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Abstract

A coupled model of concentration polarization and membrane transport is used to study the
crossflow ultrafiltration of PEG-3400 solutions. For the intramembrane transport, the model
incorporates the binary friction model (BFM) derived by Kerkhof [4] and that is a modification of the
Maxwell-Stefan-Lightfoot equation. Good agreement between model predictions and experimental
data (apparent rejections and pressure drops as function of the flux) has been obtained. A value of 0.49
for the equilibrium partition coefficient K, the only adjustable parameter, was found. The model
predictions also enabled us to study the effects of circulation velocity and partition coefficient on the
apparent rejection and to get an insight into the concentration profiles in the polarization layer and in
the membrane.
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Introduction

Modeling of mass transport phenomena present in the separation of solutes using inert membranes
is important for the design and/or optimization of these new separation processes. 1n recent years,
there has been an increased awareness on these type of processes since they can be an alternative to
the conventional separations processes like distillation, centrifugation and others. They also find
applications in a variety of fields, being the most prominent the food and bioprocess areas.

A number of mathematical models and algorithms for their solution have been explored for the
description of the transport of components through membranes. Some of them are special cases of the
generalized Maxwell-Stefan equations [1-2] and can be derived from either statistical-mechanics or
thermodynamics of irreversible processes [3]. Tn fact, the approach based on the Maxwell-Stefan
theory for the transport in both the polarization layer and the membrane give a rigorous description of
the problem and the thermodynamics effects involving more than one species can be well predicted.
However, this kind of mathematical formulation results, for the binary case, in two partial differential
equations (PDE' s) defined in two different spatial regions, corresponding to the boundary layer and
the membrane and the use of commercial packages such the PDECOL and PDASAC to achieve a
transient solution is difficult, since they were developed to solve straightforward PDE' s. 1n most of
the studies the steady-state behavior is considered, where the problem is described by a set of ODE' s
and the solution is obtained by employing numerical methods based on finite differences. With this
approach the coupled equations are solved via an iterative procedure and in many situations, problems
of convergence and stability of the numerical method occur.

This work focuses on the ultrafiltration of PEG solutions. For the intramembrane transport the
binary friction model derived by Kerkhof [4 -5] was used. That is a modification of the Maxwell
Stefan-Lightfoot equation, and includes both interspecies (diffusive) and species-wall forces. The
numerical scheme used for solution af the equations is based on the application of an adaptive method
with grid refinement developed by Brito and Portugal [6].
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Mathematical Model
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where Nm is the flux per square meter of membrane area.

The modeling of the transport of solutes through membranes involves a couple solution of two
transport models. The first model describes the transport phenomena in the concentration polarization
layer on the feed side adjacent to the membrane, while the second model deals with the intramembrane
(inside membrane pores) transport.

The goveming equations for the unsteady-state transport of species through the membrane can be
described by the continuity equations. For the polarization layer (see Figure 1), we have,

d (c) =_ d(N)
dt dz

where the flux per unit area of the membrane is written as (N)= - c[D]+ [D r ~ dc + u y C , in which the
dt

Fickian molecular and turbulent diffusion matrixes are given by [D] = [Br1 [~] and [Dt] =D, [I],
respectively; for the membrane, the equations are written as

The intramembrane transport can be subdivided into intermolecular fricction between different
components, and the effective friction of each component with the wall. The detailed momentum
balance for each component, and the averaging over the pore cross section, results in the binary
friction model (BFM) that is an extension of the Lighfoot model [3],

where the last term of right side of the eq. (3) enables us to quantify the friction between the
components and the membrane. This term inc1udes the fractional viscosity coefficients kj that can be
evaluated from the bulk mixture viscosity data.

Finally, considering the binary case that involves the transport of a single solute, we obtain for the
boundary layer,
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For the intramembrane transport, we have,
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From eq. (3), by converting the chemical potential gradients in concentration gradients and developing
the equation in terms of molar fluxes, Nm is given by,
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with boundary conditions,

z = o (interface polarization layer/membrane): c' = K c and N = Nm

z =Lm(interface membrane/permeate): N = Uy cp (cp = c' IK)

and initial conditions,

t = o: c = Cbfor z = -Opoland c = c' = Ofor z > -Opol.

