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Abstract

A combined numerical±experimental method for the identi®cation of six elastic material modulus of generally thick composite

plates is proposed in this paper. This technique can be used in composite plates made of di�erent materials and with general stacking

sequences. It makes use of experimental plate response data, corresponding numerical predictions and optimisation techniques. The

plate response is a set of natural frequencies of ¯exural vibration. The numerical model is based on the ®nite element method using a

higher-order displacement ®eld. The model is applied to the identi®cation of the elastic modulus of the plate specimen through

optimisation techniques, using analytical sensitivities. The validity, e�ciency and potentiality of the proposed technique is discussed

through test cases. Ó 2000 Elsevier Science Ltd. All rights reserved.
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1. Introduction

The dynamic free vibration behaviour of a structure
made of anisotropic materials depends on its geometry,
density, boundary conditions and elastic constants.
Hence, a non-destructive method for the determination
of the elastic constants of the materials that make up the
structure can be developed. The method combines ex-
perimental results of a free vibration test with a nu-
merical model capable of predicting the dynamic free
vibration behaviour of the structure and makes use of
optimisation techniques.

Thus, it becomes necessary to use an error measure
that expresses the di�erence between experimental and
numerical eigenvalues. This error measure is then
minimised with respect to the elastic modulus of the
di�erent materials.

This work is a generalisation of the work presented
by Mota Soares and coworkers (see e.g., [1,2]) using the

Mindlin plate theory along with a ®nite element model,
and Ara�ujo et al. [3] using a higher-order displacement
®nite element model. It has the innovative aspect of
contemplating identi®cation of mechanical parameters
of specimens having layers made up of several materials
and general stacking sequences. It is closely related to
the developments presented by Pedersen [4] for thin
plates using the classical plate theory and Frederiksen [5]
for thick plates using a higher-order theory associated to
a numerical model based on the Rayleigh±Ritz ap-
proach for symmetric lay-ups and specimens made of a
single material. Other research works that also use the
Rayleigh±Ritz method along with the classical plate
theory were presented by Wilde and Sol [6], Sol [7] and
Wilde [8], using Bayesian estimation instead of optimi-
sation techniques for symmetric single material lami-
nates. Lai and Ip [9] presented a method, using the
Kirchho� plate theory, which takes into account both
the con®dence associated with mathematical modelling
and parameter estimates. This last technique has been
validated satisfactorily on symmetric single material
laminates. In fact, in more recent works, priority is given
to assessment of uncertainties. In [10], these questions
are addressed based on statistics.
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More recently, a method based on response surfaces
has been used by Rikards and coworkers (see e.g.,
[11,12]) and Bledzki et al. [13]. This technique commonly
called planning of experiments was used successfully to
identify elastic properties in unidirectional laminates.

The use of model updating techniques for the iden-
ti®cation of mechanical properties of laminates was also
presented by Cunha and Piranda [14], applied to sand-
wich composite structures.

An overview of di�erent approaches on combined
numerical±experimental identi®cation methods with the
goal of obtaining material sti�ness for composite
structures, based on eigenfrequencies and optimisation,
is carried out by Pedersen [15].

2. Numerical model

The eigenvalue problem and the sensitivity analysis
are carried out using a third-order shear deformation
theory whose pioneering works are described in [16,17]
and has been applied to discrete ®nite element models by
Mallikarjuna and Kant [18], among others. Full details
regarding the model development and implementation
for dynamics can be found in [19,20].

Fig. 1 shows a rectangular plate of constant thickness
h and plane dimensions a and b. A Cartesian coordinate
system �x; y; z� is located at the middle plane as shown.

The assumed displacement ®eld is a third-order ex-
pansion in the thickness coordinate for the in-plane
displacements and a constant transverse displacement:

u�x; y; z; t� � u0�x; y; t� � zhx�x; y; t�
� z2u�0�x; y; t� � z3h�x�x; y; t�;

v�x; y; z; t� � v0�x; y; t� � zhy�x; y; t�
� z2v�0�x; y; t� � z3h�y�x; y; t�;

w�x; y; z; t� � w0�x; y; t�;

�1�

where u0; v0 and w0 are the in-plane displacements in the
x-, y- and z-directions and hx and hy are the rotations of

normals to the midplane about the y-axis (anticlockwise)
and x-axis (clockwise), respectively. The functions
u�0; v�0; h�x and h�y are higher-order terms in the Taylor
series expansion, de®ned also in the midplane of the plate.

