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Abstract. The dynamics of passive tracers in flows dominated by perfect or vis-
cous point vortices is a broad area of research that continues to attract the attention
of numerous studies. Recently, there has been a particular interest in the applica-
tion of control theory to these issues. Viscous point vortices are singular solu-
tions of the two-dimensional incompressible Navier-Stokes equations in which
the vorticity is concentrated at a finite number of points in the flow domain, each
of which carries a certain amount of time-invariant circulation. By definition, a
passive tracer is a point vortex with zero circulation. This paper describes some
numerical investigations of passive tracers performed by viscous point vortices to
find the energy-optimal displacement of a passive particle. The numerical results
show the existence of near/quasi-optimal controls.

Keywords: Viscous point vortex - Passive tracer + Control problem + Numerical
optimization

1 Introduction

This article is concerned with the dynamics of a passive particle carried away by a two-
dimensional viscous point vortex flow. A point vortex is a mathematical model used
to describe the dynamics of vortex-dominated flows [1], based on a low-dimensional
description of the flow features [2]. A passive particle is small enough not to perturb
the velocity field, but also large enough not to perform a Brownian motion. Particles of
this type are, for example, the tracers used to visualize flows in fluid mechanics [3].

We want to move a passive particle from an initial starting point to a final desti-
nation point, both known a priori, in a given (finite) time. The flow is generated by NV
point vortices, point vortices, as in the problem of fish-like locomotion [4,5]. Here, the
vortex dynamics is governed by N viscous point vortices and the control arises from
the possibility of propulsion in any direction of the two-dimensional plane. We want to
minimize the energy spent on propulsion. This kind of problem belongs to a set of open
problems mentioned in Protas [6].

The solution of the proposed problem was achieved by direct and indirect control
methods. The indirect method uses Pontryagin’s maximum principle to derive optimal
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conditions, where it is necessary to maximize the Hamiltonian, which can be achieved
by collocation or shooting methods [7]. For energy costs, the candidates for minimizers
are given by the normal extremes of Pontryagin’s maximum principle. The rewriting of
Pontryagin’s maximum principle yields a set of nonlinear equations to be solved, called
the shooting equations. In [8], the shooting equations are introduced and numerical
calculations are presented in the cases of N = 1,2, 3 and 4 perfect point vortices.

In the solution by direct approach, the problem is discretized with respect to time
to obtain a nonlinear programming problem (NLP) that can be solved by an optimiza-
tion method. In [9], the resulting optimization problems were solved numerically. The
numerical results show the existence of near/quasi-optimal controls in the case of vor-
tex dynamics resulting from the interaction of N = 1,2, 3, 4 point vortices. In [10] it
was shown that the more control points there are, the less energy is required to make the
displacement. In general, the energy required for the motion increases with the number
of point vortices. The same is true for the computation time required for the optimiza-
tion method. It increases with the number of control points as well as with the number
of vortices.

All previous solutions of this problem by direct or indirect methods did not take
into account the dynamic viscosity, i.e., the displacement of particles interacting with
N point vortices was controlled in a two-dimensional fluid and viscous diffusion was
neglected. In the present study, the passive particle moves in a two-dimensional viscous
flow whose dynamics is given by N point vortices in each time interval. We consider
different cases in which, in addition to the dynamics induced by a different number of
vortices, different dynamic viscosity values are also considered. Four different problems
are considered. Each corresponds to a different value of N, ranging from 1 to 4. The
nonlinear programming problem corresponding to each of these cases is formulated and
solved numerically using Matlab Optimization Toolbox [11].

Section 2 presents the equations for the motion of passive particles carried away by
N viscous point vortices in the infinite real plane and the formulation of the control
problems. Section 3 is devoted to the numerical solutions for these control problems.
This paper ends in Sect. 4 with the presentation of some concluding considerations.

2 The Viscous Point Vortex Control Problem

Perfect point vortices are singular solutions of the two-dimensional incompressible
Euler equation [1,3,10]. These solutions correspond to the limiting case in which the
vortices are concentrated on a finite number of spatial points, each of which has a pre-
scribed circulation. Using the complex variable z, to denote the position of the vortex
« with circulation k,, (v = 1,2,..., N), the differential equations governing a set of
N (non-viscous) vortices are as follows.

