, [ (Df]z) ™" I} < CA™.

Note that we can choose a Riemannian metric on the manifold M so that C' = 1.
A dominated splitting on A is a continuous D f— invariant splitting TA\M = E® F
such that there are m € N and 0 < A < 1 satisfying

1D ™) e lll[(DF " pmoon)|l < A

for all X € A. We say that T\M = F| ® F, @ F3 is a double dominated splitting if
both F} & (F, @ F3) and (F) & Fy) @ Fy are dominated splittings.
We say that A is a partially hyperbolic set with one-dimensional center manifold

of f if there exists a continuous D f— invariant splitting
Ta\M =FE°@® E°® E"

with dim E¢(x) = 1 (x € A), satisfying the following properties:
e the splitting is double dominated,
e both subbundles £® and E* are not zero and

o Df

gs 1s uniformly contracting and D f|gu is uniformly expanding.
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One of the goals of the dynamical systems theory is to understand the behavior of
the sequences {f*(X)}iez, for every X € M. Thus, for X € M, we define the a-limit

and w-limit sets as

a(x) :={Y € M|3n; — —oo such that f"(X) — Y} and
w(z) :={Y € M|3n; — +o0o such that f(X) — Y},

respectively, and the positive and negative limit sets as

LH(f) = | w(X) and 27(f) = |J a(X),
XeM XeM

respectively, denoting the limit set, i.e., the union of L™ (f) and L~(f), by L(f).

Another important notion is the following. A point X is called non-wandering
for f if for every neighborhood U of X there is n > 0 such that f™(U) intersects
U. Naturally, f~"(U) also intersects U, which means that there is Y € U such
that f~"(Y) € U. Clearly, all a;, w- limits points are non-wandering points, as well
as the homoclinic points. The set of all non-wandering points for f is called the

non-wandering set and is denoted by Q(f).

Definition 1.2. The diffeomorphism f : M — M is called uniformly hyperbolic,
or Axiom A, if Q(f) is a hyperbolic set and Per(f) is dense in Q(f), where Per(f)

indicates the set of periodic points of f.

In [S70], Smale proved that an Axiom A diffeomorphism f decomposes the non-

wandering set Q(f) as a finite pairwise disjoint union, i.e.,

called the spectral decomposition of Q(f), where each set A; is f— invariant, transitive
(i.e. it has a dense orbit), local maximal (i.e. there exists a neighborhood U; of A; such
that A; = ),z /™ (U;)), and compact. Moreover, A; = H(P, f), where P is any point
of A; N Per(f) and we have index(P;) = index(F;), for every P, P, € A; N Per(f).
The sets A; and U; in the spectral decomposition are called, respectively, basic sets
and resulting neighborhood of A;. Note that, a priori, a homoclinic class may contain

periodic points having different indices, once being non-hyperbolic.
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The basic sets are persistent under C*- small perturbations, i.e., given a basic set
A and an isolating neighborhood U of A, for any g C*- close to f, k > 1, the set

Ag) = (N g"(U)
nez
is hyperbolic and there is a homeomorphism A : A — A(g) such that goh(z) = ho f(x)
for every x € A (see [HP70]). The map h is called conjugation and the set A(g) is the
“smooth” continuation of A. Moreover, we say that a diffeomorphism f is C* — Q-
stable if for any g C*- close to f, fla(s) is conjugate to glo()-
Now let f be an Axiom A diffeomorphism and let Q(f) = Ay U --- U Ay be its

spectral decomposition. A collection of basic sets A A;, is called a cycle if there

il?"'?

exist points x1,y1 € Ay, ..., Tk, yr € Ay, with not all ¢4, ..., % equal, such that

Wu<y17 f) M Ws(x% f) 7é ®7 te Wu(yka f) M Ws(xla f) 7é (Z)

The Q-stability conjecture of Palis-Smale in [PS70] states that a diffeomorphism
f is C* stable if and only if it is an Axiom A and it satisfies the no cycles property.
Smale’s proved that these properties are sufficient (see Smale’s Stability Theorem
[S70]) and Palis proved that this conditions are necessary in the C! topology (see
[P88]). The proof involves the following notion:

Definition 1.3. A filtration for a diffeomorphism f . M — M s a finite family
My, My, ..., My of submanifolds with boundary and with the same dimension as M,
such that My = M and M;, is contained in the interior of M;, for every 1 <i < k,
and f(M;) is contained in the interior of M; for all 1 < i < k. The open sets
L; = int (M; \ M;41) are the levels of the filtration (set My, =0).

1.2 Heterodimensional Cycles

In this section, we construct a one-parameter family (f;)c(—1,1) of diffeomorphisms
unfolding at ¢ = 0 a heterodimensional cycle. The study of the semi-local dynamics
of f; will be reduced to the analysis of a system §; of iterated functions that describe

the dynamics of f; in the central direction.
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1.2.1 The model one-parameter family

Here, we describe a model arc unfolding a heterodimensional cycle.

Consider a diffeomorphism f : M — M having two hyperbolic periodic points )
and P. We say that there is a cycle related to P and Q ift W*(Q, f) h WS (P, f) £
and W¥(P, f) N W*(Q, f) # 0. If index(P)=index(Q) the cycle is equidimensional
and heterodimensional otherwise, i.e. if the periodic saddles P and () have different
dimensions of their unstable subspaces. Note that, for having a heterodimensional
cycle, the dimension of M must be at least equal to three. Moreover, for heterodi-
mensional cycles, in the general case W*(P, f) and W*(@Q, f) have a quasi-transverse

Intersection:

TxW(Q, [) N TxW*(P, f) = {0}

for every intersection point X € W*(Q, f) N W*(P, f).

Let (fi)te-1,1) be a parameterized family of diffeomorphisms and denote by P
and @); the continuations for f; of the hyperbolic periodic points P and ). We say
that the arc (fi)icj—11) unfolds generically a heterodimensional cycle if there is a
heterodimensional cycle associated to P and @), for t = 0, and there are open disks
K (P) C WP, f;) and K} (Q) C W?*(Q:, fi), depending continuously on ¢, such
that

Ke(P) 0 K3 (Q) = {Xo)

where Xj is a point of quasi-transverse intersection, and the distance between K}*(P)
and K7 (Q) increases with positive speed when ¢ increases.

For notational simplicity, we will consider a heterodimensional cycle in R?, the
extension to higher dimensions is straightforward. We also add the assumption that
the periodic points P and ) in the cycle are fixed points.

Consider a diffeomorphism f with a heterodimensional cycle associated to the
saddle fixed points @ = (0,0,0) and P = (0,1/2,0) of indices 2 and 1, respectively.
We assume that the cycle verify the conditions (a), (b), (¢) and (d) below.

(a) Partial hyperbolic (semi-local) dynamics of the cycle
In the cube C = [-2,2] x [—1,1] x [—2, 2], the diffecomorphism f has the form

flx,y,2) = Az, F(y), Auz), (1.2.1)
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Figure 1.1: The heterodimensional cycle

where the map F' is strictly increasing with F” strictly decreasing and has two fixed
points in [0,1/2], 0 and 1/2.

F

0 1/2
Figure 1.2: The central map F

We assume that A\; < F'(y) < A, for all y € [—1,1]. This assumption allows us to
reduce the study of the dynamics in a neighborhood of the cycle to one-dimensional
dynamics. Denote by 8 > 1 and 0 < A < 1 the derivative of F' at 0 and 1/2,

respectively.

Observe also that, by definition of the diffeomorphism f,

[~2,2] x {(0,0)} € W*(Q. f) and {0} X [ 3) x [-2.2] cW*(Q, f) and
{(0,0)} x [-2,2] € Wu(P, f) and | x (0,1] x {0} c W*(P, f).

Consequently W*(P, f) and W*(Q, f) meet transversely along the connection curve

v={0} x (0,1/2) x {0}.
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(b) Existence and unfolding of the cycle
The cycle: There are ky € N and a small neighborhood U of (0,1/2,—1) € W*(P, f)

such that the restriction of f* to U is the translation
i 1
ff(z,y,2) = :17—1,3/—5,2'+1 : (1.2.2)

Therefore f*0 (0,1/2,—1) = (—1,0,0) € W*(Q, f) and, by construction, X, = (—1,0,0)

is a quasi-transverse heteroclinic point, that is,

WH(P, f)nW*(Q, f) 2 (1) f"(Xo)

ne’

and TXOWU(Pu f) + TX0W5<Q7 f) = TXOWU(Pa f) D TXOWS(Qu f) = XZ.

The unfolding of the cycle: For small € > 0, considerer an arc (f;)¢c[—e,q of diffeomor-
phisms coinciding with f in the cube C and such that the restriction of f* to I is of

the form
fo(zy,2) = (r—lLy—1L+t2-1)

fko (x7 y? Z) + (07 t7 0)'
So, for t > 0, {(—=1,¢)} x [-2,2] € W*(P, fy) and X; = (—1,¢,0) is a transverse
homoclinic point of P (for f;). Similarly, ; = (—1,0,0) is a transverse homoclinic
point of @. Thus, for ¢t > 0, H(P, f;) and H(Q, f;) are both non trivial.

t<0 t>0

Figure 1.3: The unfolding of the cycle

(c) Existence of filtrating neighbourhood of the cycle
We say that W is a neighborhood of the cycle if YV is a neighborhood of all elements
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involved in the cycle: the fixed points P and (), the connection v and the f-orbit of
the heteroclinic point X, = (—1,0,0).

Let W be a small neighborhood of the cycle and assume that it is a filtrating
netghborhood of f = fy: there are compact manifolds M; and M, with boundary of
the same dimension as M, M; C My, such that W = M \ int(My).

This implies that if x € W and f(z) ¢ W, then f"(x) ¢ W, for every n € N.
Analogously, if x € W and f~!(z) ¢ W, then f~"(z) ¢ W, for every n € N.

Let

A=) FiW)

i€z
be the maximal f;-invariant in WW. Using the filtration and the choice of W it follows

that the resulting non-wandering set
Q(ft)/ =Q(f) N W

is contained in A;. In particular, H(P, f;) U H(Q, f;) C A;.

(d) Invariant foliations Let X = (xq, 0, 20) € C. We define by

FS(X): {(x,y,z)GC:y:yO,z:zo},
FYX):={(z,y,2) €C:x =120,y = Yo}, and
Fe(X):=H{

(v,y,2) €C:x=mx0,2 = 20},

the strong stable, strong unstable and central leaves, respectively. This defines the
strong stable, strong unstable and central foliations on C. We extend the three fo-
liations, via f;, to W. By construction, one has the f;-invariance of the foliations
in the following sense: if X € C and f;(X) € C, then fi(F*(X)) C FZ(fi(X)),
fi( FY(X)) D F"(fi(X)) and f,(F°(X)) N F°(f;(X)) is a neighborhood of f;(X) in
Fe(f,(X));if X € C, fi(X) ¢ Cand f/°(X) € C (i.e. X € U), then the connected com-
ponent in C of f/*(F!(X)) that contains f/°(X) is a subset of FY(ff°(X)), £ = s,u,c.

Note that if X € C then Df;(X) uniformly contracts in the X-direction and
uniformly expands in the Z-direction, and if X € U (recall that U is a small neigh-
borhood of (0,1/2, —1)) then Dff(X) is the identity. These remarks and the partial
hyperbolicity of f; in C imply that A; is partially hyperbolic: the X and Z- direction
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are hyperbolic and dominate the (central) Y- direction. Thus the dynamics of f;
is mainly determined by its central dynamics and the limit dynamics in the central
dynamics is given by a one-parameter family of iterated function systems defined on
an interval whose generators are the restriction of f to the Y-axis, denoted by F', and
the function

1
Fio:[1/2=6,1/2+0 =R, Fuly) =y -5+t

of the restriction of ftko to the central coordinates of U, defined for small ¢t > 0.

1.2.2 Returns and central dynamics

In this subsection we describe the itineraries of points in the resulting non-wandering
set and introduce a system §; of iterated functions describing the central dynamics.
We also define a return map R; in a fundamental domain of F' with infinitely many
discontinuities.

Given ¢ > 0 small enough, denote by D} :=[1/2 —t, F(1/2 —t)] the fundamental
domain of F at distance t from P. Let d; := F~*(1/2 — t) be the unique backward
iterate of 1/2 — ¢ in the interval [¢t, F(t)] and D? := [d,, F(d,)]. By construction,
FNt (D) = DF and the map FM is defined as the transition from 0 to 1/2 (see Figure
1.4).

FN
Dy
)_( DP
| LU —_— |
o 1 Fo L PGy

Figure 1.4: The construction of D?
Consider the increasing map h; defined by
1
he: DF = [0,8), hay) = Fago FM(y) = F¥(y) — o + 1. (1.2.3)

Let mg be the first natural number which verifies F™ o hy(F(d,)) € D®. Given a
point y € (dy, F(d;)], let m = m(y) > mg be the minimum m with F"® oh,(y) € D¥.
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This defines a return map to the fundamental domain DtQ:
Ry : (dy, F(d)] = D, Ri(y) = F™¥ o hy(y),

The map R; has (infinitely many) discontinuities where the lateral derivatives are well
defined. For each m > my, define d., € DP by F mohy(dl,) = d;. By construction, the
sequence (d!)m>m, corresponds to the discontinuities of R;. Consequently (df,)m>m,
is a decreasing sequence that accumulates at the point d;. In the interior of each
interval [df,,,d!,], m > mg, R; is continuous, onto and strictly increasing map (see

Figure 1.5). We continuously extend R; to the whole interval [d!, ,,,d!,], obtaining

a bi-valuated map with R,(d',) € {d;, F(d;)}. More, since F' is a strictly decreasing

map, we have that R; is also strictly decreasing.

d; d$710+2 dzn,oJrl d, F (dt>

mo

Figure 1.5: The return map R,

Let X € A,NAZ, where A? := [-2,2] x D? x [-2,2]. If X ¢ W*(P)NW*(Q),
then it forward orbit returns infinitely many times to A? . We say that X has a return

if fIrRotPENY(X) is in A2, The map R, defines the central y-coordinate

of type (¢, p)
for the points in AtQ having a return of type (¢,0). Note that the point X could have
different returns to A%

Motivated by the last observation, we consider the parameterized family of maps
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(‘bg’p)q’pzo defined by
P (y) = Flo Fyo FP™Ni(y), q, p>0 (1.2.4)

defined for each pair (¢,p) from D to D2, where D?* is the maximal subset of D
consisting of points y with ®{*(y) € DtQ . Note that, from the monotonicity of F,
D?P is either empty or a closed subinterval of D,

For a sequence ((gx,pr))ken in Ng x Ny and [ € N, let us consider the [-block
o :=[(q1,p1),- -, (q,p)] and the associated map

QY = PPl o .. 0PIV (1.2.5)

which is defined in D@ = D{*%* 0 (@)~ (DEP2) - (@f-17-1) 7 (DI,
Let X = (20,90, 20) € A?. If X has a (¢,p) return, then yo € D" and the

y-coordinate of fITFrPHNY(X) s ®TP(y,), where N, is the number of iterations from
A% to AP :=[—2,2] x DP x [=2,2], and ky is the number of iterations needed to go

7P due to the partial hyperbolicity,

from U to C. Conversely, given any point yy € D
there is at least one point of the form X = (x,yo, z) € A? with a (¢, p)- return. If we

consider the system of iterated functions §; defined as follows

T ={®7": (¢,p) € N x N},

we can translate some relevant dynamical properties to similar properties of f;. For
example, to a attractive fixed point of ®{"* corresponds a periodic point of f; of index
one with period q + kg + p + N;, where ¢ and p determine the central coordinate of
the point, and to a repulsive fixed point of ®{"* corresponds a periodic point of f; of

index two with period q + kg + p + N;.

1.3 Skew-products and heterodimensional cycles

Recall that, the study of the dynamics of f; in the neighborhood W of the cycle
was reduced to the study of the dynamics in the central direction and the central
dynamics of f; is obtained considering suitable compositions of F' and F} ;. In rough

terms, the construction of §; is a skew-product over a shift with two symbols and
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many sequences of 0’s and 1’s forbidden.

Here, we construct a family (Gt)te[_m} of skew-product maps defined over a full
shift space with finitely many symbols such that Gy has a heterodimensional cycle. In
the setting of skew-product maps, we begin by stating some notations and definitions
such as heterodimensional cycle, homoclinic class and neighborhood of the cycle. In

this section, we follow the definitions, notations, and models introduced in [DR).

1.3.1 Notations and definitions

For n € N, ¥, is the metric space of two sided infinite sequences over de alphabet
{0,---,n—1},ie. 3, ={0, 1, ..., n— 1}% equipped with the metric

ds, (£,6) =2 min[nl:n 780}

and o : X, — X, is the Bernoulli shift.

We define a skew-product over the Bernoulli shift as a map
G:E,xM—=%X,xM, GE&zx)=(0(),7(x)), (1.3.1)

where gg, -+ g, : M — M are diffeomorphisms of a compact manifold M. We say
that Y, is the base and the manifold M is the fiber of the product. Since the map
G on the fiber depends only on the zeroth element of the sequence £ in the base, the
skew-product is called step. The skew-product defined by

G, x M — 3, x M, g(€7$) = (0(5)79§($))7

is called soft since the map in the fiber depends on the entire word £. For more details
about soft skew-products, see for instance [GI00].

Let G be a step skew-product map with M = K, where K = S! or K = [-1, 1].
Next we introduce and make the natural adaptations of some definitions introduced

in the previous sections.

Definition 1.4. Forr,m € Ny, consider numbers&_,., ..., &, ..., &m € {0,...,n—1}.
The associated cylinder map s defined by

g[gogm} : K - K’ g[EoSm](x) = gém ©0---0 g{O (:U)
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and the cylinder [£_,. -+ £y -+ &y is the subset of Yo defined by

[+ Lo &l = {(M)rez 1 mi = &, foralli € {—r,....,m}}.

If & = (&)rez € X, is a periodic sequence of period m of o, then we write

&= (&%-- -fm_l)z. We denote by ((5_r v b)) N e - - am)N) the
sequence & = (&;);ez defined by

o & =m, forie{-1,... k};
® Siismyi =y, for every i € {1,...,m} and s > 0,
¢ g i=0_foreveryiec{l,...,r} and s > 0.

Moreover, we denote

-1
Gie_rea) = (gea 0 09e,) (1.3.2)

If X = (£ )€ X, xKisa periodic point of G of period m, we have

o™(§) = ¢ and g[&)"'ﬁmfﬂ($) =<

Since the map is only differentiable in the fiber direction, we say that a periodic

point P = (§,p) of G of period m is hyperbolic if

gfﬁo-"ﬁm—ﬂ(p) 7£ +1.

The hyperbolic periodic point P is of contracting type if this derivative has modulus
less than one, otherwise this point is of expanding type. We say that two periodic
points P and @ have the same indices if both points are of contracting type or both
points are of expanding type, otherwise we say that the points have different indices.

Let A = ((50 1)t a) be a periodic point of G of period m. We define the
stable manifold by

= ( -770"'77k(50"'5m—1)N) ’

(1.3.3)
10"+ Nk (:L‘) € VVZSOC(CL, g[ﬁO"’gmfl])

WS(A7G) = {(77#70) : {
91
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where W2 (a, gig-¢.,,_,]) is the usual local stable manifold of a for the map gig,...¢,,_,-

Analogously, we define unstable manifold by

n= ((50'"fmq)_Nmk"'ﬁq-“'),

(1.3.4)
Iin_k-n-1.] (*T) S VV%C(CL, g[EO"'fmfl])

WWAQZHW@{
where W (a, g¢y-e,,_.]) is the usual local unstable manifold of a for the map g, ...¢,, -

Note that if A is of expanding type we have W} (a, giey-¢,._,)) = {a}, therefore
Gino--me) () = a, for all (n,z) € W*(A,G)
and, in similar way, if A is of contracting type we conclude that
Gin_p-nr)(@) = a, forall (n,z) e W*(A,G).

We say that a pair of periodic points P = (a,p) and @ = (7, q) of the skew-
product map G has a heterodimensional cycle if the stable manifold of P intersects
the unstable manifold of ) and the unstable manifold of P intersects the stable
manifold of Q.

Definition 1.5. Let P = («, p) be a periodic point of G of contracting (respectively
expanding) type. A point X = (§,x) is called a transverse homoclinic point of P if
X € W*(P,G)nW*(P,G) and there is a open interval I C K such that x € I and
{&} x I ¢ W3(P,G) (respectively {€} x I € W*(P,Q)).

The homoclinic class of a periodic point P = («, p) of G, denoted by H(P,G), is
defined by the closure of the transverse intersections of the invariant sets W*(P, G)

and W*(P,G), i.e.,

H(P,G) =W3(P,G) h W*(P,G).

We say that two hyperbolic periodic points P and @) of G are homoclinically related
it We(P,G) h W*(Q,G) # () and W*(P,G) h W*(Q,G) # 0.

Given a neighborhood U of the orbit of a periodic point P, the relative homoclinic
class of P to U, denoted by Hy (P, G), is the subset of H(P, G) of points whose orbit
is contained in U.

Now, in the skew-product map GG, we assume that g, is an orientation preserving
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(or increasing) diffeomorphism on K with two fixed points, a repeller 0 and an attrac-
tor 1/2 and that g is strictly decreasing on [—¢,1/2 + ], for some ¢ > 0. Then, the
map G has two hyperbolic fixed points Q = (0%, 0) expanding and P = (0%,1/2) con-
tracting, and assume that there is X € 3, x K such that X € W*(P,G)NW?*(Q, F).

After replacing X by some iterate of its orbit, we can assume that

1
X = (ON_ao I 5) , (1.3.5)
for some (ap,...,.). This sequence is called the transition sequence and the map

Glag--a,] 18 the transition map of the orbit of the heteroclinic point X. We also assume
that the transition map gja,..a,] preserves the orientation in a neighborhood of 1/2.
The map G has a heterodimensional cycle associated to the hyperbolic fixed points

P and @), with heteroclinic intersections

Ipg = {07} x {0, %}

and the orbit of X. The set Zpg C W*(P,G) N W*(Q,G) is called a connection of
the cycle.

A neighborhood of the cycle associated to the heteroclinic intersections of the cycle
is a open set V = V(X,Zp) containing the orbits of the closure of Zpg and of X.

We consider a one-parameter family of skew-product maps (Gt)te[q,u defined by
Gy 2, xK—=X, xK, Gi&x)=(0(§),ge+(x)),t € [-1,1], (1.3.6)

where o is the shift of n-symbols and, for each i € {0,...,n — 1},
g [-1,1] = C*(K,K), g(t) = gy (1.3.7)

is a continuous map such that g;o = g;. We also assume that g;; is a C'-map with
respect to the variable ¢, for all i € {0,...,n — 1} .
Naturally, for n > 0, x € K and & = (&;);ez € 3, we have

G?(& l’) = (O-n(f)v g[éo--fn_l],t(x))
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Where g[fO"'&nfl]vt(x) = gf’ﬂflﬂt ©0---0 g{oﬂf(x)'
Now take £ > 0 small. For eachi € {0,...,n—1}, let U; the set of diffeomorphisms
gi+ such that

de2(gis, gi) < €.