As for the constitutive relations, considering a plane
stress analysis and a linear elastic material, it can be
shown that, for a laminae of orthotropic material in the
�1; 2; 3� coordinate system (Fig. 2), the stress±strain re-
lation is

r�1;2;3� � Qe�1;2;3� �2�
with the following constitutive matrix:

Q � E1

8a0

8 a4 ÿ a3 0 0 0
a4 ÿ a3 8ÿ 2a2 0 0 0

0 0 a8 ÿ a9 0 0
0 0 0 a8 � a9 0
0 0 0 0 1

2
�8ÿ a2 ÿ 3a3 ÿ a4�

266664
377775:
�3�

The non-dimensional parameters in Eq. (3) are de®ned
as [5,21]

a2 � 4ÿ 4E2=E1;

a3 � 1� �1ÿ 2m12�E2=E1 ÿ 4a0G12=E1;

a4 � 1� �1� 6m12�E2=E1 ÿ 4a0G12=E1;

a8 � 4�G13 � G23�a0=E1;

a9 � 4�G13 ÿ G23�a0=E1;

�4�

where a0 � 1ÿ m2
12E2=E1 and E1; E2 are Young's mod-

ulus in �1; 2�-direction (Fig. 2), G12; G23 and G13 are the
transverse shear modulus in planes 1±2, 2±3 and 1±3 (3
perpendicular to 1±2 plane), respectively, and m12 is the
major Poisson's ratio.

The inverse relations of Eq. (4) can be written as

E2=E1 � �4ÿ a2�=4;

G12=E1 � �8ÿ a2 ÿ 3a3 ÿ a4�=�16a0�;
m12 � �a4 ÿ a3�=�8ÿ 2a2�;
G13=E1 � �a8 � a9�=�8a0�;
G23=E1 � �a8 ÿ a9�=�8a0�;
a0 � 1ÿ ��a4 ÿ a3�2=�16�4ÿ a2���:

�5�

Fig. 1. Plate global coordinate system �x; y; z� and associated dis-

placement ®eld �u; v;w�.
Fig. 2. Orthotropic material laminae; principal �1; 2� and global �x; y�
coordinate system.
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For a laminae in the �x; y; z� coordinate system (Fig. 2),
the stress±strain relations are

r�x;y;z� � E1

8a0

c � e�x;y;z�; �6�

where

c �

c11 c12 0 0 c16

c12 c22 0 0 c26

0 0 c44 c45 0
0 0 c45 c55 0

c16 c26 0 0 c66

266664
377775 �7�

with

c11 � 8ÿ a2�1ÿ cos 2h� ÿ a3�1ÿ cos 4h�;
c12 � a4 ÿ a3 cos 4h;

c16 � 1

2
a2 sin 2h� a3 sin 4h;

c22 � 8ÿ a2�1� cos 2h� ÿ a3�1ÿ cos 4h�;
c26 � 1

2
a2 sin 2hÿ a3 sin 4h;

c44 � a8 ÿ a9 cos 2h;

c45 � a9 sin 2h;

c55 � a8 � a9 cos 2h;

c66 � 1

2
�8ÿ a2 ÿ a3 ÿ a4� ÿ a3 cos 4h:

�8�

Assuming small displacements and using HamiltonÕs
variational principle along with an eight node isopara-
metric plate element with nine degrees of freedom per
node, corresponding to the nine expansion terms in the
displacement equation (1), we obtain the following
equilibrium equation for free harmonic vibrations at the
element level:

Keae
i ÿ ke

i M
eae

i � 0; �9�

where Ke and Me are the element sti�ness and mass
matrices, respectively, and ae

i are the eigenvectors asso-
ciated to the eigenvalues ke

i , at the element level. Second
degree serendipity shape functions were used to inter-
polate the displacement ®eld within an element [22].