N

dz* 1 k
= —_ (@=1,2,...,N), (1)
t TS Za — 28
o
with the respective initial conditions, where 2o = #q + Yo i (i? = —1) and 2, is its

complex conjugate.
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A passive particle is, by definition, a point vortex with zero circulation. Therefore,
the dynamics of a system with P passive particles advected by a set of N point vortices
is given by Eq. (1) together with the equations for the passive particles

dzt 1 SNk

[e3

= =N+1,N+2,..., N+ P 2
dt 270 £= zo — 25 (o tLN+2,..., N+ P), &

with the respective initial conditions.

Given now that the vortices and passive particles are both moving in a viscous fluid
with a kinematic viscosity of v > 0, the system with P passive particles advected by /N
viscous point vortices is then given by

N

dz}, 1 kg |2a *Zﬂ|2
= — 1-— - =1,2,...,N 3
dt i = o — 25 [ eXP( Aut , & ) 4y ’ ( )

B#a

and

N 2
dz} 1 ks |za — 23]
@ — 1— _lre P
dt 2mi [;1 Za — 23 [ exp ( vt
a=N+1,N+2,....N+P, (4

+U(¢),

with the respective initial conditions (see, for instance, [12]). In Eq. 4, U(t) is the control
function.

In this work, we consider a single passive particle (P = 1) advected by N =
1,2, 3,4 viscous point vortices. The control problem is to move this tracer between two
given points in a given fixed time (7") while consuming as little energy as possible.

2.1 Solving the Control Problem by Direct Approach

As mentioned above, the numerical approach used to solve the control problem pre-
sented above is based on a direct approach. It consists in discretizing the problem and
solving it using an optimization method. Thus, the control function U(-) is replaced by n
control variables ug, uy,- - - , u,—1. Numerical calculations were performed in Matlab
using the nonlinear programming solver fmincon. This solver provides some con-
strained optimization algorithms, such as the interior point or the active set (see [11]).
We start in the Subsect. 2.2, with the solution of this problem for a single passive par-
ticle in a viscous single-vortex flow and then, in Sect. 2.3, the cases with up to four
vortices are treated. We would like to point out that the cases N = 2 and N = 3 cor-
respond to integrable point vortex dynamics, while N = 4 (or higher) corresponds (in
general) to chaotic point vortex dynamics [3, 13].
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2.2 Flow Created by One Single Vortex

From a practical point of view, the control problem introduced above can be illustrated
as follows for the case of a single passive particle (P = 1) moving thanks to the pres-
ence of a single vortex (N = 1):

Problem (&) :

withu € C, and 29,25 € C, T > 0 and upax > 0 given.

For example, in this optimization problem, the objective function (cost function)
represents the energy expended by the controller u(-) to move the passive particle from
the starting point 2 to the end point z¢. The first constraint corresponds to the equation
of state that specifies the position z of the particle as a function of time. The control
function u is introduced into this equation to move the particle from zg to zy at a fixed
time value 7' > 0 .. The points zy and z; are previously defined, as is the time 7" avail-
able to reach the destination point z¢ .. In addition, we specify in the fourth constraint
that the absolute value of the control is not greater than a given value Uy ax.

To solve this problem, we proceed to the discretization of the control function fol-
lowing [10]. We replace u(-) by n (discrete) variables defined as follows (tg = 0,
t,=1T):

u(t):uo if tg <t <ty,
u(t)zul ift1§t<t2,
U(t):’LLQ ift2§t<t3,

u(t) = Unp—1 if tn,1 S t S tn .

Thus, each variable u; (¢ = 1,2, --- ,n) corresponds to a constant value of the control
exercised in the sub-interval [t;_1 , ¢;) . All these sub-intervals have amplitudes equal
to At = (t, —tp) /n. The discretization of the objective function by the rectangle
method lead to the approximation

T n—1
/|u(t)\2dt ALY gl = fo (5)

0 k=0

As in the study carried out in [10], increasing the number n of control variables (corre-
sponds to reduce At) leads to a decrease in the discretized energy to perform the desired
movement. The control problem (£?) is then replaced by its discretized version:
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Dlscretlzed Problem (2 )
At ST |uk| — min,