For each t > 0 sufficiently small, let us choose and fix g;; € U;. Thus, the mapping
go.+ has two fixed points: an attractor p; close to 1/2 and a repeller ¢; close to 0. The
mapping g, preserves the orientation on K and gy, is a strictly decreasing map on
(@t — t¢,pe + 1], where t; > 0. The points P, = (0%, p;) and Q; = (0%, ¢;) are the
continuations of P = (0%,1/2) and Q = (0%,0), respectively. We also observe that

the mapping gjaq..a,],+ Preserves the orientation in a small neighborhood of p;.

Definition 1.6. Assume that Gy = G has a connected cycle associated to hyperbolic
periodic points P = (0%,1/2) contracting and Q = (0%,0) expanding, with heteroclinic
intersections Ipg = {02} x [0,1/2] and the orbit of X (see (1.5.5) for the definition
of X). Let giaq - a,] be the transition map associated to the orbit of X. We say that
the cycle is generically unfolded if

0

ot (9[00“~ar],t(pt) - Qt>t:0 £ 0.

1.3.2 Dynamics in a neighborhood of the cycle

In this subsection, the goal is to define neighborhood of the cycle, that is, an open set
Y containing all the elements of the cycle, the fixed point P and (), the intersection
We(P,G)NW*(Q, G) and the orbit of the heteroclinic point X = (0N.ayq - - -, 0N, 1/2),
defined in a suitable form.

First, for £ > 0 and € € (0,¢), we define neighborhood of the connection 7, , as
the set

1
V(I k€)= [075.0%] x [—e, 3 —i—e} , (1.3.8)

where 0% denote the sequence of k consecutive zeros.
Thus, the point Z defined by

1
7 = <0—N.o’fao a0, 5) e WP,G)NW*Q,G)
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satisfies G2 (7) € V(T 4, k,€) and GT(Z) € V(Z, 4, k, €), for all i > 0.
Now, we define a neighborhood of the point Z as the set

1
V(Z,k,v) = [07*.0%aq - - a,0%] x [—%5 +7] (1.3.9)
with v € (0, €) such that

1 1 1
9[0F g+ OF],0 [5 — Vg +1]) C |—€ 5 +e.

Hence, V(Z, k,~) and G2 (V(Z, k,~)) are contained in V (Zpg, k, €).
Finally, we define a (k, €, y)-neighborhood of the cycle, V(k,¢€,7), as the set

2k+r
V(k,e,7) =V(Zpg, k)| ] (Lj GV (Z, k,~) )) (1.3.10)

Supposing that the cycle is unfolded for positive ¢, that is,

)
5 Glao-ane(P) = @) g > 0, (1.3.11)

we have gjag..a,,t(Pt) € (¢, pt). From go¢(p:) = p; and the monotonicity of go, if we

consider

wo - Wi = 0% -, 0F, kg =2k +7r+1, (1.3.12)
we conclude that
0 0
at (g[wo wko} (pt) - Qt>t:O > 0.

Hence, glug-w,)¢ is the adapted transition map to the neighborhood V(k,€,v) of the
cycle.
Now, fixed large k£ and small ¢ and ~, for small ¢ > 0, we want to study the

mazximal invariant of Gy in V(k,e,7),

A=Ak e,7) = [ Gi(V(k,e,7)) (1.3.13)

€L

Since k, € and v are fixed throughout the construction, we write V(Zpg), V(Z)
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and V instead of V(Zpq, k,€), V(Z,k,v) and V(k,€,), respectively.

1.3.3 Systems of iterated functions

In this section the goal is to construct a system of iterated functions ., generated
by ¢ir, i € {1,...,n— 1} describing the dynamics of G; in the neighborhood V of the

cycle.
We begin by choosing t, > 0 and taking A;, = (O_N.wo x -kaON,ptO) € WY (P,Gy,).
Since gy wy,],0(1/2) = 0, from (1.3.11), we conclude that there are

dto € (g[womwko},to (pto )a pto)

and h € N such that g[ohwo..,wkom(dto) = q,, and, once each g; is a continuous map,
for t close to tg, there is d; such that g[Oth,,,ka],t(dt) = q.

In (g¢,pt), we consider Dy := [dt, go+(d;)] a fundamental domain of go; and we
define the “cube” A; by

A = [07%.0F] x Dy (1.3.14)

which is contained in V. In what follows we consider returns by G; of points in the

cube A, to itself.

Definition 1.7. Given X = X, € A;, we define the sequence of return times
(0i(X))icr(x) of X to Ay by

e 0o(X)=0
° 01(X;) = Xin1

o 0:(X) < 0i1(X), GZXN(X) € A, for all i € I(X), and GI(X) & A, for each
0i(X) <Jj < 0i(X),

where 1(X) is a (maximal) interval of Z containing 0 (this interval may be upper
or/and lower bound). We denote by Xy the i-th return of X = Xj.

The following lemma is a adaptation to the context of skew-product maps of the

Lemma 7.1 in [DR02], proved for heterodimensional cycles through the existence of
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the filtration and the geometry of the cycle. The proof of this result is done using

similar arguments.

Lemma 1.1. ([DR02, Lemma 7.1]) Consider smallt > 0 and X € A;NA;. There

are three possibilities:

1. X has infinitely many forward and backward returns 0;(X),

2. X e W3(P,Gy) UW?*(Q, Gy), if and only if, X has only finitely forward returns
0i(X), i >0, and

3. X e WY P,G,)UW*(Q,Gy), if and only if, X has only finitely backward returns

Consider a point X € A; N A; such that X ¢ W*(P,Gy) UW?*(Q,G;). Then after
01(X) positive iterations, o1(X) = u; + ko + s1, where kg is as in (1.3.12), this point

has a return to A;. Thus X = (--+ .0%wp - - - wy, 0" - -+, x) and:
o Gi'(X)eV(2),
o GIH(X) € V(Tpg),
o GITFotsi(X) € (V(Tpg) \ A) for all 0 < i < uy, and
o GUthotsi(X) € A,

We say that the point X has a return of type (uq,s1).

If Xpy, ..., Xpm are m consecutive returns of X = X, where X is a return
of Xj;_qj of type (u;,s;), then we say that X, is the m-th return of Xy of type
b, = (u1,51) - (Um, Sm). If X is a periodic point of G; and m is the smallest
positive integer such that Xj,,) = X, then b,, is called the periodic itinerary of X.

Let Xp;) = (9, zp) the i-th return of a point X € A;. Thus, from the definition of

G, the coordinate ) of X|;4q) is

Tli+1] = g[oswo---wkoow],t(x[i]) = 96‘,1 O Glwo-wiy it © gSft('x[i])

This leads us to define, for each (u,s) € N2, the following one-parameter family of

maps by

F((;:;S) : Dlguvs) — Dy, Fg"gs) (:L‘) = gg,t O Glwo-wigit © gat(x) (1.3.15)
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where D" is the maximal subinterval of D, where Fl(ft’s) is defined. Note that, there
exist pairs (u,s) for which Dt(“’s) is a empty set. Given a chain of pairs b = by, =

(u1,$1) - (uk, Sg), with u;, s; € Ny, in similar way, we can define the map
Fs,t : D — Dy, F?Lt(x) = F((;jtwk) R Fgqutlysl)(x)a (1.3.16)

where Df C D, is the maximal domain of definition of I'},. We observe that, since
the maps Fg’t are compositions of go; and gqy,....a,],t, Which preserve the orientation in
K and in a neighborhood of p;, respectively, the maps th are also order preserving.

We now define the one-parameter family of iterated function systems, &4, asso-
ciated to the cycle and the cube A;

&y = {I'], : b is a chain of length k € N } (1.3.17)

For simplicity, in the notation we drop d.

Notation 1.1 To each chain b = (uy, s1) - - - (ux, Sg) We associate the sequence
0(6) := 0%wp - - - wig 0" - - 0%t - - - gy 0 (1.3.18)

thus, we have I'P(z) = gjp(p)+(x) and the length of 6(b) is defined as
k
0(6)] = "(si+ ko + 1+ u).
i=1
At last, we introduce a further definition. Given two chains b = (uq, $1) - - - (ug, Sk)

and b = (u1,51) - - - (U, 5m) its composition is defined by

bxb=(up,s1) - (ug,51)(TW,51) - (U, 5m).



Chapter 2

Two model families for

non-hyperbolic homoclinic classes

In this chapter, for each a > 0, we present a one-parameter family of skew-product
maps, (Gaz)ie[-1,1, unfolding a heterodimensional cycle at ¢ = 0 associated to two
hyperbolic fixed points P and Q).

First, we consider 0 < a < log 2 and the goal is to prove that, after the unfolding
and for every ¢ > 0 small, the relative homoclinic classes of P and ) to V, where V
is a neighborhood of the cycle (see (1.3.10)), explode and become equal.

For log2 < a < log4 and for a subset of the parameter space we prove that
H(Q, Gag) = Ho(P, Gay).

We also present a model family of diffeomorphisms, (fa+)ic[-r- unfolding a he-
terodimensional cycle at t = 0 associated to the fixed saddles P = (0,1/2,0) and

@ = (0,0,0), and we derive similar conclusions for this family as we done for G, .

2.1 Skew-product maps: a model family

In this section, for each a > 0, we construct the arc of skew-product maps (Ga)te[-1,1]
and state the main results.

Unless otherwise stated, we assume that n = 2. Consider a two-parameter family
of skew-product maps Gu: : 3o X (—=1/(2(e* —1)),1] — ¥y x R, with ¢t € [—1,1]
and a > 0, such that go; = g, is defined as the time one of the vector field 2’ =
—2ax(1 — 2x). The map g, has two fixed points in (—1/(2(e* —1)),1], 0 and 1/2,

33
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and, for every x € [0,1/2] and n € Z, we have

na

xe
" = 2.1.1
0 = G g (211)
which, naturally, is a differentiable function with
n eina n n na
(92)(2) = —5= (9 (2))*, = #0, and (g;)'(0) = e (2.1.2)

a

In particular, we have ¢/, (0) = e* and ¢/ (1/2) = e
Let g1,0 = g1 (the map is independent of a parameter) be the transition map such

that ¢, is strictly increasing and satisfies the requirements

9 1 1
i (0e(z)),, 7 omion(3) =0

Consequently we may define a differentiable map g; (see (1.3.7)), for ¢ = 1, such that
g1+ is affine in a neighborhood of 1/2, that is, for ¢ > 0 small enough, there are
b, ¢ > 0 such that

g14(x) =b(x —1/2) +ct, for all z € E - ¢, % + C} . (2.1.3)

Therefore Y; = (07N.10,1/2 — ¢t/b) is a transverse homoclinic point of Q = (0%,0)
and X; = (07N1.0Y ¢t) is a transverse homoclinic point of P = (0%,1/2). Without
loss of generality, by a convenient choice of the fundamental domain of g,, we may
assume that b =c=1.

Fix k € N. Since the transition map is given by one map ¢;;, we can consider the
neighborhood of the cycle (1.3.10) with

1 1
V(Z,k,7) = [075.0°10%] {5 —7 5+ 7}

instead of (1.3.9) and v < ¢. Thus the adapted transition map is given by

_ k k
9iok10k],t = Jo,t © 91t © Go 15

that is wp . . . wy, = 0F10".
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Ya

0

NO[—

Figure 2.1: The diffeomorphisms g, and g1,

Consider the set
T = {t >0: WU<P, Ga,t) N WS<Q, Ga,t) # @} (214)

We observe that, for the parameters ¢ € T, one has W*(P,Go) N W5(Q, Goy) # 0
and, by construction, {0}% x (0,1/2) C W*(Q, G.s) N W5(P,G,;). Consequently
G+ has a heterodimensional cycle associated to P and (). Thus, the parameters
t € T correspond to secondary cycles. In Section 2.4, we will see that Hy(Q, Gu.)
and W"(P,G,+) N W*(Q, G,.) are disjoint sets (see (2.4.3)).

Now, we state one of the main results of this thesis whose proof is presented in
Section 2.2.

Theorem 2.1. For each 0 < a < log?2 there is tog = to(a) > 0 such that
HV(Pa Ga,t) g HV(Q7 Ga,t)7 vt € (07 tO]

Moreover, ift ¢ T then Aoy = Hy(Q,Gay)-

In spite of the proof will be presented in the following section, it is important to say
that the key step of it is to prove that, for each 0 < a < log2 and z in a fundamental
domain of g,, there are a constant /, > 1, independent of small ¢ € (0, %], and a chain
b="0b(x) = (u1,s1) - (ug,sx), k€{1,2}, u;,s; € Ny such that

(T8,) () > 1, > 1, (2.1.5)
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where '}, is a function of the form (1.3.16) (see Proposition 2.5). From this we
deduce that, for every interval I C (0,1/2), there are (Jy,...,0,), ¥; € {0,1} and
a point #* € I such that gp,...s,,+(z*) = 0 (see Corollary 2.6 and Proposition 2.7).
This fact allows us to prove that, for ¢ ¢ T', the relative homoclinic class of @ to V is
equal to the the maximal invariant of Gay in V, Mgy = [,y GL (V).

Note that, for a = log2, we can prove the condition (2.1.5) but with [ =1, > 1
depending on t, that is, [; — 1 as t goes to zero. Since t is fixed along the proof of
Theorem 2.1, the same conclusion holds for a = log2 and 0 < t < to(a). We observe

that, from Lemma 2.4, the size of ty = to(a) decreases as a increases and

lim ¢ =0.
A, to(@) =0
For this special family, by symmetric properties of g, (see Proposition 2.9) and

interchanging the roles of P and (), we can apply Theorem 2.1 to G;} to obtain
Hy(Q,G,}) C Hy(P,G,;) which means Hy(Q,Gay) C Hy(P, Gay).

Corollary 2.2. For 0 < a < log2 there is ty = to(a) such that, for all t € (0,to],
HV(P, Ga,t) — HV(Q, Ga,t)'

For log2 < a < log4, we will prove that there exists a set of parameters ¢ such
that the homoclinic classes of P and () are equal, which prevents the hyperbolicity.
The main difference between this situation and the previous one, when 0 < a < log 2,
is the following: while here we can find a sequence ¢, — 0, as n — o0, such that

pUn=2k) # () for n large, for a € (0,log2] we have Dst’n_%) = () for all ¢ close to

a,tn
(1,n—2k)

ot is the maximal subinterval of D, ; where Fggnf%) is defined (see

zero, where D
(1.3.16)).

Theorem 2.3. For a € (log2,log4) there are ty(a) > 0, a sequence t,(a) € (0,t(a)]

converging to zero as n — +o0o, and a sequence of intervals
J(a, tn) = [tn(a) — Qg t, s Qat, T tn(a)]

such that Hy(P,Gat) = Hy(Q,Gay) for t € J(a,ty), and Aoy = Hy(Q,Gay) for
te Jat,) \T.
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As we will see in Section 2.2, t,, = t,,(a) is defined by the equation ¢7(t,) = 1/2—t,,
thus the point

X = (0771.0"10%, t,) € W¥(Q, Gan,) NW(P, Gay,)

and consequently the sequence (¢,), corresponds to secondary cycles.

To prove this result we follow several steps. First, we find ng € N large enough
such that Dgt’:*%) # () and Ffj;ff’%) has no fixed points for all n > ng. Then, we show
that the system &, satisfies an expanding property, and, arguing as in Theorem
2.1, we conclude that Hy(P,G,,) = Hy(Q,Gay,)-

2.2 Explosion of the relative homoclinic classes

As we said above, in this section we prove Theorem 2.1. We begin by studying the
dynamics of the system of iterated functions &, for a € (0,log?2) and ¢ small.

Let a € (0,1log2). For each n € N large, we can choose t, = t,(a) > 0 small
enough such that ¢,(a) < ¢ (see (2.1.3)) and

9a(tn(a)) = 1/2 = tn(a). (2.2.1)

Naturally, the dependence on a of the sequence (t,(a)),, is present but, for simplicity
of notation, in what follows we are going to write (¢,),, instead of (¢,(a)),. From the
definition of (¢,),, we have

(2t,)?

pma _ T (2.2.2)

hence t,, — 0 as n — 400 and

NIl

(2.2.3)

. tn—i—l . 1 _
lim = lim - =e
n—too 1y n—oo \ (1 — 2t,)ez + 2t,
So, the intervals (t,,1, t,] have positive density at zero.
Now, fix ¢ small enough. Then there is n sufficiently large such that ¢ € (¢,.1,t,],
consequently ¢ = t,(1 + p) with u = u(t,,a) < 0 (for simplicity we ignore the

dependence of ¢,, and of a on p).
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It is not difficult to see that (¢,.1 — t,) /t, increases with ¢, and

thae1 — Uy _a
lim 2L — s (2.2.4)
n—-—+00 tn
thus we have that e™2 < 1+ p < 1 which gives the interval of variation of y. For
each n, we take t,.1/t, <14+ p <1.
Using (2.2.2), we can write (2.1.1) and (2.1.2) with the form

nyon z(1—2t,)?
9:(0) = ST o) T (1 = 20) (22 (225)
and
oy 2. (1 — 2t,,) 2
(9a) (x) = (29;(1 22+ (1 — 2x)(2tn)2> ’ (226)
respectively.

For fixed t € (t,41,tn], t = t,(1 4 p), we consider the fundamental domain of g,

1
Doy = [g4(da), 62" (das)] , where gi(das) = 5 —t,

and k is defined in (1.3.8). Thus g1+ 0 " *(¢%(ds+)) = 0 and

(1= 2t (1 + @)t

d,, = . 2.2.7
S ST (L )t + (L4 1) (1= 26, (2.27)
gnfk
——— | | | |
0t gi(day) gh (day) -t (313
H
gl,togff_k

Figure 2.2: A return map to D,
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We claim that
92+1(t) € Da,t-

In fact, since t € (tpy1,t,] and g7 (1) = 1/2 — t,4 1, then
g;H—l(t) S (gg+1(tn+1)7gg+l<tn)] = (% - tn+17ga (% - tn)}
C [3-tg.(3-1)]

= ga(das), g2+ (das)],

hence dy; < ga(t) < ga(day), that is g"™(t) € Dy

a

For small £ > 0 and u € Ny consider the maps

el L p,,

a,t a,t

u+k

r = g[on*klou%}ﬂt@) =9gq ©Y41:t° gghk(x)a

where DS:;’”_%) = {2 € Doy : T%" () € D,;}. The next lemma implies that, for

a,t
each a € (0,log2), there is a positive small number ¢, = ty(a) such that, for every
t € (0,10, we get D) — . Thus, we also have D((L?t’n_k) = 0.

a,t

Lemma 2.4. For every a € (0,log2) there is small ty = to(a) > 0 such that, for
every t € (0,to],

gs—H o gl,t o gg_k(l') < gs(da,t)7 fO’f’ all HARS Da,t~
Proof. It follows from the monotonicity of g, and g, that, for all z € D, ,,
ga o giiogy (@) < gittogiio g (95 (day))

so it is sufficient to prove that

gt o giaogn ™ (ght (day)) < gh(day),

that is, g1, 0 g7 (g5 (das)) < g5 (day) or equivalently g1 ;0 g7(ga(das)) < 9o *(day)-

On the other hand, since g;! is an increasing map and ¢*™'(t) € D,;, we also
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3 1—\(3777,—2k)

a,t

D(3,n—2k) D(Zn—?k)

a,t

F(u,ank)

a,t

Figure 2.3: The maps
have g, '(t) < g, '(da). Thus we shall have established the lemma if we check that

9140 90 (9a(day)) < g5 (1)

By definition of d,; we have g1+ 0 90 (9a(dat)) = G140 9a 0 90 (dat) = 9140 9o (1/2 — 1)

(1 —2t)e” 1

1 e

g go (2 —t) = — 4t
Lt © (2 ) 2(1 —2t)er+ 4t 2

t(—2 4+ 2(1 — 2t)e® + 4t)
2(1 — 2t)es + 4t

Now writing ¢t = ¢, (1 + x) and since ¢, — 0 as n — 400, by some calculations it

follows

i 9t © 94 (9a(day)) — 9o (tn(1+ 1))

n——+o0 tn

= (1+p)(—2+e)e*<0.

Therefore, for every a € (0,log2), there is small ¢ty = ty(a) (the size of ty(a) goes to
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zero as a goes to log 2) such that, for all t € (0, o] one has g1:0 97 (ga(dat)) <t < day,
which completes the proof. O

The main technical result of this section is the following:

Proposition 2.5. There is I, > 1 such that, for every t € (0,t] and every x € Dg,,
there is a chain b = (uy,n — 2k) - - (ug,n — 2k), k=1 or 2 such that

(Tas)' (@) > La.

Moreover I, — 1 when a — log 2.

A straightforward consequence of this proposition, which the proof is done below,
is the following result. In the sequel, for an interval I, |I| denotes its length and, given
k chains by, --- , by, we denote by bF the chain by * ---xb;, for all i € {1,--- | k}.

Corollary 2.6. For every t € (0,t] and every interval I C (g%(day), g*  (das)],
there is a chain b* = by % by - -+ x by such that Fsi(f) C (g%(day), " (dyay)], for all
i €{0,1,... .,k — 1}, and the interval I'{,(I) satisfies

T (D] = 111].

Therefore, for every interval I C (g¥(day), 95 (day)], there is a chain b such that
9a(dag) € T4, (1).

Proof of Proposition 2.5. Given t € (0, ], where t; is defined in the previous lemma,
there is n large such that t € (t,41,t,]. First note that Dy, = (J,cn ngg”‘%) and,
by the previous lemma, for 0 < a < log2 we have u > 2. The proof is divided in two
steps.

Claim 1. For u; > 3, we have

/
<F(u17n—2k)> (z) > €(U1—2)a(1 4 M)Q =A>1, (2.2.8)

a,t

for all x € Déﬁl’nf%).

In fact, given x € plurn—2k)

at , we obtain

1; F(u1,n—2k) ! - ] u1+k n—k\’
im (D} (z) = lim (g*** o gis09,7") (),

n—-+o0o n—-+o0o
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thus

/
lim (ng‘;*”‘%)) (z) > lim (gfjﬁkog1,togg_k)/(9§+l(da,t))

n—-+o00 n—-+o00

T Hm (g R (gE T (day)). (2.2.9)

n—-4o0o

where the last inequality follows from the fact that (g+*)(0) = e(m+ke  From

equations (2.1.2) and (2.2.6), it follows

n—k\/( k+1 _ ka <2tn)2 gg+1(da,t) 2
(ga )(ga (da,t>> = ¢ (1_2tn)2 (g§+1(da,t))

— eha (2tn)2 93+1<da,t) ? Aoy 2
(1 - Qtn)2 da,t 95“ (da,t) 7

and from (2.1.1), (2.2.5), and (2.2.7) we obtain

m (g0 *) (g5 (day)) =

, 42 (1 —2t,)* day  \°
= " x lim & )
n—oo (1 — 2t,,)% (2das(1 — 2t,)%? 4+ (1 — dyop)4t2e=)% \ gkt (o)
a 2
G i (1—2t,)
(e(kJrl)a)Q n—+too [ d 2
( t“’ (1—2t,)2+ (1 - 2da7t)2tne—“>

= e (a1 4 )2, (2.2.10)
Thus from (2.2.9) and (2.2.10) we conclude that

’
lim (F(ul’”_zk)) (z) > e(u172)a(1 _'_M)Q-

n—+4o00 at
Since u; > 3, from (2.2.4) e72 < 1+ u < 1 it follows e =29(1 + 1)? > 1 and Claim
1 is proved.