The equilibrium equation for the whole discretised
plate assumed free in space is therefore [23]

�K� bM�ai ÿ �ki � b�Mai � 0; �10�

where K and M are the sti�ness and mass matrices of
the plate, and ai the eigenvector associated to the nu-
merical eigenvalue ki. In order for the sti�ness matrix
to be positive de®nite, a shift bM is applied to it
(usually b is of the same magnitude as the ®rst non-
zero eigenvalue).

3. Experimental method

The experimental eigenfrequencies of a completely
free plate are obtained using the experimental setup
shown in Fig. 3.

In practice a truly free support cannot be provided.
However, a suspension which closely approximates this
condition can be achieved by supporting the test plate
on light elastic bands so that the rigid body modes have
very low natural frequencies in relation to those of the
bending modes. These elastic bands were simply glued to
the plate edge (approximately at the mid points of two
neighbour edges).

The simplest and fastest way to excite the vibration
modes of a plate is the impulse technique, so a hand held
hammer was used to impact the plate and the force
transducer attached to the hammer head measures the
input force.

A condenser microphone was used to measure the
plate response. The microphone is placed in a small
table stand perpendicular to the plate.

The analog signals from the impact hammer and
microphone were fed into a dual channel signal analyser.
Both signals are low-pass ®ltered, sampled and subjected
to appropriate time weighting functions. The weighting
is important in order to reduce noise and avoid a leak-
age error caused by the truncation of the sampled time
signal. The signals are fast Fourier transformed and
divided to obtain the frequency response function
(FRF). All of these steps are handled by the signal
analyser.

The digital process described above results in a dis-
crete spectrum which contains a ®nite number of values
for the FRF. The FRF is generally a complex valued
function and a peak usually indicates the presence of a
natural frequency, however, the frequency of maximum
response is not an accurate estimate of the natural fre-
quency. First of all, the spectrum is discrete with a
certain resolution and the peak value may not rely en-
tirely on a single point. The second most serious reason
is that neighbouring modes contribute a certain amount
to the total response at the resonance of the mode being
analysed. Finally, the third reason is that the values of
the FRF include damping, which a�ects slightly the
resonant frequencies. To deal with these problems,

Fig. 3. Schematic representation of experimental setup.
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re®ned modal analysis methods have been developed. In
this work the rational fraction polynomial (RFP)
method as described in [24] was used for the curve ®tting
process on a personal computer suited with an interface
card.

4. The identi®cation method

The problem of identifying mechanical properties of
composite plate specimens involves the comparison of
the experimental results described in the previous sec-
tion with the results produced by the numerical method.
In a laminate made out of M di�erent materials the
mechanical properties that are to be identi®ed for ma-
terial i are Ei

1; Ei
2; Gi

12; mi
12; Gi

23 and Gi
13. The experi-

mental results that are used in this process are the ®rst I
natural frequencies of the free plate.

This problem is solved using optimisation techniques
by minimising an error estimator U, which expresses the
di�erence between the response of the numerical model
and the corresponding experimental results. In Fig. 4, a
schematic representation of the identi®cation method is
presented, where index k represents the current iteration
and re represents the experimental response:

re � f~k1; . . . ; ~kIgT; �11�
where ~ki � ~x2

i are the experimental eigenvalues and I is
the total number of measured experimental eigenfre-
quencies.

The response of the numerical model is
f�p� � fk1; . . . ; kIgT

, where ki � x2
i are the eigenvalues

obtained through this model and p is the vector of de-
sign variables:

p � fa1T

; . . . ; aMTgT; �12�
in which ai contains the non-dimensional material pa-
rameters for material i,

ai � ai
1; . . . ; ai

6

� 	T
: �13�

The non-dimensional material parameters for material i
are de®ned using Eq. (4):

ai
1 � Ei

1=
0Ei

1;

ai
2 � ai

2;

ai
3 � ai

3;

ai
4 � ai

4;

ai
5 � ai

8;

ai
6 � ai

9:

�14�

It should be noted that, in Eq. (14), the superscript i was
added to the non-dimensional parameters of Eq. (4)
with the purpose of referencing the di�erent materials in
the laminate. In Eq. (14), 0Ei

1 is the initial guess for the
longitudinal YoungÕs modulus of material i.