For turbulent conditions the diffusion mechanism in the polarization layer should incorporate an
additional transport contribution by the turbulent eddies. The usual procedure for prediction of Dt is to
proceed through the calculation of kinematics viscosity, Dt. Defining the turbulent Schrnidt number as
Sc = Dt 1Dt and considering that for most practical design purposes Sc value is taken equal to 1, i.e.,
Dt = Dt. If the turbulent viscosity is taken to vary according to Vieth correlation,
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fanning friction factor, is evaluated using the Blasius equation, f = (0.3164/4) Re-O.25. According to
Kerkhof [4], a region limited by l ~5 was considered as having the sufficient distance for the
development of the composition profiles within of the boundary layer of thickness O.

The coupled model of concentration polarization and membrane transport presented provides a
consistent p~ocedure for predicting the concentration and molar flux profiles throughout the system,
the permeate concentration cp and the apparent rejection of the solute, given by,

cp
Rapp= 1 - - (7)

cb

For the total pressure gradient over the membrane .6.Ptot=.6.Ptlow+cr.6.I1,in which .6.I1is the osmotic
pressure difference that depend on the concentrations on both membrane sides and of the osmotic
reflection coefficient cr, the following expression was used for .6.Ptlowevaluation,

'CR T lLm I.2 -
.6.Ptlow= -- C . k N· Vdz
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The relationship between the pressure differences .6.Pand the flux Uv for experiments with pure water
enables the determination of the membrane resistance Rm.
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where Rm = _m__ --;n- Hence, the ratlO E/r can be evaluated from the Rm value and the
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geometrical properties of the membrane.

Numerical Procedure

The adaptive mesh algorithm was developed for one-dimensional evolutive systems of AIgebraic

Differential Equations that ~an be resumed by the folIowing general model:

F~t,!!:.,!!:.z,!!:.zz)= O

G~)= O

subjected to the boundary conditions: !!:. (z L , t )= !!:. L (t) and !!:. (z R, t )= !!:. R (t) and the initial condition:

!!:.(z,O) =!!:.o (z}, z E lzL, zR J The algorithm can be structured in two main stages: estimation of the
discretization erro r and identification of the adaptive sub-domains; and solution of the sub-problems
generated in the first stage, by the introduction of an adaptive grid technique.

Stage 1 - Discretization

The erro r estimation is based on the comparison of the solution obtained by solving the original
problem on two different grids: a fine and a coarse grid (Grids of leveI 2 and 1, respectively). lnitialIy,
the fine grid is constructed by the bissection of each interval of the coarse one. The nodes in levei 1
grid, that do not satisfy the error criterion, are grouped together with the leveI 2 nodes placed between
them, to define the sub-domains over which the adaptive sub-problems are generated and then solved.

Stage II-Adaptive lntegration of the Sub-problem

The sub-problems are generated with increasing refinement levei, by the repetition of the procedure
described in Stage 1, until every node in every grid verifies the tolerance condition associated with the
error estjmated by:

EUi. k+l =W// k+l-W2hi. k+l; }=l"",NPn-l' i=l, .. ·,NPDE), ), ),

ln this case, EU j ,k+ 1 represents the approximation to the spatial erro r, in a node j of a grid of

refinement leveI n; Whi. k+l and W2hi, k+l are the approximations to the component i of theJ, J,

solution, obtained through integration between the times tk and tk+1o on the fineI' (leveI n) and the
coar'ser (leveI n-l) grids, respectively; NPIl-1 is the number of nodes in the grid of leveI n-l; and NPDE
is the number of partial differentiaI equations of the problem.
The sub-domains of leveI n+ 1 are obtained by joining alI nodes n-l that satisfy the condition:

ln each refinement procedure, the profiles of the solution are computed by interpolation of the profiles
of leveI 2, at alI the intermediary positions.
The algorithm is coupled with a strategy for the treatment of boundary conditions in the refinement
sub-problems that simply defines fixed Dirichlet conditions on each internal bound. The position of
each bound, for the refinement levei n+ 1 (for n = 2, ... , NMAX-Io where NMAX is the maximum
refinement leveI) are coincident with the positions of the first nodes of leveI n-l that verify the



specified tolerance. The constant value of the boundary conditions is given by the solution obtained in
the integration over the leveI n- I grid. This kind of procedure is very simple and prevents
discontinuities on the overall profiles but tends to introduce significant errors in the solution, in very
specific cases.