(2

Now consider u; = 2 and z € Davt’nf%). We shall have established the proposition

if we prove the following:
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Claim 2 For uy =2 and = € D(2’n72k), there is ug > 2 such that

a,t

€u2_2
m - B > 1, (2211)

z € DY, and (T),) (z) >

where b = (2,n — 2k)(ug, n — 2k).

From the monotonicity of g, and ¢/, it is enough to show that

lim (T%,) (g5 (duy)) > 1,

n—-4o0o

where b = (2,1 — 2k) (g, n — 2k) such that ¢5*'(d,,) € D?

a a7t7

with 2 < 7wy < us.
Once in Claim 1 we only use the hypothesis u; > 3 in the last inequality, from
(2.2.11) we have
lim (05" ) (9 (daa)) = (14 2)*,

n—oo

Recalling that ¢7'(d,¢) = 1/2 —t,,(1 + p), it follows

[ (2n—2k) <gk+1 (d, t))

a,t a

b2 o (5 —ta(1+
i e gy 900010090 (5 = ta(1 4 )

n—-4oo n—oo tn

— e(k+1)a(ea o 1)(1 +H)

From this, and writing d; := th’”_%) (951 (d,+)) for the sake of simplicity of nota-

tion, we obtain

lim <Fg?’"2k))/ (%) = lim (Q?Jrk ©g1t© gg_k)/ (da,t)

n—oo n—-+4o0o

= @ Y (%Y (doy)

n—-+o00

— e@thtka [ b —
notee \ Gt (1 — 28,)2 4 (1 — 2dy )2t ek

inu+m)a

— 6(1Tg+2k)a
e(k+1)a (ea
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therefore -
e(ug —2)a

et —1)2(1 + p)?

i (PF) (dur) = ¢

n—oo

G(f,;n*%), it is trivial to conclude that there is

Putting together these facts, for x € D
ug > g such that, for b = (2, n—2k)(uz, n—2k), we have the following straightforward
estimates

lim (Tg,)(x) > Tim (T¢,)(g5" (das)

n—-+00 ’ n—+o0o

. r__ e !
= i () (@) (T8 (65 ()

n—-+00

e(@=2)a (1 4 /L)Q e(@2—2)a .
e e > ,
(v — 1) (14 p)* (e —1)

and the Claim 2 is proved.

Let I, = min{ A, B}, see (2.2.8) for the definition of A and (2.2.11) for the defini-
tion of B. Thus, for every ¢ € (0,ty] and every x € D, ,, with a € (0,log2), there is
a chain b, such that (I 2?)/ () > l,, which is the desired conclusion. O

The key step towards proving Theorem 2.1 is presented in the following result.

Proposition 2.7. For every interval I = [iy,is] C (0,1/2], there are x € [iy, i) and
a finite sequence (Yo, V1, -+ ,0,), ¥; € {0,1} such that gigys,..v,1.(x) = 0. Thus, for
every sequence (1—;)ieny with n—; € {0,1},

X =(---n_1.900 - 0,08 ) € W(Q, Gay).

Proof. Given I = [iy,149] C (0,1/2] choose m € N such that g;*({) C [1/2 —¢,1/2]. If
g (i1) = 1/2 — t we are done. Otherwise, let n(I) be such that

(gg(l) ©4i1,t0 gg@<[)> N (QS(da,t)a g§+1 (da,t)] 7& (Z)

Since go and gy ¢ preserve the orientation, we have either there is x € [iy, i2) such that

Jiom10n0) () = gh(day), or, by the Corollary 2.6 , there is a chain b such that

gh(day) € FZ,t <9[0m10n<1)],t(1))7
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which implies that there is = € [i1,72) such that gigmignmg(pyon—r1)¢(T) = 0. O

Now we are in position to prove Theorem 2.1. Part of the proof was inspired in
[D95D].

Proof of Theorem 2.1. First we prove that Hy(P,G,;) € Hy(Q,Ga,t). The main
idea of the proof is to prove that any point X € W*(P,G,) m W*(P,G,:) whose
orbit is contained in V is accumulated by homoclinic points of Q).

Let X = (§,x) € <VVS(P7 Goy) M WH(P, Ga,t)) N A;. Then we can assume that

X = (O*Nlo’(k“).&) &0 gh (1)), with g € N,

because, if it is not, then some iterate of X is of this form.

Denote by I, := [gFT(t) — 1/m, g¥"'(¢)], with m € N large enough, such that

a

Gléo-em),t(Im) 1s also a closed interval. By Proposition 2.7, there are x,, € gie;..¢,n](Im);
T 7 Glegen] (0TH(t)), and a finite sequence (Jy, -+ ,¥;), with ¢; € {0,1}, such that

9ot (Tm) = 0, consequently
Xy o= (07107 FH0gg 6 0 910, 20, ) € WH(Q, G
and thus

ot (X)) = (07107 g Gy 0%, g4 )

= (C_ﬂ’w ym) € WS(QJ Ga,t)7
Consider a open interval .J,,, containing y,,. Since
gpo-t01(2) = g1t 0 9. F(2) € (0,1/2) for all z € J,y,

it follows that ,, X Jj, is contained in W*(Q, Gqy), then G.7"(X,,) is a transverse
homoclinic point of Q. Thus X,, € A, N Hy(Q,G,) and, by construction, z,, — x
and (,, — & as m — +oo, proving the inclusion Hy (P, Ga;) € Hy(Q, Gay).

It remains to prove that

Aot = Hy(Q,Gyy), forallt ¢ T.
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Before that, it is important to note that there are two types of points in A, :

1. those points whose orbit does not intersect
Volk, €) = [07%.0F] x [—¢, €],

that is points in the set {07} x (0,1/2) C W*(P,Goy) N W*(Q, G4y) and
2. those points that have some iterate in Vy(k, €).

We claim that every point X = (0%, z) € {07} x (0,1/2) belongs to Hy(Q,Ga).
In fact, for m € N large, take {07N.0™ -} x [z — 1/m,x + 1/m] C W*(Q,Ga.). By
Proposition 2.7 there are x,, € [x — 1/m,z + 1/m] and (Yo, - - - ,¥,,) such that

Xm = (OiN-OmﬁO T ﬁmONv .T}m) € WS(Q7 Ga,t)

thus X, € Hy(Q, Gay). Since X, — X as m — 400, we have X € Hy(Q, Gar).
For points X = (£, ) € A, of the second type, we can assume that

X e Aa,t = [O_kok] X Da,ta

for if not, we replace X by some iterate of it. From Lemma 1.1, to prove that

X € H(Q,G,,), we consider the following four cases.

case 1. X € W*(P,Gar) UW™(Q,Gay) and has infinitely many forward returns to
ApRS

Let X = (§,2) € W*(P,Go ) UW™(Q, Gop) With € = (&) kez € Xo. For m large, if
we consider the sequence (o, . .., &n), by assumptions X ¢ W*(Q,G,¢) and X € Ay,
there is a open interval I, = (¢ — 1/m,x + 1/m) such that gig...e,.)({m) is also an
open interval contained on [0, 1/2].

If X € W*(P,G,;), then the point

Xop = (- €08 1.60&1 -+ &n0N, ) € WH(P,Goy) h WH(P, Goy),

thus X,, € Hy(P,G.t) € Hy(Q,Guy) and X, — X, as m — 400, and, since
Hy(Q,Gay) is closed, we get X € Hy(Q, Gay).
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Otherwise, if X € W*(Q, G,.), then, replacing X by a backward orbit, we can
assume that X = (07N.§y&; - -+, z). By Proposition 2.7 there is 2, € gjg...¢,,] (Im) and
a finite sequence (¥, ..., J,) such that

Xm = (O_N-fo o §m790 te 79T0N7 g[ﬁoém](zm)) € HV(Q7 Ga,t)-

and X,, — X, as m — oo.

case 2. X has infinitely many forward and backward returns 0;(X).
We claim that X = (£, z) is accumulated by points X, € W*(Q, G,¢). In fact,
since X ¢ W*(P,G,,t) and X € A, it is enough to take, for m large,

Xm = (O_Ng—m e 6—1-6061 e ,.Z') € Wu(Q? Ga,t)'

In the same manner as in case 1 we can conclude that X, € Hy(Q,Gut), X — X
as m — 00, and thus X € Hy(Q, Gay).

case 3. X € W3(P,Gor) UW?*(Q,Gay) and has infinitely many backward returns.
Let X = (&,2) € W3(P,Gat) NW¥(Q,Gay). By a similar way as in case 1 show
that X € H(Q, Gay).

case 4. X has finitely many forward and backward returns to Ay ;.

Consider t ¢ T, that is W*(Q, Gat) N W*(P,G,y) = 0. Then X must satisfy one
of the following three possibilities:

i X e W¥(Q,Gor) NWHQ,Gayr),

ii. X € W3(P,Goy) NW*(P,Gyy), and

iii. X € W*(P,Gay) NW*(Q, Gay).

The intersection is transverse in all possibilities. Therefore, in the first case,
X € Hy(Q,Gay), and in the second case, X € Hy(P,Gyt) C Hy(Q,Gay).

In the last case, we have

X = (07, E1&o 6,0, ),

with & € {0,1}, —rp < i < r;. The same conclusion can be drawn by the same
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method as in {07} x (0,1/2) C Hy(Q, Gay).
Finally, we observe that, by definition, we have Hy(Q, G.+) € Ays. The proof of

Theorem 2.1 is now complete. [

Remark 2.8. From the next proposition, we conclude that
HV(P7 Ga,t) g HV(QyGa,t> Zf and Only Zf HV(QaGa,t) g HV(P7 Ga,t)'

Thus, for 0 < a <log2 and t sufficiently small, we have Hy(P,G.:) = Hy(Q, Gay).

Proposition 2.9. For every a > 0 and x €]0,1/2[ the following properties hold:
P1) (g2) () = (9,7) (1/2 = x);

P2) g, (z) + g(1/2 — x) = 1/2 for all m € N; and

P3) dy; = 1 — duy, where dyy is such that g;™(da.) = t.

Proof. Applying equations (2.1.1), (2.1.2) and (2.2.6) we get

G (1- ) = <1;;?V(fof;;”

(1—2t,) (2t,)"
(2tn)* (2(3 =) (26,2 + (1—=2(% —2)) (1 = 2t,)?)”

(2t,)2(1 — 2t,,)?

((1 - 2$)(2tn)2 + 21-(1 _ Qtn)2)2 = (gg)’ ([E),

then property P1) holds.

For m € N, from the definition of g, we have

1
—m m — z (5_33)6 -
9@“””&@ x>—%+u—mwM (1-2z)em+20 2

ma 1

and P2) holds.
It remains to prove P3). Since d,; = ¢*(t) and do, = g;"(1/2 —t), from P2), one
has

~ 1 1 1
dot =gr(t)==—g. "= —t] == —day,
it ga() 9 9a (2 > 92 )t

ending the proof of the proposition. n
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The conclusion of Proposition 2.5 remains valid for the skew-products G, intro-

duced in Section 1.3, verifying the following condition:

Expansion Condition (EC): There are l; > 1 and r € N such that, for every
x € (dt, go+(dy)], there is a finite chain b = b(y) verifying |6(b)| < r and (Ff)/ (x) > 1.

Corollary 2.10. For eacht > 0 small enough and under the condition (EC) we have

Hy (P, Gy) C Hy(Qy, Gy) and Ay \ (W?2(Qy, Gy) N WPy, Gy)) = Hy(Qy, Gy).

2.3 Persistence of non-hyperbolicity

In this section, we fix log2 < a < log4 and prove Theorem 2.3.
We begin with the observation that D (0n=2k) — () for all a > 0. Indeed, from the
conditions gy ,(1/2) =t and g*(t) < ga(da,t), and the definition of D, ;, we get

gs 001,40 gg_k(:v) < gfj(dmt), for all x € Dy .

Moreover in the first section we proved that for 0 < a < log 2, there is a small 5 > 0
such that Dgt’nf%) = () for all t € (0, ).

Proposition 2.11. Let a > log2. Then there is ng = no(a) € N such that, for every
1 ,n—2k)
n 2 nO; 7£ @

at

(1,n—2k)

Proof. Let a > log2. To show that D 7& () it is enough to see that

n—2k
P20 gk (1)) > gh(t,,).

a,tn

By definition of ¢,, and F (L= %),

n— 1
TSm0 (g (8)) = gh ™ 0 g1, 0 0o Mgk (ta)) = g5+ © 914, © g (5 - t”) ,
so, since g, and g; ., preserve the orientation, the condition

T2 (gh 2 (2,)) > gR(t,)

a,tn
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is equivalent to g1, © ga (1/2 — t,) > g3 ().
From

(e = Dt,(1—-2t,) tn
2t, +e*(1 —2t,)%2  2t,+ (1 —2t,)e®

J1,t, © Ga (1/2 —tn) — ggl(tn> =

tal(e® — 1)(1 — 2t,) — 1]
2, + (1 — 2t,)ed

we obtain

o 2—2t,
Fain (98" (t)) > gi(t) & (¢ = 1)(1 = 2t,) = 1> 0 6 a > log (1 2 ) |

2 — 2,

Choosing a > log 2, there is ng = ng(a) € N such that a > log (ﬁ
— 2t

2 -2,
1—2t,

) . Therefore,

for all n > ng, a > log ( ) and consequently

F(l,n—?k)

a,tn

<9§+1(tn)) > gﬁ(tn% for all ¢, < tp,,

and the proof of the lemma is complete. O

Proposition 2.12. Forlog2 < a < log4 there is ng = ng(a) large such that, for all

1,n—2k _ o 1,n—2k
FEL o ) = g" o g1y, 0 g"F has no fized points in D((m: ).

n > ng, the map
Proof. Observe that Fggf_zk) has no fixed points if and only if

(1,n—2k)
Fa,tn

(r) <z, for all x € DS{Z_%),

which is equivalent to gy 4, o ggﬂ(ga_(kﬂ)(:c)) < ga_(kﬂ)(a:). Thus, the main idea is to

prove that g1, o g""'(z) < z with

2 € g, (D) € (0™ () )]

The procedure is to find ¢ € [t,,t,_1), close to t,, such that g; ;0 ¢”*" has a saddle
node in (g, '(t,),t,]. Since

g1t 0 Gt (2) < grpo gl (x), Vo € (g, (tn), tn]
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we can conclude that that gy, o g"*! has no fixed points.
First we compute z* such that (g, o g"*) (2*) = (¢"™')'(2*) = 1. Note that

(gZ“)’(z) -1 & ea(1<3tgin)2 (g;H_ZQ) (Z) —1

" <gzz+1<z>>2 o)

z (2t,)?
Thus, by equation (2.2.5) we obtain

(1—2t,)? e x (1-2t,)
22(1 — 2t,)2 + (1 — 22)(2t,)% - e7@ 2t,

(Gre.0oga ™) (2) =1 =

= 2[(1—2t,)%* — (2t,)%] =t (1 — 2t,)ez — 2t2

and solving it in order to z, it follows

tn<(1 — 2t,)ez — 2tn> "
_ n_ , 2.3.1
(1—2t,)2e* — (2t,)2 (1 —2t,)es + 2t, (23.1)

*

observing that

lim =e 2—-1<0
n—-4o00 n
and N .
X —qg “(t,
lim 9a_(tn) =e 2—e >0,
n—+o00 tn

we conclude that, for n large, 2* € [g; ' (¢,), t).
Next we find ¢ such that g; ;0 ¢" ™ (2*) = 2*. Replacing this value of 2* in equation
(2.2.5), one gets

2*(1 — 2t,)?

n+1l/ % —
%) = A a4 (1= 22) @) e

to(1 —2t,)?
2t, (1 — 2t,)2 + (1 — 2t,)ez (2t,)2ea

1—2t,
2(1 — 2t,,) + 4t e 2
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Thus the equation ¢"(2*) — 1+t = 2* is equivalent to

(1 —2t,) tn
a 1 + t= a
2(1 —2t,) +4t,e 2 (1—2t,)e> + 2t,

_tn tn
5 +t= -
(1 —2t,)ez + 2t, (1 —2t,)ez + 2t,

B 2t
C(1—2t,)es +2t,

Since t,_; = e2t,/(2t,e2 + (1 — 2t)) (see (2.2.3)), by computations we can show

that
2,
ty <t <th1et,< - < thot
(1 —2t,)ez + 2t,

is equivalent to

2
tn + /912 — 8t,, + 2 2 — 2\’
log <a<log|—| ,

and the proof is concluded. O

Note that, from the previous proposition, we can conclude that, for a > log4,

1,n—2k)
(1,n=2k) })ag

there are ng = ng(a) > 0 large and p;, € (tny1,t,) such that the map I, ;
two fixed points, for all n > ng and ¢ € (u;; ,t,). We will consider this sﬂ:ua‘mon in
the last chapter.

Now we introduce some notations. Define

U Dalt?z ) (tn)u dl,tn]7 (232)

i>2

where
—1
i, = (T807)  (gh(t).

It is obvious that D,., = H(a,t,) U DS;:_%), and, since (2.3.2) is a disjoint union,

we can define the following map on H(a,t,)

Yo, : H(a,t,) - (gS(t ), g§+1(tn)]a
D(zn 2k) Sr o F(zn 2k)(£€)

a
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(1,n—2k

I
a,tn

I
such that (Fgg:ﬁk)) ’ (g"(t,)) € Hyy,. We define the set

Since the graph of I’ ) is below the diagonal, for n large, there is a first [j € N

-1
Ia,t) = (D0) 7 (H(@,42)) 0 Da,.

a,tn

for each [ € {1,...,ly}, so

lo
D& = Lia,t)
=0

is also a disjoint union.

H<a7 tn) [1 (CL., tn) [2((17 tn) [3(047 tn)

95(7371) dig, gﬁ“(tn)

Figure 2.4: The sets H(a,t,) and I;(a,t,) with lp = 3
We also define the map

Vo, D2 - (QS(tn>7Q§+l(tn)]

a,tn

I
Ii(a,t,) > — Tg, 0 <F(1’n_2k)) (x).

a,tn

The next lemma is the key step for obtaining non-hyperbolicity for a set of pa-

rameters J(a, t,).
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dl,ln Il<a7tn) 12(a7 tn) 13(a~,tn>

Figure 2.5: The map ¥, ,,

a

!
Lemma 2.13. Assuming that (th’:_%)> i (g"(t,)) = dyy,, we have that

<9a o (Pgt’:—%))loﬂ)/ (gf“(tn)) _ (‘I’a,tn)/(gfﬂ(tn)) 1

!
Moreover, if (F(l’nf%)) ’ (g" 1 (t,)) < diy,, then (Uoy) (g"1(t,)) > 1 and, for each

a,tn

i=Ldo, (W) (087 (gh () > L

As a consequence of the previous lemma, which the proof is presented at the end

of this chapter, we have the following result:

Proposition 2.14. Let a € (log2,log4). Then there is no(a) € N large enough such
that, for every n > ng(a), there exists l,;, > 1 satisfying the following condition: for

every x € (g, (tn), tn] there is a chain b = b(x) such that (ngtn)/ () > lay,-

Proof. First we consider x € H(a,t,). Thus, by definition, there is ¢ > 2 such that
x € D((j;;:*%). We claim that

(T ) (@) = (Ca) () > 1.
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Indeed, since ¢/, is a decreasing map on [0, 1/2], it is enough to prove that Y’'(d;,,) > 1.
By an easy computation we can show that

lim (Yoy,) (dis,) = (e* —1)*> > 1, for a > log?2.

n—oo

(1n 2k)

Now consider x € D, and, as above, let [y denote the first natural number

such that (Fgltz 2k))l° (gfj“( n)) € H(a,t,). Since g, and ¢4, are strictly increasing

and g/ is strictly decreasing, it suffices to show that
(Wae,) (T 29) "0y, )) > 1 and (War, ) (g7 (8)) > 1

There are two cases to be considered,

(D280 (gh1(¢,)) — dy .

lim =0
n—00 tn
and (Ln2k)\)
" Mlt,)) —d
T )
n—00 tn

,TL* k
o e TG (1)) — d,

n—oo tn

=0

In this case, there is ng large and ay > a such that

1,n0—2k
(T 29)0 (g4 (1)) = dr, .

Then

Ang 7tn0 ng ,tno Ang 7tn0

2,m0—2k Lno—2k)\ 0 1,n0—2k
D2 0 (TS #0) (05 () = gz, © (T 27 (954 (b)) = g (bny)

and, by Lemma 2.13,
(a0 ) (047 (£0)) = 1.

In fact T} 2n° 26) (FS,ZE Yo has two fixed points for o > a* , and it does not
have fixed points for a < ay , thus Fa%t’zg 2%) (FSZ:; 2k”))lo has a saddle—node at the

— %
parameter o = ay,
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For n > ng we have (ng:f%))zo (g"(t,)) < dy4, and, again by Lemma 2.13,

(Wae,) (@) = min { (Wa,) (957 (E), (War,) (0820)7 0 dr,)) | > 1,

(1,n—2k)
a,tn :

forall z € D

1,n—2k
Cone o g (Toin 20054 (b)) = s,

n—00 tn

<0

In this case, from the proof of Lemma 2.13, presented below, we have

Hm (Uay,) (gF(t,)) > 1 and lim (¥, )’ ((r“’”*%))*(lo*l)(dun)> > 1,

a,ln
n—00 n—o00

thus there is ty = to(a) > 0 such that, for all ¢, € (0, %], (\Ilmtn)' (x) > lq, with [,
satisfying

min { (Yar,) (dra,)s (Was,) (95 (00)), (W) (T 7@ 0(dy,)) > 00> 1.

Consequently in the second case [, is independent of ¢,, and the proof is completed. [

)

Since the function a +— T’ ((117;:7% is increasing and, from the proof of Proposition

(1,n—2k)
a,tn

2.12, we know that for a > log4 there is ng such that I' has two fixed points,
for all n > ng, we conclude that the sequence (a;);en satisfy a; — log4, as | — 400,

where, for each | € N, @; denote the unique solution on (log 2,1log4) of the equation

l
n—2k
Y (thn ? )) (g§+1(tn)) —dy g,
im

n—oo tn

=0.

Set ag := log2. For a € (log2,log4), there is Iy € N such that a;,—1 < a < q.
By the proof of Proposition 2.14, there is tq = to(a) small (in addiction to(a) — 0 as
a — a;—1) such that for all ¢,, € (0,%,) the following conditions hold:

(1) (TU9)" (g541(0,)) € (6E(8). du )
(P2) (W) (g4 (1)) > 1

(P3) (W) (T )~ dy,)) > 1; and
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(P4) (Ta,tn)/ (dl,tn) > 1.