4.1. Error measure

In order to establish an e�ective comparison between
experimental results and the response of the numerical
model it is necessary to de®ne an error measure that, in
general, can be of the following form [25]:

U � �re ÿ f�p��TWr�re ÿ f�p�� � p�0�
ÿ ÿ p

�T
Wp p�0�
ÿ ÿ p

�
:

�15�
The weighting matrix Wr expresses the con®dence on the
measured natural frequencies while the weighting matrix
Wp takes into consideration the reliability of the initial
estimate p�0�. Of the two terms in Eq. (15), the ®rst one
represents the gap between the model response and the
experimental one and the second one represents the
deviation between the initial guess for the non-dimen-
sional parameters and the real parameters that are to be
determined. Each one of these terms is an L2 error es-
timator, weighted by Wr and Wp.

For the sake of simplicity it was decided to use only
the ®rst term of Eq. (15), with Wp � 0 and with the
following response weighting matrix:

Wr �
w1=~k2

1 0

. .
.

0 wI=~k2
I

264
375; �16�

in which wi 2 �0; 1� are weighting factors that express the
con®dence level in each eigenfrequency i, the error
measure in Eq. (15) can be rewritten as

U �
XI

i�1

wi

~ki ÿ ki

~ki

 !2

: �17�

Eq. (17) can easily be identi®ed as a weighted least-
squares error estimator.Fig. 4. Schematic representation of the identi®cation method.

366 A.L. Ara�ujo et al. / Composite Structures 50 (2000) 363±372



4.2. The minimisation problem

The problem of identifying mechanical properties of
composite materials can be formulated as a minimisa-
tion problem:

min U�p�P 0

s:t: g�p�6 0;

pl6 p6 pu;

�18�

where pl and pu are the side constraints on the design
variables p, g is the vector of the imposed constraints on
the design variables in order for the constitutive matrix
for each material in Eq. (3) to be positive de®nite [5,21],

g � g1T

; . . . ; gMT
n oT

; �19�
in which gi are the vectors that contain the six con-
straints associated with material i,

gi � gi
1; . . . ; gi

6

� 	T
; �20�

with the following components:

gi
1 � ÿai

1;

gi
2 �

ai
2

ai
2 ÿ 4

;

gi
3 �

8ÿ ai
2 ÿ 3ai

3 ÿ ai
4

ÿ16ai
0

;

gi
4 �

ai
4 ÿ ai

3

8ÿ 2ai
2

���� ����ÿ
�������������

4

4ÿ ai
2

s
;

gi
5 �

ai
5 ÿ ai

6

ÿ8ai
0

;

gi
6 �

ai
5 � ai

6

ÿ8ai
0

;

�21�

which can be expressed in terms of the physical con-
stants:

gi
1 � ÿ

Ei
1

0Ei
1

;

gi
2 � Ei

2 ÿ Ei
1;

gi
3 � ÿ

Gi
12

Ei
1

;

gi
4 � mi

12

�� ��ÿ ������������
Ei

1=Ei
2

q
;

gi
5 � ÿ

Gi
23

Ei
1

;

gi
6 � ÿ

Gi
13

Ei
1

:

�22�

The minimisation problem formulated above is solved
using non-linear mathematical programming tech-
niques. To carry out the constrained minimisation a
feasible directions non-linear interior point algorithm de-
veloped by Herskovits [26] is used. The choice of this

algorithm was made by one very important reason: the
objective function cannot be de®ned at infeasible points,
since the sti�ness matrix is only positive de®nite at in-
terior points.