The model is divided in the overalllength in relation to the concentration (normalized by the bulk
conditions). The fluxes are later calculated using the concentration profiles. The spatial coordinate (,8

::; z ::; Lm) is also normalized using the overalllength: z* = z + O . Therefore, in the bulk position: z =
Lm +0

-8, z* = O, and for the permeate position: z = Lm' z* = 1. The differential equations that describe the
time evolution of the concentrations are spatially discretized by finite differences approximations
(either on the polarization layer as on the membrane sides) and solved simultaneously. Initially we
assume a zero concentration profile on the whole domain (with the obvious exception of the bulk
border). The bulk border is treated as a fixed Dirich!et condition with C = Ch. The inner border (which
represents the transition between the polarization layer and the membrane) and the permeate border
are treated with the introduction of two nodes (very dose to one another) that represent the inr.er and

outer conditions related to the membrane. For the inner border (positioned at z = O; z./ * = O )
I) L +0

m

the solution on both nodes is calculated by the solution of two algebraic equations: the equality of the
fluxes on both positions and the equilibrium condition. The strategy used for the treatment of the
permeate border (positioned at z = Lm; z* = I) is similar and it is based on the solution of two

algebraic equation also: the equality of fluxes, which has to satisfy the border condition: N = u"xCp;

and the equilibrium condition.

Results and discussion

Comparison of mode! predictions with experimenta! data

In order to validate the model, we used data from ultrafiltration experiments of PEG-3400
performed by Box, [7] in a cross-flow ultrafiltration module containing a tubular polysulfone
membrane of I meter length, with two separated permeate sections. Samples for analysis were
obtained from the second section of the tube, where the entrance effects are absent. The operating
conditions of the system under study are given in Table 1.

Regarding the physical properties of the solution, we used llsp = O.ICllint )pp +O.0033(T]inIPp)2 and

T]int= 6.04xlO'5Mno.90 with Mn(number-averaged molecular Mass) = 3158, for the calculation of the
PEG3400 viscosity. From the viscosity data, the fractional viscosity coefficients kJ e k2 were
estimated according to the following relationships: kl = k2(l +T]sP/$I),where k2 may be related directly
to the pure solvent (water), llw=ct RT k2. For the determination of the molecular Fickian diffusion
coefficient in aqueous PEG-3400 solutions, the following relation was taken into account: D = (5Cüp+
1.37)10'10 m2.s'l.

Table I-Conditions used in the simulation of ultrafiltration of PEG3-400 solutions

Membrane characteristics
Lm=5.IO'7 m
Rm=1.62 1016.Uv+5.39xI012m·1

rp=9.00.1O·9 m2

Mwco=50 kDa

f. = 0.50

Solution properties
cb=2.78IO'3 kmol/m3

M=3600

VI =2.83 m3/kmol

V2 =0.018 m3/kmol

llw =8.010,4 Pa.s
T= 298 K

Flow conditions
Ul = 1.08; 1.57 m/s

0=86.10'6 m



The comparison of experimental apparent rejections of PEG-3400 with the values predicted by the
model are presented in Fig. 1. As can be seen, the model is able to describe well the experimental
results for K = 0.49. ln Fig.2, it is also visible a good agreement between the pressure drop calculated
for 0= O and the ones measured.
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Figure 1 - Apparent rejection of PEG-3400
as function of the flux at two different

circulation velocities. The predictions are
the solid lines whereas the experimental
data are presented by the symbols.

Figure 2 - Pressure drop vs membrane fluxo
The predictions are the solid lines whereas
the experimental data are presented by the
symbols.

Effect of circulation velocity Ut

The apparent rejection is affected by the circulation velocity along membrane tube as shows the
Fig. 1. lt can be observed that increasing Ut results in a increase of the apparent rejection. Since the
turbulent contribution for the mass transport in the polarization layer increases at high circulation
velocities, the amount of solute accumulated on the surface membrane is expected to decrease. This
will correspond to a lower value of the membrane surface concentration and thus less solute will be
transported through the membrane and hence, the rejection will increase.