Since (P1)-(P4) are open conditions, for each n > ng, by continuity we can con-
clude that (P1)-(P4) also hold replacing ¢, by ¢ for ¢ close to t,. This means that we

can consider, for each n large, intervals
J(CL, tn) - (tn - Oé(z,tn, tn + Oéa,ytn), (233)

where

(P1) (T0729)" (61 (dae)) € (h(de). )
(P2) (o) (95" (do)) > 1

(P3) (W) (T )00 (1)) > 1; and
(P4) (Yap) (dry) > 1

holds for all ¢t € J(a,t,).

Now, the Proposition 2.14 implies that, for every ¢t € J(a,t,), there is [,;, > 1,
such that for each z € Doy = (95(das), 9" (da )], we can find a finite chain b = b(x)
verifying

(Ffl,t)'(l’) > gy > 1,

and the proof of Theorem 2.3 now follows arguing exactly as in the Theorem 2.1.

Let us now prove the main lemma.

Proof of Lemma 2.15. We begin by take ly € N such that ¢**1(¢,) € I}, (a,t,). The
proof is divided into several steps. First we solve the equation A, (z)h;, (2) =1,

where
hag, [ggl(tn)atn] — [0,t,)

z = haw,(Y) = g14, 0 gn (2).

Then we need to compute the inverse of h, 4, to prove, by induction on m, that

1
h;,tn(hgtn(tn)) = W , VYm € N.

ot (Pt (97 (0)))

Afterwards we show that

l
T2 o (00 29)" (g5 (1,)) = g+ (1) implies. (W)’ (657 (1)) = 1,
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and finally we prove the second part of the lemma.

Claim 1. Tt b, , (x)h;,, (2) =1, then

t2(1 — 2z)
z = .
e(1 —2t,)%x + 2(1 — 2x)t2

Note that A}, = (gi*')". By (2.1.2), one has

(924—1)/(3:) % (gg—i-l)/(z) 1 = (ga—

x x (2t,)%
n+1 _ 2
A OIS
z (2t.)*  gati(z)

From (2.1.1) and (2.2.5) we have
B () X Wy (2) = 1

(1—2t,)%- e Cow(1—2t,) e + (1 — 2x)2t2
22(1 —2t,)% - e + (1 — 22)(2t,)% 212

262 (1 — 2t,)% - e®
e(1 —2t,)%x + (1 — 2z)2t2

& 22(1—2t,)% e+ (1 —22) x (2t,)* =

2t2(1 — 2t,)%e”
et(1 —2t,)%x + (1 — 2z)2t2

& 22[(1—2t,)% e — (2t,)% + (2t,)* =

22 (1 — 2t,)2(1 — 2z) - €® — 234 (1 — 22)
& 22[(1—=2t,)%-e* — (2t,)%] = == - n
21l ) et = (2] eo(1— 2t,)2x + 2(1 — 22)2

& 2z[(1—2t,)% - e — (2t,)%) = 2tn(iaz12f)2[t(j)2—x%fn()1 -_e;;;tzztn) ]

Therefore, since (1 — 2t,)? — e~ %(2t,)* # 0,

t2(1 — 2x)
z =
e?(1 —2t,)%x + 2(1 — 2x)¢2’

n+1<x>)2 ) (gzz+1<x>)2 a2t

o8
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and the claim is proved.

Now we compute the inverse of h,;,, which is

_ t2(2z +1—2t,)
(1 — 2t,)2(t, — o) + 2t2(1 — 2t,, + 27)°

R, (2) (2.3.4)

First we note that
n+1 1
hd,tn(x> = Y, (x)_§+tn

B e?(1 — 2t,)2%x 1 Ly
o 20(1—2t,)%e0 + (1 —22)(2t,)2 2 "

and

e?(1 — 2t,)%x
ha -z & =922+ 1—2,
(@) =2 (=2t )2er 121 =200z "

& (1 —2t,)%r = (22 +1—2t) (x[(1 — 2t,)%" — 4t2] + 2t2)

t2(22 + 1 — 2t,)
~ T = )
e(1 —2t,)%(t, — 2) + 2t2(1 — 2t,, + 22)

as required.

Claim 2. We have

,VmeN (2.3.5)

1
h; hZI tn = —m
2 t0)) = =i

We use induction on m to prove the claim.

For m = 1 we need to prove that

Mg, (Mg (£0)) X Ry, (hag, (907 () = 1.

By the Claim 1 it suffices to show that

£2(1 = 2hqa4(tn))

P92 () = e a0 + 201 = s G (2:3.6)
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On the one hand, since ¢7(t,) = 1/2 — t,, we have

1 1
ha,tn (tn) = Ja (5 - tn) - 5 +t,

tn(1 —2t,)(e” — 1)
(1 —2t,)e* +2t,

and

1
1—2hay(ty) = 1—2g, (— - tn> +1-2t,

2

(1= 2t,)e

= 2(1—t,) —

(1 2t,)%" + 4(1 — t,)tn

(1 —2t,)e* +2t,

(1 —2t,)e* + 2t,
On the other hand, using (2.3.4), one gets

1, _ tn
ha,ilﬁn (ga 1(tn)) = ha,%n (Qt + (1 _ 21; )ea)

t2((1 = 2t,)%e” +4(1 — t,)t,)

60

e(1 —2t,)%t, (1 — 2t,) (e — 1) + 2((1 — 2¢,,)%e® + 4(1 — t,,)t,,)t2

and (2.3.6) follows.

Now we assume that (2.3.5) holds for m, i.e.,

1
by (b (tn)) = ’
a,t( a,tn( )) hil’tn(h;gi(gafl(tn)))

and we need to prove (2.3.5) for m + 1, that is,

(RN (t,) =
e ) = e G )

Considering x = hy, (t,) in Claim 1, we obtain

t2(1 — 2x)

hat(gs ' (tn)) =

~oer(1 = 2t,)%x 4+ 2(1 — 22)¢2

(2.3.7)
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and, again by Claim 1, the proof is completed if we show

h*l t%},<]‘ B 2ZE)
@b\ ea(1 — 2t,)2x + 2(1 — 22)12

t2(1 — 2ha4(x))
e?(1 —t,)2%hay, () + 22(1 — 2hgy, (z))

(2.3.8)

From the definition of h,4,, we have

ta(1— 2t)[e"(1 — 2t,)a — (1 — 22)t,]
ea(1— 2t,)2z + 2(1 — 26,12

h&tn (.1') =

and (1 — 2t)3we® + (20)2(1 — t)(1 — 2z)

et(1 — 2t,)%x + 2(1 — 2t,)t2
By computing the left hand side of (2.3.8), we obtain the right hand side with A, (z)
and 1 — 2hg,, (x) above calculated and the Claim 2 follows.

1-— 2ha,tn (37) =

We also have

2ettag 4 (1 — 2¢))? 1
(g ") (g5 (tn)) = ( ° - )" _ , . (2.3.9)
et (2t + (1 —2t,))*  (gh+2) (971 (tn))
Assuming
n— lo
(T80 (g (8) = du,
(2,n—2k) (1,n—2k) lo k+1 k+1
& TE o (D)7 (g5 (1) = g5 (1), (2:3.10)
we claim that (¥, )/ (g""(t,)) = 1.
Since
T o2 = ghtlo g0 ik o ghtlo gy ogrt
= gt ohgy, 0 g0 gi ",
one has

lo
2,n—2k 1,n—2k n—
D o (T ) (g4 (1) = 95+ 0 by, 0 910 0 92 (0 (1)
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thus
D20 o ()" (g5 (1) = o4 0 Mt (1), (23.11)
From (2.3.10) we get
GO B () = gE T (t) = BTN(tn) = g7 () (2.3.12)
Using (2.3.9), (2.3.10) and (2.3.11), we obtain
(Var,) (51 (t)) = (9520 hl,, o g100g07") (gh (1))

= (9572) (92" (t)) (h, ) (Rt (£0)) - (g ) (g ™+ (£0))
= (hfzo,tn)/(ha,tn (tn))

(hat,)' (hat, (tn)) (ha, ) (M, (82)) -+ (ha, ) (i, (t0))

and thus, combining the Claim 2 with (2.3.12) yields (¥,,,) (¢**'(t,)) = 1.

In order to prove the second part of the lemma, we assume that

(T8 ) " (g (t) < g,

In this situation we have

i,n—2k n—2k lo
W, (g (6)) = 07 o (007) (0h 1),

with ¢ > 2, and
a,tn a,tn a a,tn

l
a2 (ﬂm—%)) (G () < gEFU(E) & gERH(RT(8) < gF ()

N A (B i (M)

Since

Vo, (90t (t) = (g0 (R (8)) (s, ) (hae, (82)) (92 ™5) (96 (80)),
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using the claim 2, (2.3.9), and the monotonicity of g,, one gets
\I[:z,tn (g]z:Jrl(tn)) > (hfzo,tn)/(ha,tn (tn))

= (hat,) (hag, (t0)) (ha)' (B 4, (80)) -+~ (has, ) (higy, (80)) > 1

To prove that

a,tn

(Uos, ) ((F“’H’“))*i(ggl(tn))) > 1, foralli=1,...,0,
from the monotonicity of g, on [0,1/2] it is enough to see that

(Was, ) (T8 0 (gh(8)) ) > 1.
In fact

(Wae,) (TS 20) 70 (gh (1))

(= o (9o (R9) (g (1))

— (95” o bl togio gZ”“>I (92" 0 gid 0 ha™ (g ()
N T R O ARCIU)

/
(927) (g 0 gt o b (g (1),

and, once g;" o g} o hy 2 (g7 (tn) < g5 (t,), from the Claim 2, (2.3.9), and the

a a,tn a

monotonicity of g,, we have

(Wae,) (T )70 (gh (1))
> () (o ) (R ) (et 0 1) (02 (0l 0)

() (o) 0 1))
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On the other hand,

(M) (o) M6 (00) = B, (il ™ 0 1)) - Pl (B (0 (1)

1
hg,tn (h?,z;l (tn)) T hiz,tn (ha,tn (tn))

1
(Y (B, (t)

Since hl,, = (git') is a decreasing map and (haz,) " (9, (tn)) < Rag, (tn), we

conclude that

(197 (U)o (g5 (1)) > 1

= (Vo) (M) (b)) >1

and this finished the proof of the lemma. O

2.4 Heterodimensional cycles: a model family

In this section, we consider heterodimensional cycles. For that, in the model hetero-
dimensional cycle introduced in Section 1.2, we will take the map F giving the central
dynamics equal to g, : (—1/(2(e* — 1)),2] — R such that:

a

_ ye
© 2yet + (1 —2y)

9a(y)

As in Section 1.2 and for each a > 0, we have a one-parameter family of diffeo-
morphisms (fq)ic[-r- unfolding a heterodimensional cycle at ¢ = 0, associated to
the fixed points P = (0,1/2,0) and @ = (0,0,0). We observe that

fao(z,y,2) = fa(z,y,2) = (s, ga(y), Au2).

Recall that there is a small neighborhood W, of the cycle, containing a neighbor-
hood of the connection v = {0} x (0,1/2) x {0} and the f,-orbit of the heteroclinic
point (—1,0,0), that is a filtrating neighborhood of f,. Let Ay, := ;5 fit(Wa) be
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the maximal f,-invariant set in W,. As in the case of the family of skew-product

maps (Gqt)ie[-1,1], we have the following result.

Theorem 2.15. Consider the arc of diffeomorphisms (fat)i=0. The dynamics of fa+

in Ny, satisfies the following properties:

(A) For each 0 < a < log?2 there is ty = to(a) > 0 such that, for every t € (0,1],
H(P7 fa,t) g H(Qa fa,t) and Aa,t - H(Qa fa,t)-

(B) Fora € (log2,log4) there are ty(a) > 0, a sequence t,(a) € (0,to(a)] converging

to zero as n — +00, and a sequence of intervals

J(a,t,) = [tn(a) — agt,, tn(a) + aat,]

such that H(P, for) € Hy(Q, far) = Nat for each t € J(a,t,).

Using the remark 2.8 and applying Theorem 2.15 to f, ! we obtain
H(Qafa_,t1> g H(P7 fa_,tl)a

that is, H(Q, fa:) € H(P, fat), then we can conclude the equality of the homoclinic

classes

H(P> fa,t) = H(Q?fa,t)>

for all (a,t) € (0,log2) x (0,to(a)) U (log2,log4) X Juy, .
Fix ¢ > 0 small, a > 0 and denote by D}, = [1/2—t, go(1/2 —t)] the fundamental
domain of g, close to P. From (2.2.1), there is n large such that t € (t,,41,t,] and, asin

Subsection 2.2, we consider d,; = g, "(1/2—1) (see (2.2.7)). Thus, the corresponding
Q

fundamental domain of g, close to @, D, satisfies

DG, = [dats ga(dar)] = 95105 (dus), 5 (da)]) = 92" (D),

and, by construction, we have gZ(Dgt) = D[’,. Now, as in Section 1.2.2, we consider
the family of maps (@fg;p )) , defined by

q,p=>0

1
@gﬁ) : Dgf - (da,hga(da,t)] ) Yy gg (g;z-l—p(y) - 5 + t) )
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with DI} = {y € Dgt c DIV (y) € Dgt}, which describe the dynamics of f,; in the

central direction and the following equality

@7 = g, * o T o gk (24.1)

a,t

holds.
To get the inclusion H(Q, for) C H(P, fat), it is enough to see that the two-
parameter family §,; defined by

ot = {257 : (¢,p) € Nx N}

of iterated function systems satisfies the following expansiveness property:

Expansion condition for heterodimensional cycles (EC’): There are l,; > 1

and r, € N such that for every y € (day, ga(day)] there is a l-block

01 = Qz(y) = [(mbnl)a ceey (ml,nl)],

with | < r,, satisfying (@5;)’ (y) > las-

First it is important to note that, from (2.4.1) and Lemma 2.4, the system §,+
satisfies the condition (EC’) for each a € (0,log2) and ¢ € (0,(a)], where to(a) is
defined in the proof of Proposition 2.5. From Proposition 2.14, the system of iterated
functions §,; also satisfies (EC’), for each a € (log2,log4) and ¢t € J(a,t,), see
(2.3.3) to recall the definition of the intervals J(a,t,).

Now, the main step towards proving Theorem 2.15 is presented in the next lemma.

Lemma 2.16. Consider a small t and an open interval J C (dat, ga(dat)]. Under
the condition (EC’), there are iy,...,i; € N, with j € N, and a sequence of blocks
(0irs---»0i;) such that

dyy € B 00 ®ZL(J).
In particular, there isy € J such that hgy o CIJSE 0---0®(y) =0.

a,t

Proof. Writing J = [ag, by, from condition (EC?”), there are i; € N and a i;-block,



2.4 Heterodimensional cycles: a model family 67

0, = [(q1,p1); - -+, (giy, p1)], such that (CPfZ%)/ (bo) > lay > 1. Thus, either
day € Dg" 0+ 0 DI ()

for some i € {1,...,i1} or [®ZL(I)| > .| ]].

a,t

Proceeding in same way with q)if} (J) and so on, we obtain
(@57 00 @) = Lyl J|, lay > 1. (2.4.2)
Consequently there is a m-block g}, such that d,; € @5?’;((] ) and therefore there is
y € J such that ho, (P27 (y)) = hay(de;) = 0. —

Now, as in [DS04, Theorem 2.1], the proof of the Theorem 2.15 follows from the
Lemma 2.16 and we omit it here. However, it is relevant to refer that the prove’s key
step is to show that the stable manifold of () intersects any disk A transverse to the
stable manifold of P. If the condition (EC”) holds, one has that these discs have a

return to C by a power of f; such that their “central size” increases exponentially.

Remark 2.17. The conclusion of Theorem 2.5 remains valid for the diffeomorphisms
ft, introduced in Subsection 1.2.1, verifying the condition (EC’).

Finally we observe that in the case of heterodimensional cycles, assuming the
condition (EC’), one has

Wu(Pﬂ ft) N WS(Quft) C H(Quft)

and, for the one-parameter family of skew-product maps (G¢);>o introduced in Section

1.3, we claim that
(W“(Pt, G,) N W*(Q, Gt)> N Hy(Qr, Gy) = 0. (2.4.3)
In fact, in the case of heterodimensional cycles, to get the inclusion

WH(P, fi) "W2(Q, fi) C H(Q, fo),

it is enough to construct, for every w € W*(P, f;) N W*(Q, f), a sequence (w,), in
H(Q, f;) such that w, — w, as n — oo. This was proved in [DS04]. Recall that,
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for w, close to w, it is possible that the itineraries of these two points are different
while, in the case of skew-product maps, this cannot happen that is, if A, = (£", x,,)
is close to A = (£, x) then x, is close to z, " is equal to ; for a very long time, and
the sequence £ give the itinerary of the point x.

To prove the claim (see (2.4.3)), consider

X = (&) e WP, Gy) NWHHQ, Gy);

we need to show that X ¢ Ws(Q:, Gy) h W(Qy, Gt). Without loss of generality we

can assume that

X = (O_N.wg cee U.)kofk;o-&-l o ngNapt)v

WIth Glug-wpg g 41t (P1) = G-

First we prove that X & W*(Q;, Gy) N W*(Qy, Gy). Since @ is a fixed point
of expanding type, it is enough to prove that, for all open interval I containing p,
Ex I ¢ W*(Qy,Gy). In fact, for each open interval I, there is p > 0 small such that
ID (pr—p,pe+p) and, as & ; = 0 for i € N, we have

g(;,z([phpt +p)) N (g, pe) =0, for every i € N.

Now we prove that X cannot be accumulated by homoclinic points of ). Let
§ > 0, with 0 < 272 and suppose that there is Y = ({,y) € A, such that
Y € W¥(Qy, Gy) h W*(Q,Gy) and d(X,Y) < 6. Consequently we have d(y,p;) < 6,
ds,(&,¢) < 6, and, from the definition of y, y < p; which implies that

g[wo-"wkofkoﬂ-"&m]i(y) < g[Wo--'kaEk0+1'"5m],t(pt) =

that IS Gy wpy g 1-emlit (Y) < @i, thus Gi(Y) ¢ V, for some i € N, this contradicts
the fact that Y € A; and the claim is proved.



Chapter 3

Non-hyperbolic homoclinic classes

- a Imore general case

In this chapter, we study the dynamics of the one-parameter family of skew-product
maps Gy : ¥, x K — X, x K| t € [-1,1] introduced in Section 1.3, with K = [—1, 1]
or K = S!. First we prove that there are at most two homoclinic classes. Afterwards,
we present a sufficient condition for obtaining Hy(Q, G;) C Hy(P, G;) and finally we
prove that the growth of the number of periodic orbits in A; of the family (Gy);>o is
not super-exponential. The same properties are also studied for the one-parameter
family (f;)iej-1,1], where t is related to the unfolding of the cycle, defined in Section
1.2.

3.1 Number of homoclinic classes

In this section we prove that the set of periodic points whose orbit is contained in V
is a subset of Hy(P,G;) U Hy(Q, Gy).

Recall the definition of G; in section 1.3. Until further notice we assume that the
transition map guy.wy )0 (see (1.3.12)) preserves the orientation in a small neighbor-
hood of 1/2.

Since gj is strictly decreasing on [0, 1/2], choosing v > 0 sufficiently small in the
definition of the neighborhood of the cycle (see (1.3.9)) and k sufficiently large, we
can assume that the derivative of giug..w )0 = Gjokag-as0r]0 1S strictly decreasing in a
neighborhood of 1/2.

69
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Recall that, for each ¢ > 0 sufficiently small, go; preserves the orientation and has
two fixed points, an attractor p; close to 1/2 and a repeller ¢; close to 0. We also have

that gy is strictly decreasing on (g, p].

Proposition 3.1. For every t > 0 small enough, the periodic points of Gy in A; are
contained in Hy(Py, Gy) U Hy(Qy, Gy).
Proof. Let us choose and fix ¢ > 0 small such that Glwo-wy, |, PrESEIVEs the orientation

on K and <g[w0...wk0]7t>/ is strictly decreasing in a neighborhood of p;. Consider a
periodic point X = ((770 . --nl,l)Z,x) € A, of G;. There is no loss of generality in
assuming that X € A, = [07%.0] x D; where D, = [d;, gos(d;)] is a fundamental
domain of go; and d; € (Gwy-wy, )¢ (Pt), Pe) is such that g[Oth...kaLt(dt) = ¢, for some
h = h(d;) € N.

First we assume that X is of expanding type, i.e.,

/
g[ﬂO'“m—l],t(x) =z and (9[770"'77171]715) (:L‘) > 1.

The goal is to prove that in this case X € Hy(Q, Gy).

N "z go.4(dy)
1,

Figure 3.1: The expanding point X = ((T]o ) :U)

From the monotonicity of go; and gy, on [gy, p] and noting that Gluwo -y, |t PrESEIVES

the orientation in a neighborhood of p; and X is of expanding type, it follows that
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there is j(m) € N (see Figure 3.1) such that

dt S (9[770"'771—1}7t)j(m) (Im>7

where I, := [z — 1/m,x + 1/m)], that is, there is z,, € I, such that

j(m)

(g[770“'771—1],t)] (l‘m) = dt-

Note that j(m) — oo, as m — oo. Using the definition of d;, we get
X = (0750 mi1) ™0+ 0 - o O, ) € WH(Qy, G,

Moreover, by construction, the point X, is a transverse homoclinic point of (). Since
X — X, as m — 0o, we conclude that X € Hy(Q, Gy).

Since the same arguments remain valid for X = (¢, z) with

'
g[nO'"T)lq],t(l‘) =z and (g['r]O'”mfl]:t) (:U> =1,

we also have, in this case, that X € H(Q,G;). Indeed, for all m € N large, there
is j(m) € N such that d; € (g[no.,.m_l]i)j(m) ([t —1/m,z + 1/m]) . Similarly one has
j(m) — oo as m — oc.
Now we assume that X is of contracting type, that is (9[no~~mfl]7t)/ (x) < 1. Con-
sidering
Al ={x € Dy : gpgem_1)¢(x) € Dy},

then two possibilities can happen: either A} = D; or A} ¢ D;.

Case 1. A] = D,
By the definition of Dy, there is uy € N such that

g[wo...wkoouo]i(pt) c Dt. (311)

Writing pr := Glug-wi,om01,¢(pe), for m € N large, there is j(m) € N (see Figure 3.2)
such that

j(m) ~
g[ﬂO"-nzfl},t(pt) € In,
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dt ‘ X ‘ g[)7f((lf)
I

Figure 3.2: The contracting point X = ((770 cemer)®, x) in case 1.

where I, :== [z — 1/m,z + 1/m]. Thus gfé:f?mil“(ﬁt) = g/, for some 2/, € I,,. There-

fore the point

Ko = (0700 ). a0, 2

is a homoclinic point of P with X,, — X, as m — oo, for which we conclude
X e Hy(P, Gt)

Case 2. A} ¢ Dy

In this case, since go¢ and gl ]+ Preserve the orientation, the map gpg..., 1t
also preserves the orientation and its graphic is below the diagonal in the interval
[z, pt] (see Figure 3.3). Note that (gos(dy), g5,(ds)] is also a fundamental domain in

go+ and

9o.t(Pr) = g[wo-wkoouoﬂ],t(pt) € (gO,t(dt)vgg,t(dt)]'

Recall the definition of uy in (3.1.1). Since gy, is strictly decreasing on [g;,p;] and

Glworwrg ] t 18 close to a affine map in a neighborhood of p;, we have

(G0 _11.)” (904 (Pe)) — @, as j — +o0,
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dy z gouldy) o (Pe) 90.¢(dr)

Figure 3.3: The contracting point X = ((770 cemer)”, x) in case 2.
and, for every large m € N, there are j(m) and z,, € [xt — 1/m,x + 1/m], such that

j(m) ~
(Gor0m 1) (904 (Br)) = .