4.3. Sensitivity analysis

The minimisation described in the previous section
demands the sensitivities of the objective function U.
Sensitivity analysis consists in determining, for a given
perturbation dp in the design variables, the variation dU
of the objective function:

dU � oU
op
� dp: �23�

If we di�erentiate Eq. (17) with respect to p we obtain

oU
op
� ÿ2

XI

i�1

wi 1

�
ÿ ki

~ki

�
1

~ki

oki

op
: �24�

The problem of sensitivity evaluation is therefore re-
duced to the evaluation of the derivatives of the eigen-
values ki in order to design variables p. From the
equilibrium equation (10) (with b � 0) it is possible to
obtain the components of oki=op (with the eigenvectors
ai mass-normalised):

oki

opj
� aT

i

oK

opj

�
ÿ ki

oM

opj

�
ai: �25�

In the present case the mass matrix does not depend on
the design variables, hence

oki

opj
� aT

i

oK

opj
ai: �26�

It is desirable, for the sake of computational e�ciency,
to evaluate Eq. (26) at the element level, adding the
contribution of all the elements:

oki

opj
�
XNE

e�1

aeT

i

oKe

opj
ae

i ; �27�

where NE is the total number of elements in which the
plate is discretised.

The evaluation of the derivatives of the element
sti�ness matrix is performed analytically, considering
that only the elasticity matrices depend on the design
variables.

Results showing the quality of sensitivities for a plate
made up of two di�erent materials have been published
by Ara�ujo et al. [27]. These results show that the tech-
nique described here can be applied with con®dence in
the optimisation of material parameters of composite
materials.
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5. Applications

The following examples illustrate the application of
the method described in the previous sections. For each
example the experimental eigenfreqencies are presented,
as well as the corresponding percentage residuals at the
optimum:

ri � ~xi ÿ xi

~xi
� 100: �28�

Each identi®cation set of results is compared with strain
gauge measurements.

It is assumed that weight factors wi � 1 were used in
all examples, except otherwise speci®ed. A 12� 12 ®nite
element mesh is used for all the examples.

Example 1. Four IM7 carbon ®bre reinforced epoxy
resin 977-2 (Fiberite) plate specimens (S), made of uni-
directional ®bres with a nominal thickness of 0.135 mm
for 60% Vf , with stacking sequences
· �45°3; 0°3; ÿ45°3; 90°3�s (S1.1),
· �45°; 0°; ÿ45°; 90°; 45°2; 0°2; ÿ45°2; 90°2�s (S1.2),
· �45°4; ÿ45°4; 0°3; 90°�s (S1.3) and
· �45°3; ÿ45°3; 0°5; 90°�s (S1.4)
were studied. The specimens dimensions and masses are:
· S1.1: a � 210:5 mm, b � 311 mm, h � 3:06 mm,

m � 0:3225 kg;
· S1.2: a � 210:5 mm, b � 311 mm, h � 3:07 mm,

m � 0:3232 kg;
· S1.3: a � 210 mm, b � 311 mm, h � 3:04 mm, m �

0:320 kg;
· S1.4: a � 210:5 mm, b � 310:5 mm, h � 3:09 mm,

m � 0:3252 kg.

The initial guess for the elastic constants corresponds to
a typical unidirectional layer of carbon ®bre reinforced
epoxy resin with 50% Vf :

0E1 � 117:2 GPa; 0E2 � 8:8 GPa;

0G12 � 0G23 � 0G13 � 3:1 GPa; 0m12 � 0:35:

In Table 1 it can be seen that, for specimens S1.2 and
S1.3, there are some experimental frequencies that were

not detected. So, the weighting factor associated with
these were wi � 0.

Identi®cation results are presented in Table 2 along
with strain gauge test results on specimens with unidi-
rectional layers made of the same material. All the
identi®ed properties are in good agreement with the
tensile test results, except for the major PoissonÕs ratio
m12, whose values present a pronounced oscillation and
do not agree satisfactorily with the strain gauge test
results.