Effect of equilibrium partition coefficient K

Concentrations in the membrane pore are related to the interfacial bulk concentrations through the
partition coefficients. Once the interfacial region is very small and therefore the differences in the
chemical potential are negligible, to assume interfacial equilibrium conditions (Ki = Ci' lei) is a valid
approximation. The Kj value is determined by geometrical factors and by specific interactions of
solute and pore wall. For spherical solutes in cylindrical pores and according to the exclusion theory,
Ki only depends on the ratio of the molecular radius and the pore radius: Kj = (1 - Ài. Thus, for a
given solute, the decrease of the partition coefficient is consistent with the use of membranes that
exhibit lower pore radius and thereby, the solute concentration in the pores will tend to increase.
Consequently, high values of solute rejection will be obtained as is depicted in Fig. 3.

Concentration Profiles

For a flux of 10-5 m/s and at circulation velocity of 1.04 m/s, the evolution of PEG-3400
concentration along the spatial coordinate for various time values are shown in Figures 4a and 4b. The
conditions used in this simulation corresponds to the ultrafiltration experiment of PEG-3400 reported
by Kerkhof [4]. ln Fig. 4a, the behavior of the solute transport in the polarization layer can be observed
together with the propagation of the bulk concentration towards the membrane driven by the



contribution of the convective and diffusive fluxes. At higher times the concentration near the
membrane increases surface due to the exclusion of the solute by the membrane, therefore originating
a back diffusion is generated influencing strongly the evolution of concentration inside the membrane.
This phenomena is illustrated in Fig. 4b.
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Figure 3 - Effect of equilibrium partition coefficient on the apparent rejection of PEG-3400
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Figure 4a - Concentration profiles of PEG-3400 as
a function of time in the polarization layer.

Figure 4b - Concentration profiles of PEG -3400 as
function of time in the membrane.

Conclusions

A coupled model of concentration polarization and membrane transport described by the binary
friction model (BFM) is used to study the crossflow ultrafiltration of PEG-3400 solutions.

A numerical procedure based on the adaptive method with grid refinement, in which the model
differential equations are spatially discretized by finite differences and solved simultaneously, was
able to give the solution of the system without much computational power and yield a rigorous
solution of the problem. It has been shown that the solution predicts quite well the apparent rejection
of PEG-3400 and the pressure drop as a function of the fluxo The modeI is capable of predicting the
influence of fundamental physico-chemical parameters and operating conditions on the apparent
rejection of the solute. In fact, the influence of some of these parameters namely, the circulation
velocity and the equilibrium partition coefficient was shown in this study. The predictions of the
model also provides a good insight regarding the concentration and flux profiles in the polarization
layer and in the membrane.

The numerical description of the ultrafiltration model used is versatile and allows in the future to
extend this study to the multicomponent transport.



Nomendature
c: molar concentration (kmo1.mo3)
Bo: permeability parameter (m2)
D: Fick diffusion coefficient (m2 .sol)
D12: Maxwell-Stefan diffusion coeficient
(m2 .sol)
Dt: turbulent diffusion coefficient (m2 .sol)
k: fractional viscosity coefficient
K: equilibrium partition coefficient
Lm: membrane thickness (m)
M: molecular mass (kg .kmor1)

N: flux with respect to stationary
coordinate (kmo1.mo2.sol)
P: pressure (Pa)
rp: pore radius (m)
R: gas constant (J.kmorl xoI)
x: mole fraction

t: time (s)
T: temperature (K)
ut: circulation velocity (m.sol)
Uv: average permeate flux (m.sol)

V: specific molar volume (m3.kmorI)
z: spatial coordinate (m)
(): vector
[ J: square matrix
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Greek letters

8: thickness of polarization layer (m)
f:porosity

<j): volume fraction
lc: thermodynamic factor
"C: tortuosity
ll:viscosity (Pa.s)

W chemical potential (J.kmorl)
p: mass concentration (kg.mo3)

rop:weight fraction (kg.kg-I)

Subscripts
b: bulk
m: membrane

p: permeate
pol: polarization
t: total
w: water.
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