Z*Zﬁxgx 1—exp =+ uo, Z(O):ZOa |u0|§umaxv t0§t<t17
3 k

z*zﬁxzx 1—exp +uy, z(t1) =2, |u2] < Umax, t1 <t <ta,
3 k

Z* = ﬁ X > |:1 - GXp ( ‘47)} + Un—1, Z(tnfl) = Zt",ly |un71| S Umax

t l<t<tn7 n f-

In the numerical results obtained with the optimization problem 2£2, , where n is
the number of control variables, (we fix n = 4, which corresponds to four control
variables), a single vortex with circulation k = 10 located at the origin, a vector u € C"
is sought that drives the passive particle from zg = —1 —i to zy = 2+ 27 inT =
10 (natural) time units, minimizing the objective function defined by the r.h.s. of (5).
This optimization problem is solved numerically using the interior point optimization
algorithm [14], which is included in the fmincon Matlab solver. The results obtained
with a single vortex are shown in Table 1.

2.3 Flow Created by Several Vortices

In this subsection, we address the problem of a single passive particle (P = 1) displaced
by multiple vortices (IV). As before, we want to find v = [ug, u1, ..., u,—1] € C™ that
drags the particle from zyp = —1 — 4 to the final destination zy = 2 + 24. We also
consider the time of displacement 7' = 10, and equal circulation for all the vortices
k; = 10, for i = 2,3,4. To solve the different optimization problems, we used the
fmincon Matlab solver. This solver offers different optimization methods, e.g. the
Interior Points, Sequential Quadratic Problem (SQP), and Trust Region (see [11]). We
tried all these methods and came to the conclusion that the best results were given by
the Interior Points optimization method.

Two Vortices (N = 2) and One Particle (P = 1). In the two vortices and one particle
problem, the vortices positions are given by [15]:

5 (1) = getieyy |1 - o (20 )
(6)
2* (1) — k1 1— 7‘22*21|2
23 (t) = Smi(z2—21) €xp It
The initial vortex positions are z;(0) = 0.5 + 0.54, and 22(0) = 1.5 — 0.5¢. The
passive particle position is given by the equation

2

1 kz ‘Z—Zi|2
2 %k - v 1_ LA 7
: 2mllzzi{ exp( 4vt o ™

with the given initial condition z(0) = zg . The results obtained with two vortex are
presented in Table 1 and Fig. 1b.
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Three Vortices (N = 3) and One Particle (P = 1). In the problem with three vortices
(N = 3) and one particle (P = 1), the vortices equations are

v 1 3 kj |21 —z;]2
H= o Doy 52 1w (-

* % kj Z2—Zj 2
5= gk U0 o [1- e (2 ) ®)

o 1Nk [ _lzs—zl?
Z3 = 271 ;;1 23—2; 1 exp 4vt

with the given initial boundary z1 (0) = 0.540.54, 22(0) = 1.5—0.57, and 23(0) = 1+i.
We consider also the same circulation for all the vortices k1 = ko = k3 = 10. The
passive particle equation is

3 ) L2
PR h[l_exp(_zmﬂﬂ, ©)

2m —~ z — z; 4ut
i=1
with the initial condition z(0) = zyp = —1 — 7. The results obtained with three vortex,
for different values of the kinetic viscosity v, are presented in Table 1 and Fig. 1 c).

Four Vortices (N = 4) and One Particle (P = 1). We address now the case of four
vortices (N = 4) and one particle (P = 1). This is an interesting case, because the
dynamics of the vortices is nonintegrable [3]. For N = 4, the vortices equations are

ok 1 4 k]'
= 271 Z;;i z21—2;

(10)

v 1 4 kj |20 —z;]?
72 = ﬁzg;; By [1—GXP (— Tt )

T 2mi

e 1 g4 k; _ _lza—z?
24 = om Izl iz 1 exp 4vt
j#4

with the respective initial positions z1(0) = 0.5 + 0.54, 22(0) = 1.5 — 0.54, 23(0) =
1+ iand z4(0) = —1 — 2. The passive particle equation is

4
. 1 kz ‘Z—Zi|2
= — — |1 - - 11
= 2. [ exp( 1t +u, an

with the initial condition z(0) = —1 — ¢. The results obtained with four vortex, for
different values of the kinetic viscosity v, are also presented in Table 1 and Fig. 1d.