Consequently,
X = (0 Nwg -+ wpg 070D (g gy )90 (g - )™ O, 2,,) € Hy (P, GYy),

which proves the proposition. O

The next goal is to prove a similar result for heterodimensional cycles introduced
in Section 1.2. Recall the definition of f; in Section 1.2 and note that the maps

o DM — Déz, yr— F"oF 0 F"*Nt(y)

Y

where Fy,(y) =y —1/241t in a neighborhood of 1/2, describes the dynamics of f; in
the central direction. Recall that F' is a strictly increasing function with F” strictly
decreasing and it has two fixed points, 0 and 1/2, such that F'(0) = f > 1 and
F'(1/2) =A< 1.
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Moreover, f; has a heterodimensional cycle at ¢ = 0 associated to the fixed saddles
of P=(0,1/2,0) and @ = (0,0, 0) of indices one and two, respectively. We also have
that

WH(P, fi) 2 [=2,2] % (0,3] x {0}
W@, f) 2 [-2,2] x {0} x {0}
WP, fi) 2 {0} x {3} x [-2,2]
W@, fi) 2 {0} x[0,3) x [-2,2]

and, for t > 0, X; = (—1,¢,0) is a transverse homoclinic point of P and Y; = (—1,0,0)
is a transverse homoclinic point of @ for f; (see Figures 1.1 and 1.3).

Consider a filtrating neighborhood W of the heterodimensional cycle and let A;
be the maximal invariant of f; in WW. As in the case of the skew-product maps Gy,

we have the following proposition:

Proposition 3.2. For every t > 0 small enough, the set of periodic points of f; in
At is contained in H(P, f;) U H(Q, f).

Proof. Let A = (z,y,z) € A; be a periodic point of f;. Replacing A by some iterate,
we can assume that y € D? = [d:, F'(d;)] and, from the periodicity of A, there is a
I-block ¢ = [(mq,n1),. .., (my,n;)] such that

DY (y) = DM o0 O (y) =,

where [ € N is minimal with this property. Therefore the period of A is

l l
UN, + ko) + > mi+ Y my,
=1 =1

where kg is as in the definition of the cycle (see (1.2.2)) and FNt(D?) = DF.

First we assume that
(@) (y) > 1,

i.e. the index (dimension of the unstable bundle) of A is 2.

Once f; ' expands exponentially in the X-direction, one has

[t —e,x+¢€ x{(y,2)} MWQ, fr) # 0, for every e > 0,
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which implies that there is a sequence A,, = (z,,y,2) € W*(Q, f;) with A, — A, as
n — +00.

We claim that, for all o > 0, the set
U@©) ={z,} x[y—90,y+6] x[z—0,2+ 3 C WQ, f)

intersects W*(Q, f;) transversally, where x,, is such that A, = (z,,y,2) € W*(Q, fi).
Using the filtrating neighborhood and the local structure in the neighborhood of the
cycle, it suffices to show that there is k() € N such that

U E)) d ([~1.1) x {0} x {0}).

Since @ (y) = y, (%) (y) > 1 and (®¥)" is a decreasing map (see Figure 3.1),
there are j = j(9) (by shrinking ¢ if necessary) and § € (y — 0, y) such that

(@Y (§) = d,

and, recalling that s, = Fy, o FN (see (1.2.3)), we conclude that hy o (®2') (§) = 0.

Observe that f; expands exponentially in the Z— direction, so, by the configuration
of the cycle, we conclude that there is k(8) > 1(j + 1) (ko + Ny) + 7 S._, (m; +n;) such
that ftk(é)(U(é)) contains a disc U*(d) of the form

U*<5> = {I:L} X [y17y2] X [_272]7 ‘r;, < [_272]7 < 0< Y2.

Hence, since the interior of U*(9) is contained in W*(Q, f;) and U*(d) meets W*(Q, f:)
transversely, U*(§) contains a homoclinic point A} of Q). Letting § — 0, we get
A} — A,, which implies that A,, € H(Q, f;), and thus A € H(Q, f).

As in Proposition 3.1, the same arguments remains valid if (®¢')' (y) = 1, and we

get Ae H(Qa ft)
Now we assume that (®)’ (y) < 1, that is, the index of A is one. Since f; expands

exponentially in the Z- direction, we get
{(z,9)} x [z =€, 2+ MW(P, f1) # 0,

then A is accumulated by points A, = (z,y, zn) € W3(P, f;). The next goal is to



3.2 Dense orbits for the system of iterated functions 76

prove that A, is accumulated by homoclinic points of P.

For ¢ > 0 small, consider the rectangle
S(0) = (z—6,2+0) x (y,y+0) x {2z} CW*(P, fy).

Using the properties of F' and F;, we conclude that the graph of ®7 is below the
diagonal on the interval [y, F(d,)]. Since F(t) € D? = [d,, F(d,)], one has F2(t) >
F(d;), then there is a first jo = jo(0) € N such that

(@) o F2(t) € (y,y + ), Vi > Jo.

Thus, by the configuration of the cycle, the semi-local product structure, and noting
that ;! expands in the X-direction, there is j = j(§) such that for
!
k(0) = jl(ko + No) + 3> (mi+mni) +2,

i=1
f[k(‘s)(S((S)) contains a disc S* of the form

S*(6) =[-2,2] x (lh,12) X Z,, with [} <t <y
Consequently S*(§) meets W*(P, f;) transversely, and so S*(J) contains a homoclinic

point of P and the same holds for S(9), ending the proof of the proposition. n

As the periodic points are dense in the homoclinic class, from Proposition 3.1

(Proposition 3.2), it follows that Gy|a, (fi|a,) has at most two homoclinic classes.

3.2 Dense orbits for the system of iterated func-

tions

In this section we will construct a set J; of homoclinic points related to P;, whose
orbits are contained in V, of the form (£, y), such that {y : ({,y) € R;} is dense in a
fundamental domain of g .

Let t > 0 be sufficiently small and write p; := g[wo...wko],t(pt). In what follows, we
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consider the fundamental domains of go ¢,

D) = (go‘,?(pt),gf(pt)] and D} = (go_,tl(pt)vpt] ;

and the interval D, := Dy UD; = (go7 (pe), pe]-
Let jo be the first 7 € N such that g{)‘,t (g&f(pt)) € [g[wo~--wk0.],t(Qt)7pt] (see (1.3.2)
for the definition of g[wo...wko,“) and, for each j > jo, define the map

Fgo’j) 1D — (g, bel, Fgo’j)(x) = 9[0jw0"'wko]vt(x)'

Consequently, for j large, we have FE‘” )(i)t) C ®; and, once the maps go,s and o ...wy,

are order preserving, there is j; > jo such that

FEO’])<©t) g ©t7 for allj 2 j1~ (321)

901 (p1)

Figure 3.4: The maps FIEO,J')

The goal of this section is to prove the following theorem.

Theorem 3.3. Assume that there is j* > ji such that the map F§07j*) has an attractive

fized point sj- € (go7(pe), gos (br)). Then Hy(Qy, Gy) € Hy(Py, Gy).
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Before present the proof and some preliminary results, it is convenient to observe
that the hypothesis of Theorem 3.3 holds for a skew-product map G; with A =
(g0.)" (p:) close to 1 .

In the same way, for the family (G,+)i>0 introduced in the previous chapter, we

have

Pt = Glwownt(1/2) = Grorr09,4(1/2) = gE(t)
and, for a < log ((1 + \/5)/2), there are j* = j*(a) (j* minimal with this property)
and ng = ng(a) such that for each n > ng and ¢t € [tn(l—,u_(a, tn)), tn(14+p™ (a, tn))),
there is a fixed point s;« of Fg?;j*) on @}m = (gF=2(t), ¢*(t)]. Thus the hypothesis of

Theorem 3.3 also holds in this case. We observe that

Jm (1= plet) = =

and

: + —
i, (e t) = =27

In the next proposition we find a condition for a such that, for all t € (t,,1,t,]

small enough, we have a attractive fixed point between g*=2(¢) and g*~1(¢).

Proposition 3.4. For (0 < a < log (({’/(27 —3/69)/2)/3 4+ {/(9 + \/@)/18), there

are j* € N and to = to(a) such that, for each t € (0,t), the map T\ has an

attractive fized point sj € (9157;2(15),9]5;1(15)). Moreover, one has 7* > 4.

Proof. First we claim that, for 0 < a < log <(</(27 —3v69)/2)/3 + {/(9 + \/@)/18),

there is ¢y > 0, such that for all ¢ € (0, %), if sj41 > g¥~'(¢) then s; > g5~2(t), where
s; is an attractive fixed point of Fg?,;j ),

Note that the condition s;; > ¢gF~'(¢) is equivalent to Fé?;jﬂ)(gf*l(t)) > gF ()
and s; > ¢g*2(t) is equivalent to F((ng) (g"2(1)) > g"2(¢).

Writing t = ¢,,(1 + p), the inequalities

0,j _ _
(L T L )~ g a1 )
n—-+00 tn

> 0

\ n—+oo tn
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are equivalent to

J
e 2% /(e* —1
Ltu > ( )
e —1
S ;
(G—3)
ez /(e —1)
1 >
L T e2a — 1

thus we just need to prove that, for 0 < a < log (%6/27_?2"/@ + </9+1‘8/@),

6_0573)“\/ (2 —1) _ e_%“\/(e“ - 1)
a—1 er — 1 '

2

e
In fact
_G=3) _iq _(iz3 2
ez e —1  e2%/(er —1) e~(Flayfe2a 1 g2 ]
< 54 - <
62a_1 6“—1 6_% ea_]_ 6“—1

S e —e®—1<0

& a<log <%</27—?2>\/fT9 n €/9+1\8/fT9) 7

which concludes the proof of the claim.

For the second part of the proposition, note that

0,4 _ _
lim Fz(z,t )(95 z(tn)) - 92 2(tn)

n——+o00 tn

=1—e30 2

and 1—e 320 < 0 for a < log (({’/(27 —3v69)/2)/3 + /(9 + \/@)/18) There-
fore j* > j1 > 4 (see (3.2.1) for the definition of j;) and this finish the proof of the

proposition. O

We observe that, in the previous chapter, we conclude that
HV(Q7 Ga,t) - HV(P7 Ga,t)7

for a < log?2 and t sufficiently small, using symmetric properties of g,. Moreover we
did not use the hypothesis of Theorem 3.3.
To prove Theorem 3.3, we first consider a skew-product map G; for which the

hypothesis holds and we construct multisequences contained in &;-orbit of p; verifying
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the properties listed in Proposition 3.5. To construct the multisequences we follow
the approach suggested in [DHRS09]. Then arguing as in [D95b, Lemma 4.1] we
conclude that the closure of the points of the sequences contains Y. Finally, using
this fact, we prove that Hy(Q¢, Gy) C H(FP;, Gy).

We denote by [b],, a n-tuple of natural numbers [b], =iy, - , i, with i; € Ny for

all j =1,---  n, by [b],, k the n + 1-tuple iy, - - ,i,, k and by [b]y the empty tuple.

Proposition 3.5. If the hypothesis of Theorem 3.3 holds, then, for each m > 0 and

each m-tuple [b],,, there is a strictly increasing sequence of real numbers

('T[b]'ﬂuk)k;zo = (xih...,im,k)kzo m @t
such that:

(P1) (Convergence) x, — p;, o), — Sj* and (g, s — L[e],, @S k — +00.

m

(P2) (Contraction) There is 7 € (0,1) such that
diam ((f’f[b]m,k)k) =Ty — [0 ST

(P3) (Overlapping) For every h > 1, (g, h0 < T[6],n,(h—1)-

Figure 3.5: The multisequences in Proposition 3.5

The proof is divided into several steps and it is presented below. As an immediate

consequence of the Proposition above we get the following corollary.
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Corollary 3.6. ([D95b, Lemma 4.1]) If the hypothesis of Theorem 3.3 holds, then
the set

S = U Sm, where Sy, = A{x[6],, = Tiyio,im © (G1,92, .-, im) € NI},

m>1
is dense in the interval [s;«,p;] D DY.

In the proof of Proposition 3.5, we construct the multisequences x,,, in order to

apply the Corollary 3.6.

Proof of Proposition 3.5. Let j* > j; be such that the map FEOJ*) has an attrac-
tive fixed point s;« € (957 (pe), 90 (pe)). As announced above, since go,; and Glwo-wry )it

preserve the orientation one gets
I‘go’jqk)(@t) C 9, forall keN.
We observe that there exists mg € N such that

(T%79) " (bo) € [+, gt (00)) € D}

By definition of s;«, we have

and consequently

max { (T079) (@), () ()} <

where k € N and x € [s;+, py].

We define the zero generation sequence by

mo

To = <F§O,j*)) (pe)
ap = D) (), Wk > 1

Then, we have that zo ¢ D) and the sequence (xy),, is a increasing sequence

converging to p;.
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F;OJ*H)
[(057+1)
Y
0
907 (p) sp 2o gy (Pr) zy I

Figure 3.6: The zero generation sequence

The sequence of the first generation is defined by

Tok = <I‘§O’j*)> O(xk), Yk >0
g =TT (@), Vi> 1LYk >0

Since klim Tk = P¢, by continuity, we have that

——+00

lim z;, = lim T () = 007 (p,) = o,

k—o0 k——4o00 o

for each i # 0. The case ¢ = 0 follows analogously. Clearly, z;, > s+, for ¢, k € Np.
Moreover

diam(x;x)r = = — Tip

i (py) = T ()

= (TP7Y(Q)(pr — x0), with ¢ € [sj+, pi]
< rdiam(zg), < T < 1.

Thus, the first generation satisfies (P1) and (P2).
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Assume now, inductively, that , for every [ < n and every (-tuple [b],, the se-

quences (zy,,) of -th generation satisfying (P1) e (P2):

(P1); (xe),x)r € is a strictly increasing sequence which converges to xp),;
(P2), diam(z), ;) < 7"

We claim that the sequences (z; ) 1) of generation n + 1 defined by

o\ M0
L0, (6 k= (FEO’J )> (Z(6),.)

TiJb]n .k = Fﬁo’j +i)($[b}n,k),w > 1

satisfy (P1)y41 and (P2),41.
Note that, by (P1)n, %6}, r — (e}, Thus, for each ¢ € N (the case j = 0 follows

analogously),

i = T80 @ n) — T (2g,) = o),

Since I‘EO,J’*#) preserves the orientation and ([, ) is strictly increasing, we conclude
that the sequence (z; g, %)k is also increasing, and so
(P1)ni1 (2i[6),%)k is a strictly increasing sequence which converges to z; [y,

is proved.

By the definition of ; [y, » on has

diam((zs e, 1)) = diam(T{% ™ (21, 1)8)

S Tdiam((x[b]mk)k) S T X T = 7-TH-17
which implies
(P2),11 diam((zy g, 1)x) < 777

Thus the sequence (x; g, 1 )r satisfies (P1) and (P2) in Proposition 3.5. Next we
verify, by induction, that these sequences also satisfy (P3) (overlapping condition).
For each k > 1, one has

o = D7 (1) < T (g0 kpy))

F§07j*+k_1) (pt) — xk_l,
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thus the sequence of generation zero satisfies (P3).

To verify (P3) for the generation n 4+ 1 , note that by induction
T[g], k0 < T[], (k—1), for k> 1.

. 0,5%+4) . - . .
Thus, since I’E I s increasing, for all © > 1, one has

Li,[0]n,k,0 = FEO,]'*H‘) (fE[b]mk’O) < Fgo’jqi)(ﬂﬁ[b}n,kq) = T4,[0]p,k—1-

Therefore, the construction of the sequences verifies Proposition 3.5 and the set

S = U Sm, where S, = {25, = Tirin,...iv : (G1,02, ..., 1) € NT'}

m>1

is dense in [lim $[0]k,pt] = [sj+, pe]. O
A straightforward consequence of this proposition is the next corollary.
Corollary 3.7. For every interval I = [iy,is] C [qi,pt), there are x € (iy,is] and a

finite sequence (Vq,...,9,), ¥9; € {0,--- ;n—1} such that
T = Goy-0,,t(Pt) = Gworwny 019, (Pe)-
Thus, for every sequence (1;)ien,, with n; € {0,...,n— 1},
X = (0 Nwg - wpgW1 - pmony - -+, x) € WP, Gy).

Proof. Let I = [iy,is] a subinterval of (g;, p;). Then two possibilities can occur: either

there is m = m(I) € Ny such that gg7" ((i1,i2]) N1 DY # 0 or I C [q1, 954 ()]

Case 1. There is m = m(I) € Ny such that gg;" ((i1,i2]) N DY # 0.

Since the set S is dense in DY = (go; (pe), pi], there are a € go1"((i1,42]) NS and
a sequence (v1,...,v;) € {0,...,n — 1}, with [ € N, such that a = gy,..;,:(ps). Set
x = ggy(a) € (i1, 12], therefore x = gpy,..,0m¢ (Pe)-

Once p; = g[wo._.wko],t(pt), it follows that, for every (1;)ien, with n; € {0,...,n—1},

X = (O’Nwo c WU 0T ey - ) € WH(B, GY).
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Case 2. I C [qt,go_,tl(pt)]
In this case we have g[WO“‘WkO~],t<]) C (p¢, pt) and consequently, there is m € N such
that

954" (w1 (G 2]) ) NP 0
and the result follows in similar way as in the previous case. O]
Finally we are in position to prove the inclusion Hy(Qy, Gy) C Hy(P;, Gy).

Proof of Theorem 3.3. 1t is enough to prove that every transverse homoclinic point
X € W*(Qy, Gy) h W*(Qy, Gy) is accumulated by points in Hy (P, G;). Replacing X

by some iterate of it, we can assume that
X =0 No_,---v_1.0Y qp).

Since X € W"(Qy, Gy), there is my € N such that gp,_, ..., (@, ¢ +1/m]) C [@, pe),
for every m > my.

Denote by I, := gio-mo_,.v_,]¢([at, @ + 1/m]), with m > my. By Corollary 3.7,
there are z,,, € I, T,y # @i, and a sequence (U4, ...,v;), with ¢; € {0,...,n — 1} for
every i = 1,...,1, such that x,, = gg,...9,),¢(¥). Thus,

Xm == (O_NWQ ce wkoﬁl te ﬁIO_mU_T cee U_l.ON,fm) S Ws(Pt, Gt) rh Wu<Pt, Gt),

with Zp, = gjomo_,v_116(Tm) € [@, ¢ + 1/m]. Hence X,, (thus X) belongs to
Hy (P, Gy), ending the proof of the theorem. H

In what follows we present the similar result to heterodimensional cycles. Thus,
we consider the one-parameter family of diffeomorphisms (f;):>0, with ¢ small. In this
setting we recall that X; = (—1,¢,0) is a transverse homoclinic point of P = (0,1/2,0)
and the goal is to construct a set H; of homoclinic points of P with the form (zx,y,0)
such that the set {y : (z,y,0) € H;} is dense in a fundamental domain of F' and it is
contained in the §;-orbit of ¢.

Theorem 3.8. Consider t > 0 and assume that there is j* such that the map (I)?’j*
has a attractive fized point s;« € (F~2(t), F~(t)). Then H(Q, f;) C H(P, ;).

It is convenient to note that if the eigenvalue X is close to 1, the amplitude of the
interval D% = (1/2 —t, F(1/2 —t)] is close to 0 and F},(1/2 — At) goes to zero as
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A — 17. Therefore, to get the hypothesis of theorem holds, it is sufficient to choose
A close to 1.
The next proposition is an adaptation to the context of heterodimensional cycles

of the Proposition 3.5 and the proof is done using similar arguments, so it is omitted.

Proposition 3.9. If the hypothesis of Theorem 3.8 holds, then, for each m € N and

each m-tuple [b],,, there are sequences of homoclinic points P of the form

(a[8], e Yiblnsk> 0) + Qe € [—1,0], Y, € (F2(2), 1],

such that (yrg],. k)k>0 s a strictly increasing sequence, yo € (F2(t), F(t)), and
P1) (Convergence) y, — t~, Yo, — S, and Y,k — Yo, a5 k — 00;
P2) (Contraction) diam ((yy),.x)r) — 0 as m — +oo.

P3) (Overlapping) For every h > 1, yp),..00 < Yblm,(h—1)-

Let
S = U S, where S, := {6l = Yirsinsim © (G102, ..., im) € NI}

m>1

Then the set S is dense in [s%,t] D [F~1(t),1].

Now the proof of Theorem 3.8 follows as in [D95b, section 5].

3.3 Growth of number of periodic orbits

We say that a diffeomorphism g € Dif f"(M) is Artin-Mazur if Per,,(g) grows at

most exponentially fast, i.e. there is a constant C' > 0 such that
Perp,(g) < exp(Cm), for allm e N,

where Per,,(g) denotes the number of isolated periodic points of period m of ¢g. In
this section we prove that the number of periodic points of period n of G|, grows
at most exponentially fast, that is, Gy|s, is Artin-Mazur. We also get a similar result

for the one-parameter family (f;):>o.
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Recall the definition of the maps I'\"* in (1.3.16), with (u,s) € N x N, and note
that u > uy and s > h where h and ug are defined by

g[ohwomwko},t(dt) = q; and g[wo-~~wk00“0],t(pt> € Dy,

respectively. We will denote v and w by v :=u —up and w := s — h.

Lemma 3.10. For all v, w > 0 the map T\ : DI**) — D, has at most two fized

points.

,,,,,

preserve the orientation, respectively, in K and in a neighborhood of p;, therefore the
maps I'} are also order preserving. Moreover, as gi, is a decreasing map on [0,1/2]

!/
and wp -+ wy, = 0Fag -+ -, 0%, for k large, the map <F,§U’w)> is also decreasing and

consequently it has at most two fixed points on D,Sv’w). O

We denote by H the set Ny x Ny and, for each point (v, w) € H, we associate the

map ng—&—uo,w—l—h) : ng—&-uo,w—&—h) N Dt-

For i, a € N, let
H(i, o) = {[(vi,w1), ..., (vi,w;)] € H', v +wi +...+v; +w; = a}

and P(i, ) the number of elements of H (i, a), i.e., P(i, ) := #H(i, ).