Example 2. Two E glass ®bre reinforced epoxy resin
R368 (Structil) plate specimens (S), made of unidirec-
tional ®bres with a nominal thickness of 0.130 mm for
60% Vf , with stacking sequences [(0°, 90°)2, 90°, 0°, 90°]s

(S2.1) and [0°2, 90°2, 0°2, 90°]s (S2.2) were studied. The
specimens dimensions and masses are:
· S2.1: a � 191 mm, b � 283 mm, h � 2:89 mm, m �

0:2571 kg;
· S2.2: a � 191 mm, b � 282 mm, h � 2:87 mm, m �

0:2511 kg.

The initial guess for the elastic constants corresponds to
a typical unidirectional layer of E glass reinforced epoxy
resin with 50% Vf :

0E1 � 45 GPa; 0E2 � 4:5 GPa;

0G12 � 0G23 � 0G13 � 3:7 GPa; 0m12 � 0:28:

Identi®cation results are presented in Table 3. Some
tensile test results are presented and compared with

Table 1

Experimentally measured frequencies (Hz) and residuals (%) obtained after identi®cation for specimens in Example 1

I 1 2 3 4 5 6 7 8 9 10 11 12 13

S1.1 ~xi 125.05 203.50 331.30 446.65 493.55 603.80 650.75 818.70 951.35 990.65 1256.75 1343.80 )
ri 0.09 )0.05 0.14 0.15 )0.07 0.06 0.06 )0.14 )0.10 )0.11 0.00 0.14 )

S1.2 ~xi 167.70 198.65 414.20 480.70 ) 633.90 738.50 909.20 1016.5 1176.3 1300.60 1388.70 1418.70

ri )0.03 )0.07 0.02 0.02 ) 0.07 0.02 0.10 )0.07 0.03 )0.01 )0.10 0.02

S1.3 ~xi 129.85 218.70 ) 395.10 459.75 630.45 722.20 878.50 1000.20 1026.50 1167.40 1261.05 1402.00

ri 0.07 )0.28 ) 0.24 0.45 )0.07 0.50 )0.53 )0.07 0.19 )0.03 0.25 )0.57

S1.4 ~xi 137.65 221.50 403.05 430.75 472.90 642.45 758.30 879.50 1035.30 1119.40 1250.30 1340.00 )
ri 0.01 )0.01 0.02 )0.03 )0.04 0.12 0.03 )0.04 )0.02 )0.04 )0.03 0.03 )

Table 2

Identi®ed properties and strain gauge results for Example 1 (modulus

in GPa)a

Specimen S1.1 S1.2 S1.3 S1.4 Strain

gauge

E1 161.1 162.3 164.8 159.6 170� 1�T�,
150� 5�C�

E2 9.3 8.9 9.6 9.8 10� 1�T�

G12 6.8 6.0 6.8 6.2 5.8

G13 3.1 2.4 2.6 3.0 )
G23 3.2 2.4 1.4 4.4 )
m12 0.166 0.249 )0.036 0.264 0.35

a �T� ± Tension; �C� ± compression.
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global identi®ed results in Table 4. The global identi®ed
mechanical properties are obtained using the procedure
described in Appendix A.

The values obtained in this example for the me-
chanical properties are in relatively good agreement with
each other, except for the major PoissonÕs ratio m12 and
the transverse shear modulus G13 and G23. A good
agreement is obtained between the global identi®ed and
the tensile test results, with very low residual level as
shown in Table 5.

Example 3. A mixed glass/carbon (g/c) ®bre reinforced
epoxy plate specimen with plies made of unidirectional
®bres, respectively, of E glass in a R368 resin (Structil)
with a nominal thickness of 0.130 mm for 60% Vf and
T300 carbon ®ber in an epoxy resin R367 (Structil) with
a nominal thickness of 0.327 mm for 60% Vf , with a
stacking sequence �0°c; 90°g; 0°c; 90°2g; 0°c; 90°g�s was
studied. The specimen dimensions and mass are:
· a � 192:5 mm, b � 292 mm, h � 3:83 mm, m �

0:3369 kg.
The prepregs used to build these specimens are: Structil
200 g/m2 VEE220 R368 for glass plies and Structil 350 g/
m2 CTE235 R367 for carbon plies. Hence, the initial guess
for the elastic constants of the glass plies corresponds to a
typical layer of this unidirectional glass with 50% Vf :