3 Results

Table 1 presents the values of the four optimal or quasi-optimal control variables u;,
1 = 0,1,2,3, and the corresponding value of the objective function f,, for different
viscosity values: v = 0.001,0.01,0.1 and 1.
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For N =1 and N = 2, some regularity is observed in the decrease of f; with the
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reduction of viscosity. But this regularity disappears for N = 3 and N = 4.

Table 1. Optimal controls and corresponding energy values, for IV vortices.

v ug ‘ w1 ‘ U us fa
N=1
0.001 | —0.0796 — 0.2506¢ | 0.1029 — 0.13264 0.1087 — 0.039114 0.0770 + 0.00174 0.29
0.01 —0.0901 — 0.23527 | 0.1039 — 0.1495% 0.1053 — 0.05394 0.0825 4+ 0.00667 0.29
0.1 —0.0669 — 0.23507 | 0.1117 — 0.1078% 0.1153 — 0.0145% 0.0913 + 0.01797% 0.26
1 0.2997 + 0.1488% 0.2306 + 0.24977 0.1801 + 0.2820¢ 0.1391 4 0.3118¢ 1.14
N =2
1 0.2946 + 0.09467 0.0647 — 0.3738¢ —0.1183 — 0.05107 | 0.5353 + 0.7265% 2.67
2 0.5490 + 0.445517 0.1178 — 0.42581 0.0771 — 0.22451% 0.5642 4 0.77527 4.18
3 —1.0468 — 1.4725% | —0.6777 — 0.3393% | —0.4984 — 0.58827 | —1.1815 — 0.55567 | 15.35
4 0.9622 + 1.96437 1.7246 + 0.918917 1.9327 + 0.26041 1.9519 — 0.212572 40.65
N =3
0.001 | 0.0829 + 0.1476% —0.1866 + 0.0010% | 0.3220 + 0.4706% —0.3411 — 1.91627 | 10.44
0.01 —0.2919 — 0.4427¢ | —0.6357 — 0.0393% | —0.2269 + 1.3287¢ | —0.1039 — 1.2736% | 10.34
0.1 1.4200 + 0.6117% —0.3309 — 0.0875¢ | —0.2048 4 0.16287 | 0.2955 4 0.39927 7.06
1 0.6659 + 0.82297 0.8213 + 0.1155% 0.7723 — 0.25381 0.6486 — 0.4925¢ 7.83
N =4
0.001 | —1.5416 — 3.1687¢ | —1.8420 — 1.21387 | —1.0665 — 2.16397 | —3.9888 — 3.9898¢ | 137.33
0.01 —0.7574 4+ 0.99017 | 0.8134 + 0.9661% —1.4311 + 1.6801% | —1.6624 + 2.63567 | 44.32
0.1 —1.1894 — 2.6479% | —1.5231 — 0.8714% | —1.2413 — 1.63127 | —3.9943 — 2.07937 | 89.96
1 —0.0908 + 0.70807 | 0.4214 + 0.6825% 0.7840 + 0.40604 0.9310 + 0.0647% 7.01

Figure 1, showing the trajectories corresponding to each optimal control shown in
Table 1, shows that these trajectories become more complex as the number of vortices
increases. In most cases where N > 1, the displacement of the passive tracer between
the start and target points is not straight, but occurs in epicycles to take advantage of
the displacement induced by the vortices and move without expending energy.

It has also been shown that higher values of viscosity result in straighter trajectories
between the start and target points. This is a consequence of the reduction in velocity
with increasing viscosity.
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a)N =1 b)N =2

Im

Im

Fig. 1. Optimal trajectories.

4 Conclusion

This work presents the formulation of a set of control problems related to the advection
of one passive tracer with N = 1,2, 3, 4 viscous point vortices in the unbounded plane.
These control problems arise from the need to move the particle between two points
within a certain period of time.

The time span available for the motion is discretized into four subintervals, where
the control variable is assumed to be constant, leading to a nonlinear programming
problem that is solved numerically. It was found that all problems presented here exhibit
near/quasi-optimal control, regardless of the number of vortices for the different values
of kinetic viscosity. In general, the energy required for displacement increases with the
number of vortex points. The trajectories are straighter for higher values of viscosity.
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