Note that we can write H (i, ) as the disjoint union

07

H(i o) = | JH(Lj) x H(i — 1, — j),

J=0

so the cardinality of H(7, «) is equal to
P(i,a) = P(1,0)- P(i — 1,a) + P(1,1) - P(i — L,a — 1)+ --- + P(1,a) - P(i — 1,0),
thus

P(i,a) =1P(i —1,0) + 2P(i —1,a) +---+aP(i—1,1) +a+1,  (3.3.1)

since P(1,8) =+ 1 forall 5 >0 and P(i —1,0) = 1.
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Before to prove that Gi|a, is Artin-Mazur, we need to introduce the following

definition and the technical Lemma 3.11 below.

Definition 3.1. Given i € N, we say that i verifies the property P if
P@ay+D+-~+P@ar%D<2@%Lwﬁ+~~+P@&ﬂ»

for every sequence (aj)ézl € N satisfying a1 —o; > 2, for each j =1,...,1—1.
Lemma 3.11. The property P holds for all n € N.

By technical reasons the proof of the lemma is postponed at the end of the chapter.

We are now in position to prove that Gy|s, is Artin-Mazur.

Proposition 3.12. For allt > 0 small enough one has
Perp, (Gyla,) < 2mttuoltt = for all m > b+ uy.

In particular, Gy|a, is an Artin-Mazur diffeomorphism.

Proof. Let m € N, such that m > ng, where ng := h 4+ ug. If m = ng, from Lemma
3.10, one has Per,,,(G¢|s,) < 2. Otherwise, the number m can be written in the

following way. Let k = [m/no] and for each j = 0,..., k we write
m:jno—i—rj, T’j 2 O,
where
0 <r7rL<ny.

This gives all the possible itineraries of a periodic point of period m.
For each i € {1,--- ,k} and to each element [(vi,w;),..., (v;, w;)] of H(i,r;) we

can associate the chain of pairs b; = (v; + ug, w; +h) - - - (v; +ug, w; + h) and the map
Iy DY — Dy, @ gioges ().

We observe that there exist chains b; such that D = 0.
Defining
IGt|At (m) = P(Lrl) + P(27r2) T+t P(k>rk)>
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then I¢,|,, (m) corresponds to all possible itineraries that provide a periodic point of
period m. Note that some of these itineraries have no periodic points. Using Lemma
3.10, one gets

Pery(Gila,) < 2 1g,,, (m).

Now the result follows immediately if we prove the following:
Claim. For all t > 0 small enough and m > 0 it holds Ig,,,(m) < 2™7" for all
m > Ny
Proof. We argue inductively on m.

If m = ny, then Ig,|, (m) = P(1,0) = 1, corresponding to the map IS

Assume that the claim is true for m, that is,
IGt\At (m) - P(I,Tl) + P(277‘2) + -+ P(k?,?“k) S m=no,

We now get the estimate for m 4+ 1. Two possibilities could happen: 0 < r, <mng—1

or r, = ng — 1.

Case 1: r, <ng—1
If rp < mng—1 then k(m) = k(m + 1) and the possibilities for “the splitting for
m+17 are

m+1=jno+r;+1, j=1,...k,
that is we have the same combinatory as the one we had for m.

Since rj41 —1r; =ng > 2, foreach j =1,...,k — 1, by Lemma 3.11,

IGt|At(m+1) = P(17T1+1>+"'+P(k5,rk+1)
< Q(P(l,rl)-{—..._,_p(k’?ﬂk))’ (3.3.2>

and, by induction, we are done, that is, I¢,, (m +1) < 22m7"0 = 2(m+1)=no

Case 2: r, =ng — 1

In this case, the possible splitting for m + 1 is

)

m+1=jno+r;+1, j=1, ...,k
m+ 1= (k+ 1)ny,
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thus

Ig,,(m+1) = P(Lr+1)+-- 4 P(k,re +1) + P(k +1,0)
< 2(P(Liri) 4+ P(kry) (3.3.3)

where the last inequality follows from Lemma 3.11.
By induction hypothesis, from (3.3.2) and (3.3.3) we conclude that

[Gt‘At (m + 1) S 2IGt|At (m) S 2.2 = 2m+1—n0,

ending the proof of the claim. O
Finally, let us prove Lemma 3.11.

Proof of Lemma 3.11. We shall show by complete induction that the property P
holds for all n € N.
As
P(l,a+1l)=a+2<2a+1)=2P(1,a), Va € N.

the property P is trivial verified for n = 1.
Now, fix [ € N and assume that the property holds for all m less than [. We shall
show that it holds for /. For that, taking a sequence («;)!_; verifying

ajy1 —a; > 2, foreach j=1,...,1 -1,
the goal is to prove that
(1,01 +1)+ P2 a3+ 1) 4+ P(Lar+1) < 2( P(1,01) + P(2, 00) -+ Pl ) ).
Applying (3.3.1) to P(2,az), -, P(l,q), we have that

P(l,an +1)+ P(2,a0+ 1)+ -+ P(l,y+ 1) =
= P(Lar+ 1)+ (P10 +1) +2P(1,02) + -+ + (a2 + 2)P(1,0))
—|—---+(P(l—l,ozl+1)+2P(l—1,0q)+---+(oq—i—2)P(l—1,0))
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Reorganizing the terms of the sum and applying the hypothesis, we have

P(l,a1+1)+<P(1,a2+1)+P(2,a3+1)+~~+P(l—1,o¢l+1))+
+2<P(1,a2)+P(2,043)—|—---+P(l—1,al))+--~—|—
—I—al<P(1,a2—oq+2)+P(2,oz3—al+2)—|—---—|—P(l—1,2))
o+ D(P(Lag = g +1) + P(2.ag — g +1) + -+ PL = 1,1)) +
oy +2) P(l,a2—al)+P(2,a3—al)+---+P(l—2,1)+1>+
+- +aP(1,2) + (aa+ DH)P(1,1) + g + 2

< P(l,a1+1)+2(P(1,a2)+P(2,a3)+---+P(l—1,al)>+
+22(P(La; = 1) + P2ag = 1)+ -+ PL = Ly = 1)) -+
—|—2al(P(1,a2—al+1)—|—P(2,a3—al+1)+-~+P(l—1,1))
+2(al—|—1)<P(1,a2—al)—|—P(2,a3—0q)+---+P(l—1,0)>+
+en+2) (Pl — = 1)+ P2,a5 — g = 1) + -+ P(L = 2,0) )+
b4 2(ag)P(L, 1) + 2(as + 1)P(1,0) + ag + 2.

Now reorganizing again the terms of the sum we obtain

P(l,on + 1)+ P(2,a5 + 1)+ -+ P(l, oy + 1)

< P(Lar+1)+as+2+2(P(1,02) + 2P(105 = 1) -+
+(ap + 1)P(L,0)) + -+ 2(P(L = 1,0) +2P(I = Loy = 1) + -+
+(ar+ P~ 1,0)).

Recalling that
Pli,o;) = 1P(i —1,0) + 2P(i — 1,0 — 1) + -+ (s + 1) P(i — 1,0)
and P(1,0q + 1) = a1 + 2, we obtain

P(l,a1 +1)+ P(2,00+1)+---+ P(l,oq + 1)
< P(lyar+1)+as+2+2P(2,a0) + 2P(3,a3) + - - + 2P(l, )
= P(l,al+1)+a2+2+2<P(2,a2)+---+P(l,al)>
= a1—|—2+a2+2+2<P(2,a2)+---+P(l,al))
< 2(a1+1)+2<P(2,a2)+---+P(l,oq)>,
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where the last equality follows from oy — 2 > ay, thus
P(l,a;+1)+ P2, +1)+---+ P(l,y + 1)
< 2P(1,a1) + 2(P(2, Qo) + -+ P(l, al)>
- 2(p(1, @) + P(2,a0) + -+ P, a,)),

Consequently the property P holds for [ as required, ending the proof of the lemma.
m

For heterodimensional cycles, we observe that F' is strictly increasing and F’ is
strictly decreasing, so for each (m,n) € Ny x Ny the map ®;"" has at most two
fixed points. Consequently we have the following result whose proof we omit since is
identical to the proof of Proposition 3.12. Recall the definition of ky and note that
N, is such that FNt(D®) = DF.

Proposition 3.13. For allt > 0 small enough one has
Pery(fila,) < 2m~Wetho 1 vy > N 4 k.

In particular fi|p, is an Artin-Mazur diffeomorphism.



Chapter 4
Non-hyperbolic ergodic measures

In this chapter, our focus is the construction of non-hyperbolic ergodic measures for
the one-parameter family of skew-product maps G; : ¥, x K — ¥, x K, with ¢t > 0
small, introduced in Section 1.3.

Assuming the Non-hyperbolicity hypothesis stated below, which in particular im-
plies the expansiveness of the system of iterated functions &, and the inclusion
Hy(P,,Gy) C Hy(Qy,Gy), we show that G; admits an invariant ergodic measure
with one of the Lyapunov exponents equal to zero, called a “non-hyperbolic” ergodic
measure. This is the main result of this chapter. To prove it we show that there are
positive numbers, &, l;, and L;, such that, for every subinterval J of D; = (dy, go.+(d:)]
such that |J| < 4, there is a chain b(J) such that

1T < LI < |TYY )| < L], 1<l < L.

This allowed us to construct a sequence of periodic orbits with increasing periods
that verify the assumptions of a result proved in [DG09] (see Proposition 4.3 below)
where sufficient conditions for the existence of non-hyperbolic ergodic measures are

stated.

4.1 Notation and Definitions

A collection 9B of subsets of a compact manifold M is called a o-algebra over M if

the following conditions hold:

93
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o M B

o if B€ B, then M\ BeB

o iane‘BforallneN,thenUBnG%.

n=1
The pair (M,B) is called measurable space and the members of B are called mea-

surable sets. A finite measure on (M,B) is a function v : B — [0, +00) satisfying

v(0) = 0 and for all countable collections {B;}:2, of pairwise disjoint sets in 9B,
U B.) =D v(B
n=1 n=1

The measure v is non-atomic if, for any measurable set with v(A) > 0, there exist a
measurable subset C' of A such that v(A) > v(C) > 0. Naturally, this implies that
no singular set has positive measure.

A measurable set A in M is said to be of full measure in M if v(M \ A) = 0. The
support of the measure v on M, supp(v), is the smallest closed set with full measure,
that is,

supp(v m{C’ C is closed, and v(M \ C) = 0}.

A map f: M — M is called a measurable map if
fYA) B, forall AcB.

Let f : M — M be a measurable map. A measure v is f-invariant provided
v(f~'(A)) = v(A) for all measurable sets A. Moreover, f is called ergodic for an
f-invariant measure v if and only if, for each A measurable such that f~1(A) = A
and v(A) > 0, we have v(M \ A) = 0. In this situation, we say that v is an ergodic
measure of f, that is, for an ergodic map, all invariant measurable sets either have
zero measure or full measure.

A measure v on M is called a Borel measure if it is a measure defined on the
o-algebra of Borel sets, that is, the smallest o-algebra that contains all open subsets
of M. An element of the g-algebra of Borel is called a Borel subset of M or a Borel
set. A measure v defined on the o-algebra of Borel is said to be a Borel probability

measure on M if v(M) = 1.
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We now present the Multiplicative Ergodic Theorem of Oseledec (see [O68]) and

give the definition of Lyapunov exponents.

Definition 4.1. A point x € M is a regular point for f if there are numbers
A(z) > > N(x)

and a decomposition
T.M = FEi(z)® - & E(x)

such that .
Jim o log(|[ D fivl)) = Xi(x)

forve E;, v#0, and1 <j <l

These values \;(z) are called the Lyapunov exponents of f at x. Thus, \;(z) is the
exponential growth rate of the vector transported by the linearized equations along
the orbit and not depend on the length of the vector. The multiplicative Ergodic
Theorem states that for every invariant probability measure v, the set of regular
points A is a Borel subset and v(A) = 1. If the diffeomorphism f is ergodic for an
invariant measure v, then the )\;»s as well as the dimensions of the corresponding
spaces IJ;’s are constant v— almost everywhere and we can speak of the Lyapunov
exponents of the diffeomorphism. The Lyapunov exponents are constant along an
orbit by the definition.

Here we consider M = ¥, x K, with K = S' or K = [-1, 1], and a skew-product

Giy: Y, xK — ¥, xK
& x) = (0(8), ge (@),

where, recall, gos, -+, gn—1, are diffeomorphisms in K, ¥, is the base and K is the
fiber of the product. The Lyapunov exponent along the fiber at a point (£, z) is given
by

M(€,2) = T 108 (g0 © G100+ 01, ()]

whenever this limit exists. Note that if the step skew-product G; is ergodic for an
invariant measure v, then A\;(§, x) is constant v- almost everywhere and we can speak

of the Lyapunov exponent along the fiber with respect to the measure v. We denote
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it by A\(v).

Finally, we introduce a further definition.

Definition 4.2. An ergodic invariant measure of a diffeomorphism is called non-

hyperbolic if at least one of its Lyapunov exponents is zero.

4.2 Existence of an invariant non-hyperbolic mea-

sure

In this section we state the main result of this chapter and we give an idea of its
proof. In the next section we present the proof of this result.

Recall the definition of the maps G, and T'\"* : D** — D, in Section 1.3 and
note that d; and h are such that

g[Ohwo-'wko] (dt> = ;.

Recall that _Dt = [dt, gO,t(dt)]-
In this chapter we assume that the following conditions, called Non-hyperbolicity

hypothesis hold:

Non-hyperbolicity hypothesis: There are jo € N, a chain b* = (uj, h)--- (uf, h), and
l; > 1, such that:

(NH1) go.(ds) € D" and I')’ (90,4(dr)) < go(de);

(NH2) (I'¥) (go.4(dy)) > li; and

* u*f U* / .
(NH3) (r,ﬁ“z‘“’h) o T o T 1””) (d) > 1, where

. * u* ur —1
= (T o o o ri ) g

foreachi=1,..., 7.

The next result implies that if GG; satisfies the Non-hyperbolicity hypothesis, then
Gy verifies the condition (EC) (see Section 2.2) and from Corollary 2.10, we get
Hy (P, Gt) C Hy(Qy, Gt) where V is a neighborhood of the cycle (see (1.3.10)).
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L (wr+1,h) /0
Ty
|

Fi’ug#rl‘/z) Qi Fguf,h,)

F](:u;,h) o Fiuf,h)

d df & go.(dr)

Figure 4.1: The Non-hyperbolicity hypothesis

Lemma 4.1. Let G; be a skew-product map that satisfies the Non-hyperbolicity hy-
pothesis. Therefore, for each x € (dy, go+(dy)], there is a chainb = b(z) = (u1, h) - - - (u;, h),
0 < i< jo, such that (%) () > I,.

Proof. First observe that uj is such that g,:(d;) € I‘(ul’ ) and

(di, go(dy)] U Dul’ U D(uh dt1»90t(dt)]

u>ul u>uy

* 71 *
where d} = (I’ﬁul’h)> (d;) (see Figure 4.1). Since, by (NH3), I’Eulﬂ’h)(d%) > > 1,

then, from the monotonicity of go; and gy, on [q¢, pt], we can conclude that

I (y) > 1, forallye | J D" = (d;,d}).

*
’M>u1

Moreover, we have

uz,h)(ut,h ug,h)(ut,h
(d},gou(d)] = |J D" = | DU (d2, gou(dy)),

uz>uj uz>ul
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* * _1
where d? = (Fgu”h) o Fgul’h)> (d¢) (see Figure 4.1). From condition (NH3)

« « 1/
(ri 0 orf MY (@) > 1y
holds, which implies that

* / T
(Fguz,h) o Fgul’h)) () > 1;, forallz e U ng,h)(ul,h) = (d;,d]].

ug >u§

Proceeding in the same way with (d?, go.(d;)] and so one, we obtain the claim. In

fact, given o € Dy, either x € D" and we have, from (NH2),
(TF) (2) > T (go.(dr)) > b,

or there are 0 < i < jp and a chain b = b(x) = (u;,h)(u}_4,h)---(u}, h), with
u; > u; + 1, such that

* ux ur ! .
() () (T or oo gy,

ending the proof of the lemma. O

Let us now see that the map G, satisfies the Non-hyperbolicity hypothesis for
a € (0,1og2) and t € (0,%p(a)], and (a,t) € (log2,log4) X (t,(a) — aar,, tn(a) + aat,),
that is, the values considered in Chapter 2. Recall the definition of G, in Section
2.1 and note that go; = g, and D,; = [g’;(da7t), g’j“(dw)}.

For a € (0,1log((1 +v/5)/2)), we have ¢**'(¢,) € D((lt‘tl’"_zk) and

/
(T ) (gh (da) > A > 1,

where u; > 3, and, from the monotonicity of g, and g, it follows immediately that G, ;
verifies the Non-hyperbolicity hypothesis with b* = (uj,n — 2k). The skew-product
map G, also satisfies the Non-hyperbolicity hypothesis for a € [log((1++v/5)/2),log 2]
with jo = 2 and b* = (2, n—2k)(ug, n—2k), where us > 2. Finally, for a € (log2,log4)
and t € (t,(a) — aay,, tn(a) + aqy, ), it is easy to see that conditions (P1)-(P4”) (see
Section 2.3) imply the Non-hyperbolicity hypothesis.
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Let us now state the main result of this chapter.

Theorem 4.2. For every t > 0 small enough, if G; satisfies the Non-hyperbolicity
hypothesis, then the map G; has a non-hyperbolic invariant ergodic measure with an

uncountable support.

Theorem 4.2 follows from Propositions 4.3 and 4.5 presented below. First, Propo-
sition 4.3 gives sufficient conditions for the existence of a non-hyperbolic ergodic
measure. These conditions involve the existence of a sequence of periodic points
with Lyapunov exponents going to zero (based in [DG09]). Second, Proposition 4.5
gives us the key ingredient for constructing the sequence of periodic orbits satisfying
Proposition 4.3.

We will start with a periodic point of contracting type Pto’m, homoclinically related
to P;, and we construct another periodic point of contracting type with larger period
and smaller absolute value of the Lyapunov exponent. Moreover, the second orbit is
close to the one of initial point for a long time and away from the orbit of the initial
point for a much shorter time (see Definition 4.3 and Figure 4.2). This allows to
construct a sequence of periodic orbits of contracting type with Lyapunov exponents
converging to zero. We use the fact that every point in a fundamental domain of go,
has an expansive return (Lemma 4.1) and, since gy, contracts in a neighborhood of

p:, we can control the expansion.

Figure 4.2: The orbit X, with initial point "™ and the orbit X;

For a given a finite set T, we denote by #7Y the cardinality of T. We need the

following definition.
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Definition 4.3. [DG09, Definition 2.4] Let e, © > 0. A periodic orbit Y of a map
f:M — M is a (e,0)-good approximation of a periodic orbit X of f if the following
properties hold:

o There exists a subset Y of Y and a projection p: YT — X such that
dZSt(fZ(y)v fl(p(y))) <€ vy S Ta Vi€ {07 1a T 77T(X) - 1}

where w(X) is the period of X.

#X .
o Iy = O; and

o #p () is the same for all z € X.
The next result appears in [DG09].

Proposition 4.3. [DG09, Proposition 2.5] Assume that a diffeomorphism f : M —
M has the following properties:

1. there exists an open domain O C M such that f has an invariant continuous

direction field E in O;
2. there exists a sequence of periodic orbits {X,}>2, of f whose periods tend to

infinity as n — oo and such that U X, CO.

n=1

Denote by \P(X) the Lyapunov exponent of f along the orbit X with respect to the

invariant direction field E.
3. There exists a constant & € (0,1) such that, for everyn, |NE(X,41)| < EINF(X,)|;

4. there exists a sequence of numbers {e,}rey, €, > 0, and a constant C > 0 such
that for each n the orbit X, 1 is a (€,,1 — C|A\E(X,,)])- good approzimation of
the orbit X,,;

5. let dy, be the minimal distance between the points of the orbit X,,, then

miny<;<n di

3-2n

€n

Then f has a non-hyperbolic invariant ergodic measure with an uncountable support.
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The non-hyperbolic ergodic invariant measure obtained in the previous proposition
has zero Lyapunov exponent along the direction E and is the limit measure of the

sequence of measures uniformly distributed in the orbits X,.

4.3 Lyapunov exponents converging to zero

In this section we construct the sequence of periodic orbits X, (Proposition 4.5).
For that we need to find 6; > 0 and L; > 1 such that for every interval J C Dy,
0 < |J| < 6y, there is a chain b = b(J) satisfying

Li|J] < |Ff(J)| < Li|J]|,

where [; is given by the Non-hyperbolicity hypothesis. To get this property, we will
make changes in the construction of the domain of I'f for some chains b. The choice of
the domain of definition of I'Y will play an important role in the proof of Proposition
4.5.

Since the conditions (NH1), (NH2), and (NH3) are open, there is a small v, > 0
such that:

hd Ff* (907t(dt) +v) < go,t(dt);
i (F?*)/ (9o4(dy) + ) > 1i; and

* u* ux ! —
° (Fiuﬁl’h) o FE i-1h) 0--:0 FE 1’h)) (d, .. ) > l;, where

tye

—t ur+1,h us_q,h ul,h -1
d _<1—‘§1+ )OFE 1 )O_..OFE1 ) (go,t(dt)“"}/t),

2o
foreacht=1,..., 7.

On the other hand, from (dy, go.(d)] = UuZu{ D,E“’h) and the monotonicity of go,
there are u > max;<;<j, u;, where jj is defined in the Non-hyperbolicity hypothesis,
and e, € D" (see Figure 4.5) such that

go.t(e) < gou(di) + i (4.3.1)



4.3 Lyapunov exponents converging to zero 102

/

3 F(uﬁ»l.h) '
Pt

b*
Iy

dy dtl Jtlﬂ dp Go(dr) gou(dy) + v
Figure 4.3: The definition of d, ,, and the maps I';" and I';

Now we consider the following points: for each @ = 1,...,7p and u; > uj, we

denote by (see Figure 4.4)
. ux ux -1
e (D o T o) g
and analogously, for each 7 = 1,..., jo and u; > u}, we denote by

i w ut b up,h !
d = (FE Z+17h)0]-—‘l(§ i—1 )o,..oFt17h> (go,t(dt)+,yt)

t,ve

From the construction above it is relevant to observe that di = df’“i*) and 313’ —d,

=d,,.
As
(di", gou(dy)] = U Dt(u{’h)m(ui’h)7

. *
U >uy

N
and dj"t < di" | for all u; > u, we have that
dy" — di7t as u; — +oo,

where d? := d;, for each i = 1,..., jo (see Figure 4.4).

In what follows, with a small abuse of notation, we can consider each function
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(uj+1,h)

dt, s d/l;u’lurQ d,lu’l‘ﬂ dtl _ d:,u’l‘ g()"t(dt)
Figure 4.4: The definition of the points d,™*

I‘,Eu1+1’h) with extended domain as

u u =1l,u
PO G (gl + 0

u l,h u
Y = FE o )(y> = gO,%t—H O Glwo-+-wiy)it © gg,t(?/)?

where u; > u*. We also consider (d)°, go(d;) + ] as the domain of I'?" and, for each

. . . i1 Ui . b:
i=2,...,j0 and u; > u}, we consider [d}"" ,d;.,] as the domain of 'Y where

From the definition of c_lim and since go:(er) < got(di) + v we have, for each
i€{2,...,50},

)

ur,h ut,h) /5 —
F)E 7h) 0---0 Fg 1 )(dt,%) = 907151(90,t(dt) —{—’yt) > €.