0E1 � 45 GPa; 0E2 � 4:5 GPa;

0G12 � 0G23 � 0G13 � 3:7 GPa; 0m12 � 0:28;

while the initial guess for the elastic constants of the
carbon plies corresponds to a typical layer of this uni-
directional carbon with 50% Vf :

0E1 � 117:2 GPa; 0E2 � 8:8 GPa

0G12 � 0G23 � 0G13 � 3:1 GPa; 0m12 � 0:35:

The ®rst step was to obtain the global properties of the
specimen, using in the numerical model only one
equivalent single layer (ESL).

The second step was to calculate the ®bre volume for
carbon and glass plies as well as the epoxy matrix vol-
ume, using the nominal and actual thickness of the
specimen and data available from Structil. With the
obtained data it is then possible to estimate the correct
thickness for each material ply, as well as relative den-
sities, based on the assumption that the epoxy matrix
distribution is proportional to the nominal thickness of
each layer.

Finally a complete model (CM) of the plate specimen
was used in order to identify the properties of each
material layer.

Results for global properties using the ESL and the
CM are presented in Table 6, while individual layer re-
sults are presented in Table 7.

The measured natural frequencies and residuals ob-
tained after identi®cation for the two described situa-
tions are presented in Table 8.

It can be seen that the identi®ed Ex for the ESL model
is quite good when compared with the equivalent one
determined through tensile testing of a specimen using a
strain gauge. Concerning the results for the CM, the
values of the global Ex, which were calculated using the
identi®ed properties for each layer in accordance with
the procedure described in Appendix A, present a worst
agreement with the tensile test results than those ob-
tained through the global model (ESL). We think that
this is due to the uncertainties in determining the correct
thickness, and consequently the matrix and ®bre volume
distribution of the glass and carbon plies on hybrid
composite panels, that a�ect the ply elastic properties
and density.

Although one could conclude that the number of
experimental natural frequencies is not enough for the
12 design variables involved, it can be seen in Fig. 5 that
this might not be the case.

Table 4

Comparison between identi®ed and tensile global Ey (GPa) for Ex-

ample 2

Specimen Identi®ed Tensile test

S2.1 20.3 22.5

S2.2 17.0 17.5

Table 5

Experimentally measured frequencies (Hz) and residuals (%) obtained after identi®cation for specimens in Example 2

I 1 2 3 4 5 6 7 8 9 10 11 12

S2.1 ~xi 72.78 121.00 191.38 286.78 315.12 340.40 400.12 433.84 634.81 653.56 712.43 789.97

ri 0.27 )0.24 0.04 0.04 )0.04 0.11 )0.08 )0.25 )0.35 0.30 0.03 0.15

S2.2 ~xi 72.22 108.57 182.73 293.94 308.74 343.48 369.41 442.62 586.17 623.61 649.79 845.90

ri 0.08 )0.48 0.00 0.32 )0.10 0.30 0.18 )0.23 0.13 )0.20 )0.04 0.02

Table 3

Identi®ed properties for Example 2 (modulus in GPa)

Specimen S2.1 S2.2

E1 28.8 29.4

E2 8.6 7.2

G12 2.7 2.7

G13 3.9 1.3

G23 3.9 1.3

m12 0.287 0.407
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6. Conclusions

A non-destructive numerical±experimental method
for the identi®cation of up to six elastic constants per
material on composite plate specimens made up of dif-
ferent materials has been discussed. The method is based
on a numerical higher-order ®nite element model, using
analytical sensitivities, as well as on experimental non-
destructive free vibration analysis.

The mechanical properties evaluated through this
technique are valid on average for the entire specimen,
whereas the classical tensile test measurements are only
valid in a speci®c point of the test specimen.

The mechanical properties E1; E2 and G12 are always
evaluated without major discrepancies in single-material
plates.

