
To the closed neighbourhood of an arbitrarily chosen 

vertex, another vertex is added. Does the corresponding 

submatrix of Q have full rank? 

It is easily checked that the submatrix of Q corresponding 

to 𝑁𝐶𝐿𝑃[2] ∪ 4  has full rank so, to proceed, compute the 

subvector of g corresponding to 

𝐼 = 𝑁𝐶𝐿𝑃[2] ∪ 4 = 1,2,3,4,6,7 . 

Next, supposing that 2 ∈ 𝑆 and 4 ∉ 𝑆 and solving the 

subsystem 𝑥𝑆
𝐼= 𝑔𝐼 +  𝛽𝑖𝑞𝑖

𝐼 , 4
𝑖=1 the values of the 𝛽s are 

obtained and the solution of the complete system 

𝑥𝑆 = 𝑔 +  𝛽𝑖𝑞𝑖
4
𝑖=1  - a (0,2)-regular set of CLP - is 

computed: 
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ABSTRACT 

An eigenvalue of a graph is main 

iff its associated eigenspace is not 

orthogonal to the all-one vector j. 

The main characteristic 

polynomial of a graph G with p 

main distinct eigenvalues is 

𝑚𝐺 λ = λ𝑝 − 𝑐0λ
𝑝−1 − 𝑐1λ

𝑝−2-…-

𝑐𝑝−2λ − 𝑐𝑝−1 and it has integer 

coefficients. If G has n vertices, 

the nxk walk matrix of G is 

𝑾𝒌=(j,𝑨𝑮j,𝑨𝑮
2j,…,𝑨𝑮

𝒌−𝟏 j) and W, the 

walk matrix of G, is 𝑾𝒌 for which 

rank(𝑾𝒌)=k. The number k 

coincides with the number of 

distinct main eigenvalues of G. In 

[2] it was proved that the 

coefficients of the main 

characteristic polynomial of G are 

the solutions of 𝑾𝑿 = 𝑨𝑮
𝒑
j. A (,)- 

regular set [3] is a subset of the 

vertices of a graph inducing a -

regular subgraph such that every 

vertex not in the subset has  

neighbors in it. In [1], a strategy 

for the determination of (0,1)-

regular sets is described and we 

generalize it in order to solve the 

problem of the determination of 

(0,2)-regular sets in arbitrary 

graphs. An algorithm for deciding 

whether or not a given graph has 

a (0,2)-regular set is described. Its 

complexity depends on the 

multiplicity of −2 as an eigenvalue 

of the adjacency matrix of the 

graph. When such multiplicity is 

low, the generalization of the 

results in [1] assure that the 

algorithm is polynomial. An 

example of application of the 

algorithm to a graph for which this 

multiplicity is low is also 

presented. 

 

 

Cardoso, Sciriha and Zerafa [2] introduced the parametric  

vector 𝑔𝐺 , 𝜏 =  𝛼𝑗
𝑝−1
𝑗=0 𝐴𝐺

𝑗
j where 𝛼0, … , 𝛼𝑝−1  

are the solutions of system (1)  

Considering a set of vertices 𝐼 = {𝑖1, … , 𝑖𝑚} ⊂ 𝑉(𝐺), vector 

𝑥𝐼 = (𝑥𝑖1 , … , 𝑥𝑖𝑚) ∈ {0,1}𝑛 is (0,2)-feasible if it verifies: 

• (∃𝑖𝑟 ∈ 𝐼: 𝑥𝑖𝑟 = 1)⇒(∀𝑖𝑗 ∈ 𝑁𝐺 𝑖𝑟 ∩ 𝐼, 𝑥𝑖𝑗 = 0). 

• (∃𝑖𝑠 ∈ 𝐼:𝑁𝐺 𝑖𝑠 ⊂ 𝐼)⇒( 𝑥𝑗 = 2𝑗∈𝑁𝐺[𝑖𝑠]
). 

• (∃𝑖𝑟 ∈ 𝐼: 𝑥𝑖𝑟 = 1)⇒(∀𝑗 ∈ 𝑁𝐺 𝑖𝑟 ,  𝑥𝑘 = 1𝑘∈ 𝑁𝐺 𝑗 ∩𝐼 ∖{𝑖𝑟}
). 

ALGORITHM 

Necessary and sufficient condition for the existence 

of a (,)- regular set 

(0,2)-feasible tuples 

Theorem [2]: If G is a graph with p distinct main 

eigenvalues, then a set of vertices S is (,)-regular iff  

𝑥𝑆 = 𝑔𝐺 , 𝜏 +q, 

with  
𝑞 = 0 ⇐ (−) ∉ 𝜎(𝐺)

 𝑞 ∈ ℰ(−) ⇐ (−) ∈ 𝜎(𝐺)
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EXAMPLE 

The walk matrix for CLP is 𝑊 = 𝐣, 𝐴𝐶𝐿𝑃𝐣, 𝐴𝐶𝐿𝑃
2 𝐣 . 

 

The solutions of 𝑊𝑋 = 𝐴𝐶𝐿𝑃
3  j are  

𝑐2 = 0
𝑐1 = −5
𝑐0 = 5

 

 

The solution of (1) is 

𝛼0 = 1

𝛼1 = −
7

19

𝛼2 =
1

19

  and so the  

 

parametric vector  𝑔𝐶𝐿𝑃 0,2  is equal to j −
7

19
𝐴𝐶𝐿𝑃 

j+
1

19
𝐴𝐶𝐿𝑃
2  j. 

 

Matrix 𝑄 =(𝑞1, … , 𝑞4) has the vectors of a basis of the 

eigenspace associated to -2 as columns.  

How to proceed? 

Looking for a vertex 𝑣 of degree ≥3 for which the 

submatrix of Q corresponding to 𝑁𝐶𝐿𝑃[𝑣] 

 has full rank, we find that no such vertex exists. 

𝑥𝑆 = (0 1 0 0 1 0 0 1 1 0 1 0 0) 𝑇 . 

Fig.1 Graph CLP 