Thus, we can define (see Figure 4.5)

)
t,%] :

. * * -1 L
= (17 0 oTf) (o) € [
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Finally, we can choose d; € (0,7:) such that go:(e; + 0:) < go+(d¢) + vy and

—i,U;

o< _min {1d,, —ell. 47 —di™

tup < up < ﬁ} . (4.3.2)

A del d. g0a(de)  goa(ds) +

Figure 4.5: The definition of €}

Lemma 4.4. Assume that the Non-hyperbolicity hypothesis hold and consider an
interval J with J C (dy, got(de)] and 0 < |J| < &, O as in (4.3.2). Then there is a
chain b such that TP(J) C (dy, goi(dy) + 4] is also an interval and

1<l < (Ff), (x) < Ly, for all x € J,

Jo

where Ly := ((Ff"h))’(et» and jo as in (NH).

Proof. Let J be an interval satisfying the assumptions of the lemma. Recall that
b* = (uj, h) - (u},, h) and observe that, from the definitions of 4; and L;, we have

<< () (@) < ((0F)(e)) " = L, for all @ € [df*, go(dh) +7)- (48.3

There are three possibilities: J C [dy, e + 0, J C [er, go(d)] and J N Dﬁ“l’h) # ()
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. — Lh
with uf <u; <u, or J C Dt(ul’ ),

Case 1. J C [dy, e, + 0]
In this case we have go(J) C [go.+(d:), go+(dr)+7] (see Figure 4.5). Once the derivative

* . .
of I'Y" is decreasing, for each z € J, one has

uk w* / .
<Fi Jo h) 0---0 F?E 1,h+1)> ([L’) _ (1—‘? ° g[),t)/ (!L‘)
= (IY) (g04(2)) (h(x)) > Li,

where the last inequality follows from g;,(7) > 1, for all z € J, and by (NH2).
On the other hand, using the definitions of u and L;, one gets

*

(F? Ogo7t),(ilf) < Lt, Vx € J.

Thus, the conclusion follows if we consider b = (u} ,h)--- (uf, h +1).
Case 2. J C [er, gou(dy)] and J N DM £ @ with u < uy <1

There are two subcases. First, if di’“ € J for some u € {u; — 1,u;}, then

JC[d" =5, d"

t»’YJ’

since |J| < d; and, by (4.3.2), |3::: — M| < 6,. Moreover T\"**"™ (]} is an interval
and
/ — /!
I, < (r,ﬁ““v’”) (z) < (r,ﬁ“’m) (e)) < L.

Second, if d;™ ¢ J, for allu € {u;—1,u,}, then J C Dgul’h), with uj+1 < u; <, thus
N /
the claim follows from the monotonicity of g; , and the inequality <F§u1+1’h)> (d}) > 1y,

considering b = (uy, h).

Case 3. J C Dﬁuf’h)
Then either J C Df" or J N [d,d;t"] # 0 for some i € {1,...,50}. In the first case,
[P (J) is an interval and, by (4.3.3), I; < [T¥(y)| < L; holds, for all y € J. In the

other case the interval J must satisfy one of the following three possibilities:

(1) J C [dé - 5tvai,'y]7
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(ii) J C [el, di*!], and
(iii) J C [ — 6, d,0 ).
In the case (i), from the condition (NH), the claim holds with

b= (u)lkvh) T (u:—la h)(u: +1, h)

—1,U;

In the case (ii), by the definition of 4, we have J C Df* U [dy", d,'] with
b = (u; + 1,h)(u;_y,h) -+ (u, h) and v} < u; <u,

and consequently T'f*(J) is an interval and [;|.J| < | (Ffi), (J)| < L¢|.J] holds.
In the case (iii), we get the claim with b = (uf, h) - - (u}, h)(uj, + 1, k). Now the

proof of the lemma is completed. O

In order to construct a sequence of periodic orbits whose Lyapunov exponent along
the fiber goes to zero, we follow the approach in [GIKNO05]. Thus, in what follows we
fix m € N large enough such that

(™Y (z) < 1,

for all x € (d, go+(d:) + 4] and T (dy, go.s(dy) + 7)) C (dy, go.+(d:)]. Consequently
the map T §o,m) has an attracting fixed point p?”” (see Figure 4.6) which implies
that the diffeomorphism G; has a periodic point of contracting type, denoted by
PY™ = (0w - - -ka)Z,pgﬁm), of period T = m + ko + 1.

Proposition 4.5. Suppose that the skew-product map G, satisfies the Non-hyperbolicity
hypothesis. If Xy is a periodic orbit with Lyapunov exponent along the fiber N\, and
initial point Pto’m, then, for each ¢ > 0, there exist a peritodic orbit Y of G, with

Lyapunov exponent X, < 0 in the central direction such that the following conditions
hold:

1IN < [N (1 = 85y where 1, is defined in condition (NH) and L, in Lemma

2log L
445

2. the periodic orbit Y is a (2¢,1 — 1(1%)— good approximation of the orbit of Xg.



4.3 Lyapunov exponents converging to zero 107

F;U.m)

dy z gou(de) + v

Figure 4.6: The point p;"™ and the map Fgo’m)

Proof. Let Xy be a periodic orbit of G; satisfying the hypotheses of the proposition.

Then A\, = loio‘, where o 1= (Fgo’m))’ (pf™) < 1 is the Lyapunov exponent along the

fiber of the orbit Xy. Now, we take constants a— and o close to a such that
O<a-<a<ay <l

The constants a_ and o, will be fixed below.
For € > 0, there is a small interval J = J(a_,a;) C (di, got(d:) + ] such that
p™ € int(J),

XilJ| <€ with x; = max ( max |g£t(a:)\>, (4.3.4)

i€{0,....n—1} \ z€[qt,pt

and a_ < (TV")(x) < ay, for all # € J. Recall that 7 is the period of P>™.

Consequently, for all » € N, we have
‘ (rg‘]’m)) (J)] <o lJ). (4.3.5)

Since, for all y € (di, go+(d:) + 04, (TO™Yi(y) — p®™ as i — 400, then we can define
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R,.(J) in the following way
Ry(J) :=min{i € N: (IY"™) (go.(dy) + &) € J and (TY™)(dy) € J}
and we take
G := min{d, |J|L; "1, (4.3.6)

where d; is as in (4.3.2).
Since (ay)" — 0 as r — 400, for r sufficiently large, there is a non-negative
integer n, such that ¢;/L; < Li"a’ |J| < ¢ and, equivalently, we have

St
Lyl [J]

St
L < —t 4.3.7
AV 30

From L{"a!,|J| < ¢, we conclude that o/, |J| < ¢ < 0, hence, using the Lemma
4.4, there is a chain by such that T'* <F§O’m)(J )) is an interval and

< (0p) (0™ () < L.

In the same way, since Ly o/, |J| < &;, then we can apply Lemma 4.4 n, times to

obtain n, chains, by,..., b, , such that, for each ¢+ = 1,...,n,, the map Ff‘ expands
at least by the factor I, and less than the factor L; and T o--- o Tf! (F,EO”’”(J)) is an
interval, for each ¢ € {1,...,n,}. Now, by notational reasons, we take

[=T" 0ol o(I}™)(J)
and, by the definition of n,, we have
|I| < Lia’ | J] < . (4.3.8)

As I C J, by definition of R,,(J), we can find 7 < R,,(.J) such that (IV"™)"(I) C J.
Taking
Ftﬂﬂ = (I‘Svm)ﬁ o anr o0---0 1"7?1 o (Fg,m)r’
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from (4.3.7), we conclude that

Anrne T R (J) S
|(Ty,) (@) < LPLP o, < Lyt >|—Jt| <1

for all x € J. Consequently, the map I';, is a contraction on J and takes J into itself,
hence it has a unique attracting fixed point 2’ € J. For a chain b recall the definition

of 0(b) given in (1.3.18). Now we consider the periodic point
X' = (Omwo w0 )TO(61) - - (6, ) (0™ - - - g ) ) x) e Hy(P,G,),

of contracting type, and its orbit Y with period rm + > ", |0(b;)| + i
We claim that, for sufficiently large r,

log I
N> (1-
' t( 2loth)’

where A} and \; are, respectively, the Lyapunov exponent along the fiber direction of
Y and of X, (the periodic orbit with initial point P"™).
R (J)
By definition of I';, the constant Cy = C1(&,, J) = ((Fgo’m))/(dt» , with

Em = 0wy - - - wy,, verifies
| <Ft,r)/ ()] = | ((ngm)ﬁ o Ftb'rﬂ' 0--+0 1’*?1 o (Fﬁo’m))’") (z)| > C I o (4.3.9)

for all z € J. By (4.3.7),

S logs; — (log Ly + rlog oy + log|J|)
"= 10th

so, the constant Cy = Cy(&,,, J) 1= log; — log Ly — log |J| satisfies

1
ng > og L, (—=rlogay + Cy), (4.3.10)

therefore, since 0 < (T'y,)’ (2') < 1, from (4.3.9) and (4.3.10), we have

log(T';,) (") > logCy +rloga_ + n,logl,

log I, Cs log I
> 1 — 1 logCy ) .(4.3.11
r (oga og L, ogoz+) + ( log L, +logCy ) ( )
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Let C5 := Cylogl;/log Ly + log Cy. Now we specify the choice of o= = (1 — 7))«
and a; = (1 + 7)a by taking 7 so close to zero such that the following inequality
holds:

log [, log ¢

log(1 —17) — 1 1 > — 2 ]
og(1—7) log L, (log (1 +7)a)) = 1.5 - log L, 0sa
lOglt loglt
logav — 1 >1 1———). 4.3.12
& loga el ogoy > oga( Slog L, (4.3.12)

As (Ty,) (2') < 1 and r + Z 16(b;)| + nw > rm, the Lyapunov exponent of the
i=1
orbit Y, A}, can be estimated as follows:

log (T',)" (@) log (T',) (2)

" T
rm+ Z 0(b;)| + nm
i=1

)\; == )
thus, by (4.3.11) and (4.3.12), we get

rloga(l — —1.;)1%)?&) + O3

rm

log [, 1
= 1——2°1 1
)\t( 1.5loth) +o(z),

) — 0 as r — oo. Consequently, for sufficiently large r, we have

log I,
N> 1— .
' t( 210th)

and this proves the claim and thus the first item in Proposition 4.5.

where o (T

Now, we claim that the periodic orbit Y is a (2¢,1 — 2|\|/ log L;)-good approxi-
mation of the orbit of X, (see Definition 4.3).
Considering N = N(e,&,,) as the minimum integer such that 2=V™ < ¢, we con-

sider, for each r > N, the set

T, = {Gi(X') | Nt <i< (r— N - rb.
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For simplicity, in what follows, we omit the dependence on r, writing T instead of
..
The projection p: T — Xj is defined by

p(GL(X")) = GLP),

where j = mm +d, 0 < d < 7, that is d is the residue of division of j by 7.

Now, to prove the claim, we need to verify the following conditions:
i) d(GUY),Gi(p(Y))) < 2, for every Y € T and every i =0,1,...,7 — 1;

T
ii) % >1-— 2] .

log Lt
iii) #p~1(X) is the same for all X € X,.

Consider Y € T and i € {0,1,...,7 — 1}. From the choice of N, the distance
along the base, that is, the distance between the ¥ y-coordinates, of the points Gi(Y)
and Gi(p(Y)) is less than e.

It remains to estimate the distance along the fiber. For each 0 < sk < r, the

/
K

image of x’ after km iterations, which we denote by 2/, is contained in J and, from
(4.3.4), we know that x7|J| < €, we conclude that, after z iterations, 0 < z < T,
the points pg "™ and /. cannot diverge by a distance greater that e. Therefore, the
orbits of pg’m and 2’ for the first r7 iterations diverge by a distance less than €. Hence
d(GH(Y),Gi(p(Y))) < 2¢ and the item i) is proved.
Now we prove the second item. We have
_#T (2N — )m+n, +nrw

1 —
#Y re+n, +n

(2N —1)m +n, +nm
T

C4(§m, J, 6) + n,

e )

rm

where Cy(&n, J,€) = (2N — 1)+ nm. As o < oy and by (4.3.7),

- logs, —log|J| — rloga. - logg, —log|J| — rloga

7 Y

log L, log L;
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then we conclude that

1 #T < Cs(&m, J. €) N —rlog o
#Y rm rmlog L,

A 1 1
= - 4of= , where \; = oga‘
log L r m

Thus, for sufficiently large r, we get

#L g 2N
#Y log L;

Finally, to prove the item iii), we just need to note that the number of points in
pfl(j(), for all X € Xy, is independent of X and it is equal to r — 2N — 1. This
completes the proof of Proposition 4.5. O

Proof of Theorem /.2. Consider a small € = ¢5 > 0, a point X, as in Proposition 4.5
and construct a periodic orbit X; = Y of contracting type. Applying inductively the
Proposition 4.5 we can construct a sequence of periodic orbits X, and, in order to

apply the Proposition 4.3, for each ¢ € N, we define ¢, > 0. In fact, we set

min d;
_1<i<u
€41 — 3.9 )
where dj, i = 1,--- ,n, is the minimum distance between two distinct point of X,.

For the sequence ¢,, the periods tend to infinity and the Lyapunov exponents along

the fiber tend to zero, i.e., for all ¢, at each step \,; <0,

logl, \*
lim |\ < |\ 1 1-— =0
Liinoo| 7t| - | tl nglm < QIOth)
Applying the Proposition 4.3 to the sequences {X;}:°, we conclude that G; has
a non-hyperbolic invariant ergodic measure along the fiber with an uncountable sup-

port. O



Chapter 5

Hyperbolicity of the homoclinic

classes

In this chapter, under some conditions on the global dynamics of the family G, and
putting the fiber S instead of [—1, 1], we present a new family of skew-product maps
(@a t) unfolding a heterodimensional cycle at ¢ = 0.

Wet;[r_c;/le that, for a > log4, after the unfolding of the cycle and for a subset of
the parameter space with positive relative density at the bifurcation value, the skew-
product map éa,t is (-stable and the resulting non-wandering set, Q(G’a,t)’ , is the
(disjoint) union of two hyperbolic basic sets, the homoclinic classes of P, H(P, Ga,t);
and Q, H(Q, Gy).

We also derive similar results for the one-parameter family of diffeomorphisms

(fat)te[-1,1) introduced in Section 2.4.

5.1 The model family of skew-products

In this section, we construct the model family éa,t and state the main result of this
chapter.
Consider a skew-product map C;‘a,t defined by

Go: 3o xS'— 5y xS, Gal€, ) = (0(€), Jeo (), (5.1.1)

where gy : S! — S! is a map with four hyperbolic fixed points, 0 < 1/2 < 7 < ay,

113
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two repellers, 0 and r¢, and two attractors, 1/2 and ag (see Figure 5.1) such that

2ze®

" 2zet + (1 —2x)

= ga(), Va € {0, 1} , (5.1.2)

Go() 5

where g, is the map introduced in 2.1.1, and g; : S' — S! is a map with two hyperbolic
fixed points, o the repelling point and aq the attracting point, such that the following
properties hold:

1. 1(1/2) =0,
2. 31(]0,1/2]) C lap, 1/2], and

3. g1 ([0,1/2]) C [1/2,7o].

%) To

Figure 5.1: The map g

By the definition of (5.1.1), one has {0}% x (0,1/2) C W*(P,G,)NW*(Q, G,) and
A= (0"N10N,1/2) € W*(P,G,) N W*(Q,G,), where P = (0%,1/2) and Q = (0%,0).
Thus the skew-product map G, has a heterodimensional cycle associated to the fixed

points P and Q. We also note that the non-wandering set of Gy, Q(Gl,), is given by
Q(éa> =Yy x {ro,a0} U{P, Q}.

Now, for each a > 0, we define the one-parameter family of step skew-product

maps <Ga’t>te[—1 . by

GN(a’t : 22 X Sl — 22 X Sl éa7t(§,x) = (0(5)7gfo,t(x))7
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where o is the shift of two-symbols and gy, = go, for all ¢ > 0. In what follows we

assume that g, o = g1 and that the map
gl : [_17 1] - 01(81781)7 gl(t) = gl,t

is continuous. We also suppose that g;; is a C'-map with respect to the variable ¢.
Consequently, for each ¢ > 0 small enough, g;, has two fixed points, a repeller point
ry close to ro and an attractor point a; close to ag. Since ag and rq are fixed points of
go and the goal is to prove the 2- stability of @a,t, we need to assume that a; = ap and
ry = 1. In fact, if a; # ag (or 7y # ro), we claim that Ga,t has a heterodimensional
cycle associated to the fixed points Ay = (0%, a) and A; = (12, a;) (Ry = (0%, 74) and
Ro: = (1%, r,) respectively).

Figure 5.2: The points ag and a;

In fact, to prove the claim, if we have ag # a;, then
A" = (1770.0%, go(ar)) € W* (Ao, Ga) N W (Ao, Goy)

and

A = (071N, g1 4(a0)) € W*(Ao, Gay) N W™ (Agy, Goy),

consequently W*( Ay, éa,t)ﬁW“(Ao,t, é()’t) # () and W"(A,, émt)ﬂWS(AO,t, éo,t) +,
therefore éa,t has a heterodimensional cycle. In a similar way we prove the claim for
the case 1o # ry.
Assume that gy, is affine in a neighborhood of 1/2. As in Chapter 2, we can sup-
pose that there is € > 0 such that §,+(z) = v —1/24¢, foreach z € [1/2 —£,1/2 + ¢].
The objective of this chapter is to describe the dynamics of the skew-product

maps G, for a large set of parameters ¢, that is, a set with positive relative density

at the bifurcation ¢ = 0.
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We note that if X € 35 x (1/2,1) and X ¢ %5 X {ag,ro}, then X is wandering.
Moreover, if X € 35 x [0,1/2] and é;t(X) ¢ Yo % [0,1/2] for some i > 0 (respectively
C?;f:(X) ¢ ¥y x [0,1/2] for some i > 0), then X is wandering and X € W*(Ag, G
(respectively W*(Ryg, Gq.)), consequently

Q(Clay) € S % {ro, a0} <ﬂ G, (22 . [0, ﬂ )) | (5.1.3)

€L

Define the maximal invariant set Ay := (), oy, G;t (32 x [0,1/2]); due to the existence

of the filtration, it follows that

~ 1
Q(Gayp) = QGay) N Xy X [07 5} C Aay,

where, as we said before, Q(ém)’ is the resulting non-wandering set of éa,t. Therefore,
we can restrict our attention to the dynamics on the maximal invariant set of éa’t in
Yo x [0,1/2].

Now we state the main result whose proof is postponed in the Section 5.3.

Theorem 5.1. If a > log4, then there are ng = ng(a) € N, (tn)n>ne = (tn(@))n>n, @
decreasing sequence converging to zero asn — 400, and, for eachn > ngy, a parameter

s, € (tny1,tn) such that:

1. Gay, has a heterodimensional cycle associated to saddles P = (0%,1/2) and
Q = (OZJO>7 vn > No,

2. for every parameter t € (uz,tn,tn), the non-wandering set Q(ét) 15 hyperbolic,
Q(Gay) = Sa x {ro, a0} U H(P,Gyy) U H(Q,Guy) and

3. (Gap)i€ltnsr ta) has a saddle-node S, at the parameter i, . and the intersection
H(P, éa,u; tn) NH(Q, éa,u; tn) is exactly the orbit of S,

. . tn — :u; t
4. moreover lim | lim ———= ) =1.

a—+o0o \n—oo t,, — n+1
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We note that the parameters ¢,, are defined in Chapter 2 and correspond to sec-
ondary cycles, that is, parameters ¢ > 0 such that éw has a cycle associated to P
and ). We also observe that if we consider a > log4, the hyperbolicity is preva-
lent, but not totally prevalent. However, since lim, oo tpp1/t, = €2, e7%? — 0
as a — +o0o, and lim, (limn_,oo(tn — )/ (tn — tn+1)) = 1, the frequency of
hyperbolicity becomes close to one, for large a, that is, fixed any ¢, there is a large
a™ such that for a > a™,

lim inf >1-—

t—0t

[H(®)]
t

where H(s) is the set of parameters t € (0, s) such that Q(G,;)" is hyperbolic.

Y hyperbolicity

tn+1 ((1) U:.tn tn(“)

| secondary bifurcation - saddle-node
Figure 5.3: The hyperbolic parameter intervals

The proof of Theorem 5.1 is presented in Section 5.3 however, in the next section,
we give an idea of it after the introduction of a system (’~5a,t of iterated functions

generated by go and g .

5.2 Hyperbolic systems of iterated functions

In this section, we consider the system of iterate functions generated by gy and g,
Q~5a,t, whose precise definition is given below, and for which we obtain hyperbolicity-
like properties that will be translated into hyperbolic dynamics of the maps C:’,Lt and
fur

In what follows we consider a > log4 and, as in Section 2.2, ¢, = t,(a) is given by
gr(t,) =1/2 —t,, for n € N large. For each t € (¢,41,%,), consider the fundamental
domain of g,

Doy = [day, 9a(day)],

where do, = g;"(1/2 — t), and define A, := ¥y x Dy, sce (5.1.2).
We observe that if X € AqNQ(Gy,) and X ¢ {07} x [0,1/2], then there is i € Z
such that @;AX) € Aayt, that is, X has some iterate in Aayt. If we consider a point
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n

9a

| | | | |

0 da,t Ya (da,t) % —1 ga(% - t) %

Figure 5.4: The transition map

X =(&z)eNN Aayt such that X ¢ W*(P, éa,t) U= (Q, Gmt), then there is a first
j1 > 1 such that éfllt(X) € Aa,t and, by definition of émt, one has j; =n+r;+14+u;

and

éil,t( ) ( § 0n+r110u1 §j1 o [0"+7110U1]( )) (5.2.1)

where recall ¢g7"(D,) = [1/2 —t, go(1/2 — t)]. Similar considerations can be made for
the backward orbit of any point

X €Ay NA,,

such that X ¢ W*(P,Gu,) UW™(Q,Gay).
The equation (5.2.1) leads to the following one-parameter family of maps descri-
bing the returns to Aa,t:

00 DY — Doy, TU () = gm0 (yY) = gg 0 Greo gy (x),  (5.2.2)

at a,t a,t

where DS;’T) is the maximal subset of D,; which contains the points y such that
()

a,t

(y) € Dyt Now we define the system of iterated functions generated by gy and
g1+ as the set:
= {Fur) (U 7’) € NO X No}

Let a > log4. The idea of the proof of Theorem 5.1 is the following. First we
prove that the arc (f(l’o))t has a saddle-node for the parameter p;; € (t,41,t,). For

% has two fixed points, s, ; (repelling) and s+ (attracting), col-

t >y, , the map F(
lapsing to the saddle—node Says, at py, . Therefore, for t € (17, ,1,), these points
corresponds to periodic points S,, = ((0"10)%,s,,) and S;, = ((0"10)%, s ,) of ex-

panding and contracting type, respectively. Afterwards, we get hyperbolic properties
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for the system @a,t. Next we translate these properties to the skew-product map G,

and we prove that for, t € (1, ,t,), we have
Iq(f)7 Gt) = H(S;:t, Gt) and H(P, Gt) = H(S;:t, Gt)
These classes are both hyperbolic and their union is the resulting non-wandering set.