As for the transverse shear modulus G13 and G23,
the plates tested in this work are not thick enough for
them to be correctly identi®ed. Thus, the identi®ed
values of the transverse shear modulus can be disre-
garded as the sensitivity to these modulus is very low.
As for the major PoissonÕs ratio m12, some discrepan-
cies are found in the test cases. This can be explained
if we consider the results of a sensitivity analysis car-
ried out by Frederiksen [5], according to which the
sensitivity of m12 is very small when compared to the
sensitivities of the other in-plane mechanical proper-
ties. This is specially pronounced for the most strongly
anisotropic specimens presented, as can be seen in
specimen S1.3.

Regarding the identi®cation of mechanical properties
in composite plates made up of layers with di�erent
materials, more tests are required in order to explain the
discrepancies found.

Finally, the non-linear interior point algorithm used
in the optimisation phase proved to be very robust and
e�cient. The CPU times involved in the overall process
of identi®cation are of the order of 10±20 min using a
personal computer equiped with a 450 MHz Pentium II
processor and 128 MB RAM.
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Fig. 5. Example 3, complete model: graph showing the dependence of

global Ex with respect to the number of experimental frequencies used.

Table 8

Experimentally measured frequencies and residuals obtained after

identi®cation through ESL and CM for Example 3

i ~xi (Hz) ri (ESL; %) ri (CM; %)

1 112.40 0.02 0.01

2 316.25 0.05 0.05

3 337.75 )0.13 )0.13

4 392.70 )0.01 )0.01

5 401.05 )0.08 )0.08

6 650.85 0.04 0.04

7 881.90 )0.00 )0.01

8 907.75 0.19 0.19

9 933.45 )0.27 )0.27

10 977.95 0.00 0.00

11 1160.15 0.07 0.07

12 1177.30 0.15 0.15

13 1623.80 )0.02 )0.02

14 1713.55 )0.21 )0.21

15 1754.30 0.61 0.61

16 1775.40 )0.40 )0.40

17 1814.45 0.22 0.22

18 1947.54 )0.14 )0.13

19 2007.40 0.21 0.21

20 2356.90 )0.34 )0.34

Table 7

Identi®ed properties (CM) in Example 3 (modulus in GPa)

Ply type Glass Carbon

E1 43.1 103.3

E2 4.6 8.7

G12 3.8 4.1

G13 3.7 1.0

G23 3.4 3.2

m12 0.280 0.402

Table 6

Identi®ed global properties using ESL, CM and strain gauge results for

Example 3 (modulus in GPa)

Identi®ed

(ESL)

Identi®ed

(CM)

Strain gauge

Ex 76.2 69.7 77.0

Ey 15.3 20.7 )
Gxy 3.7 4.0 )
Gxz 1.8 1.8 )
Gyz 3.3 3.4 )
mxy 0.183 0.132 0.15±0.17
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Appendix A

The global properties of a laminate, in the �x; y; z�
coordinate system, can be obtained using the procedure
described herein [19,21].

Let C be the matrix that relates membrane and
transverse shear forces with the corresponding mem-
brane deformations and distortions:

C �
XNL

L�1

�hL ÿ hLÿ1� E1

8a0

c

� ��L�
; �A:1�

where L is the layer number, NL the total number of
layers and hL can be depicted from Fig. 6. Matrix c is the
same as de®ned in Eqs. (7) and (8).

By inverting C and pre-multiplying the inverse by the
thickness of the laminate we obtain

S� hCÿ1

�

1=Ex ÿmxy=Ex 0 0 gx;xy=Gxy

ÿmyx=Ey 1=Ey 0 0 gy;xy=Gxy

0 0 1=Gyz lyz;xz=Gxz 0
0 0 lxz;yz=Gyz 1=Gxz 0

gxy;x=Ex gxy;y=Ey 0 0 1=Gxy

266664
377775;

�A:2�
where Ex and Ey are the global Young modulus in the x-
and y-directions, respectively, Gxy ; Gxz and Gyz the
transverse shear modulus in planes xy, xz and yz, re-
spectively and mxy and myx are PoissonÕs ratios in the xy
plane. As for the remaining quantities, they are the
mutual in¯uence and Chentsov coe�cients [21].
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