In what follows we obtain the properties for the system of iterated functions (’~5a,t.

First note that, for each t € (t,,41,1,), we have

1 1
") < gl (t,) == —t, < = —1t,
g(t) < giltn) = 5 ;

therefore §,,(1/2) =t < d,; and consequently, D% = (0, for all r > 0. Moreover,

a,t

for each t € (t,41,t,), we also have

9a(9a(t)) = g2 (1) > g3 (tnr1) = 1/2 =ty > 1/2 - 1,

which implies that g,(t) € Dy.

Proposition 5.2. For a > log4 there is a large ng = ng(a) such that, for all n > ny,
there is pjy, € (tny1,tn) such that, the map 1;((117;0) has two hyperbolic fixed points in
Doy, Sap < s;it, for every t € (uz,t,tn). These points collapse to the saddle node 5,4,

at t =y, and disappear for t € (tny1, 15, )-

Proof. Arguing as in Proposition 2.12, one has that the map gjo10); has a saddle node
at
2t,

t= a = 5.2.3

and, since a > log4, we have y;, <t, for n large. Recall that

tn
ty = 5
T = 2t )e? + 21,

(5.2.4)

thus we also have t,1 <y, . From the monotonicity of the map

I: (tn+17 tn] - Da,ta l— f‘fll,IEO)’
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~()

we can conclude that the map I', ;" has a pair of fixed points, s,, and st,, where Sat

a,t’
is expandlng and s, is contractlng, for t € (uy, ,tn) and, for t € (tn41, 5, ), the

map Pa,t is below the diagonal. O

Figure 5.5: The maps fo and the sets DZ”?

Now, for ¢t € (an,mtn) , consider the partition of Dy = [dat, ga(dat)] given by

the intervals

L,(a,t) = [da’t,s;t} . Le(at) = (sat,sat) and Lg(a,t) = [szt,ga(da,t)] )

Before analyze the system éa,ta we need to state the following definition.

Definition 5.1. We say that a point x is non-wandering for G, t = {F M)} if for
any neighborhood U of x there are n > 0 and a chain b such that Fmt(U) intersects
U. The set of all non-wandering points for Q~5a,t 15 called the non-wandering set of

&, and is denoted by Q(F(“r ).

The next lemmas, whose proofs are done using the techniques in [DRO7], imply
that the non-wandering set Q(f‘(u’r)) is contained in L,(a,t) U Ly(a,t), for each t €
(ua t,»tn). Now, the conclusion of Q(F (o )) hyperbolic comes from the fact that, for
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every (u,r) € Ny x Ny such that D™ N Ly(a, t) # 0, respectively Dg@’r) NL,(a,t) # 0,

a,t
(u,r)

o is uniformly contracting in L,(a,t), respectively expanding in L,(a,t).

the map T
Lemma 5.3. For n large and t € (uz,tn,tn), the following properties hold:

1. the restriction of f‘((llf) to Ls(a,t) is uniformly contracting and

fgt’r)(Ls(a,t)) C Lg(a,t), for allrT > 0;
2. all the returns of Lg(a,t) to Day = [dat, ga(dayt)] are of the form (1,1) with
r > 0.
Proof. Since fgt,o) is an increasing map and s, is a fixed point, we have fgt’o) (Ls(a,t)) C

L(a,t) and

Lot (Lo(a,1)) € (00" (94(da)): 9a(D)] € Ly(a,t), for all r € N.

a,t
Moreover, for all x € Ly(a,t),

(1,7 (1,7 ! ~(1,0 !
0 < ([0 @) < (P07 (i) < (T7) (sito) < 1, £ € (g, )ota)

and the first item holds.
The second item follows from ffj,;’”)(Ls(a,t)) C Lg(a,t), hence, for all u > 2 and
x € Ly(a,t), we have

P (@) = g (T (1) > 927 (s,) > galday)

and I (@) ¢ [do., 9a(das)) m
Lemma 5.4. For everyt € (ugtn, tn), the following properties hold:

1. f‘(l’o)(Lc(a,t)) = L.(a,t) and the restriction of ffj;o) to L(a,t) is strictly in-

a,t

creasing;

2. T (Lo(a, 1)) C Ly(a,t),Vr > 1;

a,t

3. All return of points of L.(a,t) to L.(a,t) are of the form (1,0).
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Proof. The first item of the lemma follows directly from the definitions of the map
' and the set L.(a,t). For the second item, observe that

a,t
D07 (Lela, 1) € [P0 (0u(d), gu(t)] € L(a,t),  forall > 1.

The last item follows from the two items above and the proof of Lemma 5.3. O]
Lemma 5.5. For everyt € (u;tn, tn), the following properties hold:

1. TN (Ly(a,t)) € Ly(at), Vr > 1;

a,t

2. Any return of points L,(a,t) to L,(a,t) are of the form (u,0) with v > 1 and
the restriction of f’((;ft’o) to L,(a,t) is uniformly expanding for all u € N.

Proof. For the first item, we observe that, if » > 1, then f&t’r)(Lu(a, t)) is at the right
of f‘((ll,go)(Ls(a,t)) C Ly(a,t). Since (f(l’o))’(s;t) > 1 and ¢/ is a decreasing map, we

a,t

. . w0
obtain the expansivity of F,(l’t ). ]

5.3 Prevalent hyperbolicity of the model family of

skew-products

As we referred before, in this section we prove the Theorem 5.1. To do that, for

te (ugjtn, tn), where p;, , is the saddle-node parameter of the family f“fjt’o) considered

in the previous section, we translate the hyperbolicity of the system <f’("’T)> to the

a,t
skew-product maps éa,t.
The next definition and the next lemma are just a reformulation of Definition 1.7

and Lemma 1.1, respectively.

Definition 5.2. Given X € A,;, we define the sequence {Qj(X)}jGI(X), 0;(X) € Z,
and the set 1(X) C Z associated with X by

o Ifj1, jo € I(X), then j € I(X), for all j1 < j < jo;
o 0;(X) < 041(X), for every j, j+1 € I(X);
o égft(X) (X) € Ay and

° (N}'§7t(X) € Aas \ Aa,t, for every 0;(X) < k < 0j41(X).
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If I(X) # 0, then we assume that 0 € I(X). In this situation, if X has a positive
iterate in Aa,t, 00(X) is the first positive iterate of X in Aaﬂg, otherwise, go(X) is the
first backward iterate of X in Aa,t.

Lemma 5.6. Considert > 0 small and X € Ay. Then:
o [(X) =0 if and only if X € {0}% x (0,1/2);
o I(X) is upper bounded if and only if X € W3(P,Gqy) UW3(Q, Gay);
o I(X) is lower bounded if and only if X € W*(P,Gay) UW™(Q, Gay).

Definition 5.3. Take X € A, with sequence {0;(X)}jerx). We define the itinerary
of the point X as the sequence {i;(X)} cr(x), 1;(X) € {s,c,u}, such that

i;(X) =k if and only if é’gft(X)(X) € 3y X Lg(a,t), k=s,c,u.

For every a > log4 and t € (u;tn, t,), with n large enough, consider the sets

Qs(a,t) ={X € UGay) : I(X) # 0 and ix(X) = s, forall k € [(X)}U{P};
Qe(a,t) ={X € UGayr) : I(X) #0 and i (X) = ¢, forall k € I(X)};and
Qu(a,t) = {X € QGCqay) : I(X) # 0 and i(X) =u, forall ke I[(X)}U{Q}.

G
G

Note that if X € A,; and i,(X) = ¢ for all £ € I(X), then all the returns to Amt
are of the form (1,0) and the map restricted to L.(a,t) is increasing without fixed
points. Thus, Q.(a,t) = 0.

From the definitions of the sets 25(a,t) (respectively €,(a,t)) and D, , we con-
clude that the sets Q(a,t) and ,(a,t) are C?a,t— invariant. Moreover, all these sets
are closed. To see, for instance, that Q(a,t) is closed, take a sequence { X, } ey in
Q,(a,t), with X,, — Z for some Z. Since Q(Gl,) is a closed set, one has Z € Q(Gy,).
Without loss of generality we can assume that X,, # P. If Z = P, then the result
is obvious, otherwise, by replacing the sequence by some iterate of it by éaﬂg, we can
assume that X,, € Aa,t for every n large enough, thus I(Z) # (). Since X,, € Q4(a,t)
for every n, we conclude that the itinerary of Z consist only of s, that is, Z € Q(a,t).

The following steps imply the second assertion of Theorem 5.1 and are inspired

in [DR97].
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Step A. Let X € A,;.

(1) If there is j € I(X) such that ;(X) = s, then, for all k € I(X) N (j, +o0),
Zk(X) = S.
(2) If there is j € I(X) such that i;(X) = wu, then, for all k € I(X) N (—o0, j),

Qq(a,t) and W3(Q,Gar) N QUGqy) € Qula,t).

Step B. WH(P,Gay) N QUGar) C
C Qu(a,t) and H(Q, Gay) C Qula,t).

)N
Therefore, H(P,Gy,)
Step C. One has:

(1) WP, Got) NWHQ, Goy) =0,

(2) (W3(P,Gay) NWHQ, Gay) NG, =0,

(3) WH(P,Goy) NWH(P,Goy) = WH(P,Goy) h WP, Gqy) € H(P,Gly), and
(4) W*(Q,Gat) NWHQ,CGay) = WHQ,Gar) M WHQ,Gay) € H(Q,Guy).

Step D. Q(Goy)' NAgy € Qula, t) UQy(a,t).

Step E Qs(a’7 t) = H(P7 éa,t)7 Qu(a7t) = H(Q7 éa,t) and
Q(Gaﬂf), = QS(CL, t) U Qu(a'a t) = H<P7 éa,t) U H(Qv éa,t)-
Step F. Qg(a,t) and Q,(a,t) are hyperbolic basic sets.

Step G. The skew-product G, has no cycles related to Q,(a,t) and Q,(a,t)

Now we prove the steps A-G.
Proof of step A. By hypothesis, we have
GO (X) € By x Ly(a, t),

and, by Lemma 5.3, we get i (X ) = s, for every k € I(X)N[j, +00], and the condition
(1) holds. The condition (2) follows in similar way.
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Proof of step B. Let X € W¥(P, Ga,t) N Q(éaﬂf)’ C Ag¢. Assuming that X # P,

the situation X = P is trivial, we have

) 5 1
X = (O_NlOf_m €bo e, x), with @ = Groe_,, e )t (5) ,

and

Z =G X) = (07108 Er L ga(t) € Do x Li(a, ).

Thus i0(Z) = s and, by step A, ix(Z) = s, for all k € I(Z) N[0, +oc]. On the other
hand, G,;(Z) = P and P is a fixed point, hence —1 ¢ I(Z), that is, I(Z) C [0, +00).
Thus Z € Q.(a,t) and, by the G, - invariance of Q,(a,t), we conclude that X €
Qs(a,t).

As Qq(a,t) is a closed set and H(P, Goy) € W¥(P,G,,), we get

H(P,Gay) € Q(a,t).
The assertion for W*(Q, Ga,) follows analogously.

Proof of step C. For X € W*(P, G’a,t) NW*(Q, Ga,t)> we conclude, by step B, that
X € Q4(a,t) NQy(a,t),

but Q,(a,t) N Qu(a,t) = B, consequently we have W*(P,Goy) N WHQ,Gay) = 0
(no-cycles condition) and (1) is proved.

The goal in (2) is to prove that any point X € W*(P,Gu,) N W*Q,G,,) is
wandering. To see this we divide the proof in four different cases: I(X) # () with

io(X) = u, [(X) # 0 with io(X) = ¢, [(X) # 0 with ix(X) = s and I(X) = 0.

Case 1. I(X) # 0 with io(X) = u

In this case, if there exists a first £’ > 0 such that i, (X) = s, then, from Lemma
5.3, one has i, (X) = s for every k € I(X)N(k',+00). But this implies that there is a
neighborhood U of G* + '(X) so that Gflt(b{) NU = 0, for every j € N, and therefore

X is wandering.
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Otherwise, that is, if ix(X) = u for every k € I(X) N [0, +00), then, by replacing

X by some iterate we can consider
X = ( . .ﬁ_l.ON,x) e W* (P, Gw)’ with z € Ly,(a,t),

and, from the definition of X and noting that §;:([g.(1/2 —t),1/2]) C Ls(a,t), we
conclude that there is a neighborhood U of X so that, for every Y € U, one has
io(Y) =wand ig(Y) = s for every k € I(Y)N[1l,+00). Consequently X is wandering.

Case 2. 1(X) # 0 with io(X) = ¢

In this case it is clear that X is wandering.

Case 3. I(x) # 0 with io(X) = s
Asin case 1, either X is wandering or, replacing X by some iterate, we can assume
that
X = (O’Nﬂo e ,:c) S W“(Q,éw), with x € Lg(a,t).

Since g1, ([0,di]) C [1/2—¢,g2(s,,)], there is a neighborhood U of X so that for
every Y € U it holds io(Y) = s and i,(Y) = u for all £ € I(Y) N (—o0, —1], thus
é;’f(bl) NU = 0, for every k > 0, and X is also wandering.

Case 4. I(X) =10

Since X € W*(P,Gay) "W*(Q,Gay), then I(X) = @ implies X € {0}% x (0,1/2).
Assume that X = (02,2) € {0}% x D,,. If x € L,(a,t) U L.(a,t), then, as above,
there is a neighborhood U of X such that io(Y) € {u,c} and i, (Y) = s for every
Y €U and k € I(Y) N [1, +o00). Therefore G2 ,(Y) ¢ U for all j € Nand Y € Y. If
x € Lg(a,t), then, arguing as in case 1, we conclude that X is wandering.

The assertion (3) and (4) follow from the fact that if X € W*(P, G4, )NW*(P, G4,)
(respectively X € W*(Q, Goy) N WH(Q, Gay)), then X € Ayy \ W*(Q, Gay) (respec-
tively X € Mgy \ W¥(P,Gay)).

Proof of step D. Let X € Q(éa,t)’ N Aa,t. If 7(X) is finite, then

Xe (W“(P, Gat) UW™(Q, ém) n (WS(P, Gar) U WS(Q,(?@,,:)) ,
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which implies that X € H(P, Go,) U H(Q, Gyy) or
X € (W¥(P,Gat) NWHQ, Gay)) U (WP, Gar) NWHQ, Gar)).

Since X € Q(Gay), by (1) and (2) of step C , we have X € H(P,Goy) U H(Q, Gay).
Thus, from step B, we conclude that X € Q4(a,t) U Q,(a,t).
In the case I(X) infinite, we claim that

i;(X) = ix(X), for every j, k € I(X).

Consequently either i;(X) = s for all j € I(X), that is, X € Q(a,t), or i;(X) = u
for every j € I(X) and we have X € Q,(a,t).

To get a contradiction, assume that i;(X) # i;41(X), for some j, j +1 € I(X).
Replacing X by some iterate of it we can take 7 = 0. From step A, we know that
io(X) € {u,c} and i;(X) € {s,c} and all the possibilities imply that X ¢ Q(Gay),

which is a contradiction.

Proof of step E. Take X € Q(G,,)". If I(X) = 0, then X € {0}% x [0,1/2] and,

since X is a non-wandering point, we have
X € {0}2 x {0,1/2} = {P,Q} C Q.(a,t) UQ(a,t).

Otherwise, if I(X) # (), then we can assume that X € Aai = Y5 X Dy¢. From steps
B and D we get
H(Pa éa,t) U H(Q7 éa,t) g Q(éa,t)/)

so it suffices to prove Q,(a,t) € H(Q, G,,) and Qu(a,t) € H(P,G,,). Let us prove
this fact for Q,(a,t); the other assertion follows similarly.

Taking X € Q,(a,t), we divide the proof in four different cases: the sets
I'"(X):=I(X)N(0,+00) and I~ (X) := I(X) N (—00,0)

are both finite; I (X) is finite and I~ (X) is infinite; 77 (X) is infinite and I~ (X) is
finite; IT(X) and I~ (X) are both infinite.
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Case 1. If IT(X) and I~ (X) are finite, then
X S Ws(Qa Ga,t) N Wu(Qa éa,t) - WS(Q: Ga,t) rh Wu(Qv éa,t)a

and we conclude that X € H(Q, Gy,).

Case 2. If I*(X) is finite, then X = (£,2) = (---€_1.& ---§0N, 2) € W(Q, Gy
Since X € A,; and I~ (X) is infinite, then the point

Xm = (Oifom o 671~€0 e glON> S WS(Qu éa,t) N Wu(Qu éa,t)v for m € N large,
thus X,, € H(Q, C;’a,t) and X, — X as m — oo. Therefore X € H(Q, C;’a,t).

Case 3. The set I7(X) is infinite and I~ (X) is finite.
Since X € Q,(a,t) and I (X) is infinite, from Lemma 5.5 there is a sequence

{u;},;cy such that
X = (&,x) = (V¢ -+~ £.,.0"10"0™10% - - - 0"10% - - ) € W(Q, Guy).

Letting m € N large, from the definition of X there are a chain b = (u1,0) - - (uy,, 0)
and m/ > m such that [z — 1/m/,x +1/m/] € D?, and

» 1 APHIAE!
g[g—l"'gfl],t xr — E, xXr + % e 0, 5 .

Once, from Lemma 5.5, the restriction of T ((;3,0) to Ly(a,t) is uniformly expanding for

all u € N, then there is m” € N such that

1 1
dt c g[O"loul---Onloum”Lt xr — ﬁ, T+ W

and consequently there is z,, € [x—1/m", x+1/m"] such that gjgn1gu1...on10%m) ¢ (Tm) =
d; and
Xy = (V¢ -+ €0.0"10™ -+ 0"10%" 0N, ) € H(Q, Gay)-

Since X,,, — X as m — 400, one gets X € H(Q,Gq4).
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Finally, the case 4, I (X) and I~ (X) infinite sets, cames from the cases 2 and 3, and
the step E is proved.

Proof of step F. Let us see that H(P,G,,) and H(Q,G,,) are basic sets. We need
to prove that H(P,G,,) and H(Q,G,,) are invariant, compact, transitive (they have
a dense orbit), isolated, or locally maximal, that is, there are neighborhoods U; and
U, of H(P,G,,) and H(Q,G,.), respectively, such that

H(P,Goy) = () Gaa(U7) and H(Q, Gay) = () Gau(U2),
nez nez
and they have a dense subset of periodic orbits.
The invariance, the compactness, the transitivity of the sets and the density of
periodic orbits come from the definition of homoclinic classes.
Next we prove that Q,(a,t) = H(P,Gy,) is locally maximal. For Q,(a,t), the

situation is similar. We claim that

0.0) = ()G (22 x sty ).

JEZ.

The inclusion Q(a,t) C (), é;t (22 x [sF,,1/2]) follows from Lemma 5.3. For the

converse take
iy 1
X € m ng,t (22 X |:Sctt7 §:|> C Aa,t.
JEZ
If I(X) =0 then X € 0% x [0,1/2] and, since the backward orbit of any point on
0% % [0,1/2) meets Xy x [0, s1,), we can conclude that X = (0%,1/2) = P € Q,(a,t).

If I(X) is finite, from Lemma 5.6 and (1) of step C, we conclude that
X € H(Q, Goy) UH(P,Ga) U (WH(P.Go) NW*(Q, G

and, consequently X € H(P,G,,) = Q.(a,t) because if X € W*(Q,G,,) then its
backward orbit would intersect X5 x [0, s ], which is not possible. Finally, if (X)) is

infinite, by definition of X, we have i, (X) = s for all k£ € I(X) and consequently we

just need to see that X € Q(éa7t). In similar way as above, we can show that there
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is a sequence of periodic orbits (X,,), in Q(a,t) such that X, — X, as m — oo.

As Qg(a,t) C Q4(Gay), which is a closed set, we have X € Q(G,;) and consequently
Qu(a,t) = e Gop (D2 x [sF,,1/2]).

Proof of step G. It is enough to see that W*(Q,(a,t), Go ) "W (Qs(a,t), Gar) = 0,

where

WI(Q(a,t), Gay) = U Wi(x,Gay), =35, uand k = s, u.

z€Q(a,t)

In fact observe that every Z € W*(Q(a,t),Gay) N W*(Qq4(a,t),Gqy) belongs to
Q(Glay) and arguing as in the proof of (1) in step C we get j and k such that
ir(Z) = s and i;(Z) = u. But, by step A, this is impossible.

Now we are in position to finish the proof of the main theorem of this chapter.

Proof of Theorem 5.1. The first item follows by construction of the sequence ¢,,. Re-
call that
0% x (0,1/2) € W(P,Gop) NW™(Q, Gyuy)

and, from de equation ¢"(t,) = 1/2 — t,,, we have
(07107, 1/2) € W*(Q, Gay) N W“(P, Guy).

The second item follows from the steps A-G and from the equations (5.1.3), (5.2.3)
and (5.2.4). In fact,

Hatn

. tn_ﬂzt . tn<1_ t"t)

111{1_’1 # = 111’11 —t
n—+oo U, — Uy n—-+o0o n

+1 tn <1 t:1>

1—2e 2 —2

= 6; :ei > 0, Va > log4.
1—e2 ez — 1

The last item follows from s, 4, = Ls(a, p ) N Lu(a, g1, ), Lemmas 5.3, 5.4, 5.5, and
that sq¢, is a saddle-node of ro O

*
auua,tn
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5.4 Hyperbolicity of the model family of heterodi-

mensional cycles

The proof of Theorem 5.1 can be addapted to the one-parameter family f,,, where
t > 0 small and a > log4, defined in Section 2.4. In fact we have the following result:

Theorem 5.7. Let a > log4. Then there are to(a) > 0, a sequence t,(a) € (0,to(a)]

converging to zero as n — 00, and pj, € (tyy1,t,) such that:

1. for every parameter t € (p,;’tn,tn), the resulting nonwandering set of f,. 1s

hyperbolic and equal disjoint union of the (non-trivial) homoclinic classes os P
and Q.

2. faur . has a saddle-node S, ., such that the intersection of the homoclinic
classes of P and () is exactly the orbit of S, .

. . tn - Mz,tn
3. Moreover, lim [ lim ———= ) =1.

a——+o0 \ n—oo t, — n+1

The idea is to reduce the study of the dynamics in a neighborhood of the cycle
to one dimensional dynamics. In this way, we get a system §,, of iterated functions
with the same hyperbolicity-like properties that Q~5a7t. In fact, they are equal. The
theorem follows, using the existence of the filtration and the geometry of the cycle,
by translating the hyperbolicity of the system §, to the diffecomorphisms f, , for all
t € (s, tn). Since the proof of this result follows using similar arguments to the
ones used in the proof of Theorem 5.1 with the natural adaptations, we will omit the

proof.
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